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Abstract. A permutation is called simple if its only blocks i.e. subsets of the permutation consist of
singleton and the permutation itself. For example, 2134 is not a simple permutation since it consists of
a block 213 but 3142 is a simple permutation. The basis of a permutation is a pattern which is minimal
under involvement and do not belong to the permutation. In this paper, we prove that the number of
simple permutations an of the pattern class with two basis of length 3 and 5 such as Av(321, 13452)
and Av(321, 13524) have polynomial growth.

1 Introduction

Permutation is a bijection f : [n] → [n] of the set [n]. Total number of permutations of length n = n!. For
example, 312 is permutation of length 3. Here, f :[3]→ [3] is defined by f(1)=3, f(2)=1, f(3)=2. Sn= set of
all permutations of length n. For example, S2 = 12, 21. [6]
Let α and β be two permutations. β is involved in α (denoted by β ¹ α) if β is order isomorphic to a
subsequence of α. For example, the permutation 31425 is involved in 31527648 as 31425 is order isomorphic
to the subsequence 31527 of the permutation 31527648. A set of permutations A is called a pattern class or
simply a class if, whenever α is a permutation in A and β is involved in α then β ∈ A.For example, the class
of all increasing permutations is a pattern class.
The basis of a class A is the set of permutations which are minimal under involvement and do not belong to
A [5].

Basis(A) = {α : α /∈ A, ∀α < β, α ∈ A}
For example, the pattern class whose basis is 21 consists of only the increasing permutations I = 1, 12, 123,
1234 etc. Thus, I is the class of permutations restricted by 21 and is also denoted I = Av(21). Enumerating
the permutations of a pattern class with a finite basis is one of the major research issues in this area. A
block of a permutation is a set of consecutive positions that also has consecutive values. A permutation is
simple if its only blocks are singletons and the permutation itself. For example, the permutation 31425 is not
simple as it has a nontrivial block 3142. On the other hand, 2413, 3142 and 31524 are simple permutations.
A pattern class Av(α) has polynomial growth if the number of permutations an of this class follows bound:

an(α) ≤ Anm

where A and m are some constants. Simion and Schmidt proved that the number of simple permutations of
Av(321, 132) = n (n−1)

2 + 1. (i.e. have polynomial growth)
Simple permutations play an important role in the study of permutation pattern classes where, permutation
classes are used in pattern recognition, machine learning, search and optimization. Hence, studying the
structure of simple permutations has a great importance. Albert and Atkinson have shown that a pattern
class containing only finitely many simple permutations have algebraic generating function [2,8,9].The work
done by Brignall et al [10] prove that a sufficiently long simple permutation in fact contains two nearly disjoint
simple sub-permutations. The work done by Robert Brignall [7] presents properties such as enumeration,
partially well-ordered pattern classes containing finitely many simple permutations.
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In this paper, we investigate the structures of the pattern classes Av(α, β) with two basis α and β of length
3 and 5 where, α = 321 and β= 13452 or 13524 and it is found that simple permutations of Av(321, 13452)
and Av(321, 13524) have polynomial growth. Av(321, 13452) follows the recurrence an = an−2 + an−3 for
n ≥ 10 and the number of simple permutations an of odd length and even length of Av(321, 13524) has two
different polynomial growth. The remainder of this paper is organized as follows.
Section 2 present and proves different lemmas to show that the generating function of Av(321, 13452) is
polynomial. Similarly, Section 3 proves with lemmas, conjectures and diagrams that the number of simple
permutations of odd and even length of Av(321, 13524) have two different polynomial growth. Finally, section
4 concludes the paper with some future research directions.

2 Av(321, 13452)

Let σ ∈ Av(321, 13452), |σ| = n. Consider the position where n lies in σ. The elements to the right of n are
increasing (to avoid 321).

Fig. 1. Fig. 2. Fig. 3.

In the figure 1, three elements exist (in the region H) to the right of n. The regions A,C, E, G, I, K and
P are empty to avoid 321. The elements in the region H (to the right of n) are only separated by the two
elements in the region F . The regions B, J and L are empty to avoid a block or 13452. At most one element
exists in each of the regions M and N to avoid a block. Therefore, n ≤ 8 when three elements exist to the
right of n in Av(321, 13452).
In the the figure 2, more than 3 increasing elements exist to the right of n and the regions A and C are
empty to avoid 321. The increasing elements in the region D are only separated by the increasing (to avoid
321) elements in the region B and thus, a, b, c, n, d would form 13452. Therefore, more than 3 increasing
elements cannot exist to the right of n.
Thus, there are maximum 2 increasing elements to the right of n when n ≥ 9. But there should be at least
one element to the right of n as n cannot be the last element of a simple permutation.
First, we consider only one element x exists to the right of n. When x = n − 3 (Figure 3) the region A is
empty to avoid 13452 (otherwise, a, n− 2, n− 1, n, x would form 13452 for a ∈ A) and B is empty to avoid
321 (otherwise, n− 2, b, d would form 321 for d ∈ B). Therefore, the value of n is at most 6. In the figure 4,
a, n−2, n−1, n, x (black circles) would form 13452 when x < n−3. Therefore, x = n−2 when n ≥ 7. When
x = n− 2 and y = n− 5 (y is the element to the left of n), a, n− 4, n− 3, n− 1, y would form 13452 (Figure
5). If y < n− 5, a, n− 4, n− 3, n− 1, y would form 13452 (Figure 6). Therefore, y = n− 3 or y = n− 4.
Now, we consider 2 increasing elements x and y exist to the right of n (See Figure 7). In the figure 7, if
y = n− 2 then the regions A,D, F and H are empty to avoid 321 and the regions C, G and I are empty to
avoid 13452 or a block. Only one element exists in the regions B, J and K. Therefore, n ≤ 7 when y = n−2.
On the other hand, in the figure 8, y < n − 2 and x and y is separated by the element a in the region A
and the region B is empty (to avoid 321). Thus, a, n− 2, n− 1, n, y would form 13452. Therefore, y = n− 1
where, n ≥ 8.
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Fig. 4. Fig. 5. Fig. 6.

In the figure 9, when y = n− 1 and x = n− 4, the region A is empty to avoid 13452 and the regions B and
C contain at most one element. Therefore, n ≤ 7 when y = n− 1 and x = n− 4. If x < n− 4, a, b, n− 2, n, x
would form 13452 (Figure 10). Therefore, x = n− 3 where, n ≥ 8.

Fig. 7. Fig. 8. Fig. 9.

Let an counts the simple permutations that have n in the position n−1 or n−2. an−2 of these permutations
are with positions n− 1 containing n and an−3 of these permutations are with positions n− 2 containing n.
Summary

1. n lies in the position n− 1 or n− 2.
2. an counts the simple permutations α1, α2, · · ·αn−3, n, αn−2, αn−1 where, αn−2 = n−3 and αn−1 = n−1.
3. an counts the simple permutations α1, α2, · · ·αn−2, n, αn−1 where αn−2 = n−3 or n−4 and αn−1 = n−2.

Conjecture
There are an−2 simple permutations of the form α1, α2, · · ·n − 5, n, n − 3, n − 1 and there are an−3 simple
permutations of the form α1, α2, · · ·n− 4, n, n− 3, n− 1.
In the figures 5 and 6 we see that the element to the left of n is either y = n − 3 or n − 4 (when only
one element exists to the right of n). If y = n − 4 then z 6= n − 5 (the element to the left of y) for having
the simplicity. In the figure 11 we see that if z = n − 6 the region A is empty to avoid 13452 (otherwise,
a, n−5, n−3, n−1, z would form 13452 for a ∈ A), the region D is empty to avoid 321 (otherwise, n−3, z, d
would form 321 for d ∈ D) and the regions B and C can have at most one element. Thus, in this case, n ≤ 9.
On the other hand, in the figure 12 we see that if z < n− 6, a, n− 5, n− 3, n− 1, z would form 13452 where,
a separates n− 5 and n− 6 by position. Therefore, for n ≥ 10 no such z ≤ n− 6 exists.
When y = n−3 z 6= n−4 (z is the element to the left of y) for having the simplicity. In the figure 13 we see
that if z < n− 5 the region A is empty to avoid 13452 (otherwise, a, n− 5, n− 4, n− 1, z would form 13452
for a ∈ A), the region D is empty to avoid 321 (otherwise, n − 4, z, d would form 321 for d ∈ D) and the
regions B and C can have at most one element. Thus, in this case, n ≤ 9. Therefore, for n ≥ 10 z = n− 5.
Now, if z = n− 5 w 6= n− 6 (the element to the left of z) for having the simplicity. In the figure 14 we see
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Fig. 10. Fig. 11. Fig. 12.

that if w ≤ n− 7 the region A is empty to avoid 13452, the region E is empty to avoid 321, the region D is
empty to avoid a block and the regions B and C can have at most one element. Thus, in this case, n ≤ 10.
Therefore, for n ≥ 11 no such w exists (γ = n− 3, n− 5).

Lemma 1. If β, n − 1, γ, n, n − 2 is simple and belongs to the class Av(321,13452) then β, n − 2, γ is also
simple of length n− 2 and belongs to the class where, γ = n− 4 or n− 5, n− 3 for n ≥ 11.

Proof. We have already shown that either γ = n− 4 (figures 11 and 12) or γ = n− 3, n− 5 (in the figures
13 and 14).
There is no nontrivial block contained entirely in β and γ otherwise, this block would also be a block of
β, n− 1, γ, n, n− 2. Let β, n− 2, γ contains a nontrivial block δ. When γ = n− 4, δ− {n− 2} − {n− 4} is a
block of β. Therefore, |δ−{n−2}−{n−4}| = 1 and |δ| = 3. As δ contains n−2 and n−4 the other element
of δ should be y = n− 3. But in the figures 11 and 12 we see that if y = n− 3 then y, n− 1, n− 4, n, n− 2
would form a block of β, n−1, γ, n, n−2. Thus, y 6= n−3. Therefore, β, n−2, γ does not have any nontrivial
block δ and belongs to the class Av(321, 13452).
When γ = n−3, n−5, δ−{n−2}−{n−3}−{n−5} is a block of β. Therefore, |δ−{n−2}−{n−3}−{n−5}|
= 1 and |δ| = 4. As δ contains n − 2, n − 3 and n − 5 the other element of δ should be y = n − 4. But in
the figures 13 and 14 we see that if y = n − 4 then y, n − 1, n − 3, n − 5, n, n − 2 would form a block of
β, n− 1, γ, n, n− 2. Thus, y 6= n− 4. Therefore, β, n− 2, γ does not have any nontrivial block δ and belongs
to the class Av(321, 13452).

Lemma 2. If β, n−2, γ is simple of length n−2 and belongs to the class Av(321,13452) then β, n−1, γ, n, n−2
is also simple and belongs to Av(321,13452) where, γ = n− 4 or n− 5, n− 3 for n ≥ 11.

Proof. Let β, n− 1, γ, n, n− 2 contains a block δ. When γ = n− 4, δ includes n− 1, γ, n, n− 2 and also at
least the last element y of β.
As δ includes more than two elements of βn− 2, γ and βn− 2, γ is simple, δ should include all the elements
of βn− 2, γ (If a block X contains two elements of a simple permutation π then X contains all the elements
of π).
Therefore, β, n− 1, γ, n, n− 2 is simple and belongs to the class Av(321, 13452).
Similarly, it can be shown that β, n − 1, γ, n, n − 2 is simple and contained in Av(321, 13452) when γ =
n− 5, n− 3.

From Lemma 1 and 2, we see that there is a one-one correspondence between the simple permutations
β, n− 2, γ of length n− 2 and simple permutations β, n− 1, γ, n, n− 2 of length n.

Corollary 1. The number of simple permutations in Av(321, 13452) of the form β, n−1, γ, n, n−2 is an−2.

In the figure 15 (when only two elements n-3 and n-1 exist to the right of n) we see that if y ≤ n − 6 the
region A is empty to avoid 13452 (otherwise a, n− 5, n− 4, n− 2, y would form 13452 where, a is an element
in the region A) and the region B can have at most two elements. Thus, in this case, n ≤ 9. Therefore, y
can be n− 5. In the figure 16 we see that if y = n− 5, and z < n− 6 the region A is empty to avoid 13452
(otherwise, a, n− 5, n− 4, n− 2, z) would form 13452 where, a is an element in the region A) and the region
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Fig. 13. Fig. 14. Fig. 15.

Fig. 16. Fig. 17.

B can have at most 2 elements (one element separates n − 5 and n − 4 by position and one element exists
in between n− 4 and n− 2 by position). Thus, in this case, n ≤ 10. Therefore, for n ≥ 11 no such z < n− 6
exists.
When y = n − 4 z 6= n − 5 (z is the element to the left of y) for having the simplicity. In the figure 17,
we see that if z = n− 6 and w < n − 7 (the element to the left of z) the region A is empty to avoid 13452
(otherwise a, n − 7, n − 5, n − 2, w would form 13452 where, a is an element in the region A), the region C
is empty to avoid 321 (otherwise, n− 5, w, c would form 321 for c ∈ C) and the region B can have at most
two elements. Thus, in this case, n ≤ 11. Therefore, for n ≥ 12 no such w exists and so, γ = n− 6, n− 4.

Lemma 3. If β, n − 2, γ, n, n − 3, n − 1 is simple of length n and belongs to the class Av(321,13452) then
β, n− 3, γ is also simple of length n− 3 and belongs to Av(321, 13452)where,γ = n− 5 or n− 6, n− 4 for
n ≥ 12.

Proof. We have already shown above that γ = n− 5 (figures 11 and 12). Similarly, γ = n− 6, n− 4 (in the
figures 13).
There is no nontrivial block contained entirely in β and γ otherwise this block would also be a block of
β, n− 2, γ, n, n− 3, n− 1.
If β, n − 3, γ is still not simple then β, n − 3, γ contains a block δ which has n − 3 and γ. When γ = n − 5
the other element of δ should be y = n− 4. But if y = n− 4 then y, n− 2, n− 5, n, n− 3, n− 1 would form a
block of β, n− 2, γ, n, n− 3, n− 1 which is not possible. Therefore, y 6= n− 4. Again, When γ = n− 6, n− 4
the other element of δ should be y = n− 5. But if y = n− 5 then y, n− 2, n− 6, n− 4, n, n− 3, n− 1 would
form a block of β, n− 2, γ, n, n− 3, n− 1 which is not possible. Therefore, y 6= n− 5.
Therefore, β, n− 3, γ does not have any nontrivial block δ and belongs to the class Av(321, 13452) ¤.

Lemma 4. If β, n−3, γ is simple of length n−3 and belongs to the class Av(321,13452) then β, n−2, γ, n, n−
3, n− 1 is also simple of length n and belongs to Av(321, 13452)where,γ = n− 5 or n− 6, n− 4 for n ≥ 12.

Proof. Let β, n− 2, γ, n, n− 3, n− 1 contains a block δ. When γ = n− 5, δ includes n− 2, γ, n, n− 3, n− 1
and also at least the last element y of β.
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As δ includes more than two elements of βn− 3, γ and βn− 3, γ is simple, δ should include all the elements
of βn− 3, γ (If a block X contains two elements of a simple permutation π then X contains all the elements
of π).
Therefore, β, n− 2, γ, n, n− 3, n− 1 is simple and belongs to the class Av(321, 13452).
Similarly, it can be shown that β, n − 2, γ, n, n − 3, n − 1 is simple and contained in Av(321, 13452) when
γ = n− 6, n− 4.

From Lemma 3 and 4, we see that there is a one-one correspondence between the simple permutation
βn− 3γ of length n− 3 and simple permutations β, n− 2, γ, n, n− 3, n− 1 of length n.

Corollary 2. The number of simple permutations in Av(321, 13452) of the form β, n − 2, γ, n, n − 3, n − 1
is an−3.

From Corollary 1 and 2, we can conclude that the enumeration of simple permutations of Av(321, 13452)
follows the recurrence:

an = an−2 + an−3 ⇒ an − an−2 − an−3 = 0

⇒ f(x)−x2f(x)−x3f(x) = a0 +a1x+(a2−a0)x2 +(a3−a1−a0)x3 +(a4−a2−a1)x4 +(a5−a3−a2)x5 +
(a6 − a4 − a3)x6 +

∑α
n=7(an − an−2 − an−3)xn

⇒ f(x)(1− x2 − x3) = (x + x2 − x3 − x4 + x6)
⇒ f(x) = x+x2−x3−x4+x6

1−x2−x3 This generating function is polynomial.

3 Av(321, 13524)

Let σ ∈ Av(321, 13524), |σ| = n. Consider the position where n lies in σ. The elements to the right of n are
increasing (to avoid 321).

Fig. 18. Fig. 19. Fig. 20.

In the figure 18, three elements exist (in the region I) to the right of n. The regions A, B,C, D,H are empty
to avoid 321. The elements in the region I (to the right of n) are only separated by the two elements in the
region G. The regions F, J and J are empty to avoid a block or 13524. Moreover, a, b, n, c, d (black circles)
forms 13524. Thus, at most 2 elements exist to the right of n.

3.1 Case 1: Two Elements exist to the right of n

In the the figure 19, if two elements exist in the region A these two elements must be separated by the
element a in the region B and thus, a, b, n, c, d would form 13524. Therefore, the region A can have at most
one element (Figure 20). In the figure (Figure 20), the region B is empty to avoid 321 and the region E is
empty to avoid 13524. Only the regions C and D can be nonempty and should be properly matched. When
n is even, C and D have the same number of elements (Figure 21). When n is odd, D has one element more
than that of C (Figure 22). Thus, there exists only one permutation for each n.
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Fig. 21. Fig. 22. Fig. 23.

3.2 Case 2: One Element exists to the right of n

In the figure 23, we see that when one element exists to the right of n the elements in the regions A,C and
E are properly matched with the elements in the regions B, D and F respectively. Each of the regions A
and B can have only one element to avoid 13524. All other regions (e.g G,H, I, J,K, L, M) must be empty
to avoid either 321 or 13524.

When n is even Figure 23 represents a case when n is even. There are three subcases (Figures 24, 25
and 26).
In the figure 23, the elements in the regions A,C and E are properly matched with the elements in the
regions B, D and F respectively. Only the regions A and B have a single element (this is case 1). n is also
even if the regions A and B are empty (Figure 24and subcase 1). The region F cannot have one element less
than that of E (otherwise, a block would form).If the regions E and F are empty we would get the subcase
2 (figure 25).If the regions A,B and E, F are empty we would again get the subcase 3 (figure 26).

Fig. 24. Fig. 25. Fig. 26.

1. case 1: The number of permutations of even length of this case is determined by choosing the elements
in the region F . Once the elements in the region F is determined then the elements in the region D can
also be determined. Therefore, the number of permutations of this case =

(bn
2 c−3
1

)
2. subcase 1: The number of permutations of even length of this sub case is determined by choosing the

elements in the region F . Once the elements in the region F is determined then the elements in the
region D can also be determined. Therefore, the number of permutations of this case =

(bn
2 c−2
1

)
3. subcase 2: 1
4. subcase 3: 1
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Fig. 27. Fig. 28. Fig. 29.

When n is odd Figure 27 represents a case when n is odd. In this case the regions A and B can have a
single element otherwise 13524 would form. There are two subcases (Figures 28 and 29).
F cannot have one element less than that of E and D cannot have one element less than that of C otherwise,
a block would form. When E has one element less than F and the regions A and B are empty then we find
subcase 1 (figure 28).
We would get another subcase of the case 1 when two regions are empty. The regions C and D cannot be
empty (otherwise a block would form with the elements of the region A and B). If the regions E and F are
empty we would get the subcase 2 only if the region D has one element less than that of the region C (figure
28).

1. case 1:
(bn

2 c−2
1

)

2. subcase 1:
(bn

2 c−2
1

)
3. subcase 2: 1

Summary of Results Therefore, the total number of permutations for Av(321, 13524) when n is even =(bn
2 c−3
1

)
+

(bn
2 c−2
1

)
+ 1 + 1 + 1 =

(bn
2 c−3
1

)
+

(bn
2 c−2
1

)
+ 3 = 2bn

2 c − 2 =n−2.

The total number of permutations for Av(321, 13524) when n is odd=
(bn

2 c−2
1

)
+

(bn
2 c−2
1

)
+ 1 + 1 = 2

[
(bn

2 c−2
1

)
+ 1] =2bn

2 c − 2 =n−3.

4 Conclusion and Future Works

Identifying the properties of simple permutations is very important since permutation pattern classes are
used in machine learning, pattern recognition, parsing, search and optimizations. In this paper we prove that
Av(321, 13452) and Av(321, 13524) have polynomial growth. More research can be done in this area to see
whether any more non-isomorphic pattern classes with two basis of length 3 and 5 or both of length 4 with
polynomial growth exists and to generalize the criteria of a pattern class to have polynomial growth.
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