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Abstract. In this paper we analyze the inventory routing model as described recently by Aghezaff et al. in 
which the work of each vehicle can be organized in multi-tours: a vehicle comes back to the depot after 
the delivery of some-sales points and before visiting other sales-points. We propose a grouping genetic 
algorithm with a specific crossover operator adapted to this model; this algorithm is hybridized at each 
iteration with a local search. A large number of numerical experiments is done to show the efficiency of 
the proposed algorithm.  

Keywords: Vehicle routing, inventory, grouping genetic, local search, heuristics. 

 

1 Introduction 
 
Vehicle routing problems (VRP) are classical combinatorial optimization problems. These problems are widely studied due to 
many different versions, often with specific constraints, and of course many applications in various economic sectors. The book 
of Toth and Vigo [1] presents a large panorama of the studies of the VRP. 
 
Inventory routing problem (IRP) is one of the versions of VRP which retains the attention of the researchers (in particular [1-
11]). The main idea is to coordinate the distribution plan with the inventory management in the same model. The aim is to 
minimize the total cost including operating and transportation costs related to the vehicles and delivery and holding costs related 
to the inventory of the different sales-points respecting the demand rate at these sales-points i.e without causing any stock-out. 
 
In the recent years there is an increasing interest on IRP and among a lot of papers we can cite some important ones like [12-21]. 
Several extensions of the basic IRP model were also investigated, like stochastic inventory routing [22, 23, 24], cyclic inventory 
routing [25, 26], integration of production and distribution [27, 28, 29, 30], inventory routing with continuous moves [31, 32], 
and split delivery vehicle routing [33, 34, 35]. 
 
Nevertheless in all these models, classically each vehicle makes an unique tour visiting a subset of sales-point. But recently 
Aghezaff et al. [36] proposed a IRP model in which the work of each vehicle can be organized in multi-tours i.e a vehicle comes 
back to the depot after the delivery to some sales-points before a new departure to visit other sales-points. These authors show 
the improvement obtained with such multi-tours in regard of the classical approach of unique tour for each vehicle to tackle IRP. 
 
The methodology used in [36] is a non linear mixed integer formulation of the problem solved by a column generation heuristic 
approach. 
 
The main idea of the present paper is that the principle of the grouping genetic algorithm (GGA), initially proposed by 
Falkenauer [37] is well adapted to solutions integrating multi-tours for IRP. So the aim of the paper is to use such methodology 
to treat the same problem that in Aghezaff et al. (2006) [36]. 
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The paper is organized as follows. Section 2 will recall the IRP with multi-tours as described in Aghezaff et al. (2006) [36]. An 
original GGA method, hybridized with a local search, will be proposed in Section 3. The didactic example of Aghezaff et al. 
(2006) [36] will be solved by this new algorithm in Section 4 and the results of several numerical experiments will be presented 
in Section 5, to compare these results with those of Aghezaff et al. (2006) [36]. Some conclusions are given in Section 6. 
 
 

2 The inventory routing problem 
 
The inventory routing problem considered in this paper is identical to the one treated in Aghezaff et al. (2006) [36]. The aim is 
to determine the multi-tours of a fleet of homogeneous vehicles covering a set of sales-points and minimizing the distribution 
and inventory cost per hour. In our model no stock-outs are acceptable at the sales-points. 
 
 

2.1 Basic data 
 
§ a set of I sales-points (i =1, …, I) with a demand rate of di units per hour and without any inventory capacity constraint. 
§ at a depot, noted “0”, K identical vehicles (k = 1, …, K) with a capacity of C units 

§ ijt  { }( ), 0,1, , ,i j I i j∈ ≠K the travel time to go from point i to point j. 

 
The other data, required to define the objective function, are presented at Sub-section 2.3. 
 
 

2.2 Description of a solution 
 
We note a solution S by equation 1: 

1

, 1, ,
kJ

k kj
j

T T k K
=

  
= = 

  
KU  

 
(1) 

 

where Tk is the multiple-tour of vehicle k and  ( )1, ,kj kT j J= K  represents the set of sales-points visited by the vehicle k during 

its tour j. { }; 1, , ; 1, ,kj kT k K j J= =K K  is thus a partition of  {1, …, I}, i.e  { }
1 1 1

1, ,
KJK K

kj k
k j k

T T I
= = =

= = KUU U and kj lmT T ϕ∩ =   if  

( ) ( ), ,k j l m≠
 

 

We can have kT ϕ=  so that vehicle k is not used. 

 
The cycle time of a multi-tour Tk, noted t(Tk), is defined as the time between two successive repetitions of Tk. With a cycle time 
t(Tk), the vehicle k will deliver the quantity di t(Tk) to the sales-point ki T∈ . To be feasible, the cycle time of a multi-tour Tk   

must satisfy a lower bound min ( )kt T to have enough time to visit all the points ki T∈ , and an upper bound max ( )kt T to be able to 

deliver enough quantity to all the points ki T∈ , taking into account  the limited capacity C of the vehicles.  

 

We first consider a single tour Tkj. min ( )k jt T , the minimal cycle time for the tour Tkj, is given by the optimal solution of the TSP 

problem defined on Tkj, i.e 

( ) ( )∑
∈

=
kjTi

iikj tTt l
l

minmin   
(2) 

where l  is a cyclic permutation defined on Tkj. It is the minimal time to be able to visit all the points of Tkj. max ( )kjt T , the 

maximal cycle time of the tour Tkj, results from the limited capacity C of each vehicle  and the cumulative demand rate 
kj

i
i T

d
∈
∑  

during the tour; we thus have  
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( )
∑
∈

=

kjTi
i

kj
d

C
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(3) 

The minimal and the maximal cycle time for the multi-tour Tk are then given by 

( ) ( )min min
1

kJ

k kj
j

t T t T
=

= ∑  
(4) 

( ) ( )max max
1, ,
min

k
k kj

j J
t T t T

=
=

K
 (5) 

To be feasible a solution { }, 1, ,kS T k K= = K must satisfy the relation 

   

( ) ( )min max 1, ,k kt T t T k K≤ ∀ = K  (6) 

     
which implies 

( ) ( )min max 1, , ; 1, ,kj kj kt T t T k K j J≤ ∀ = ∀ =K K  (7) 

 
 

2.3 The objective function 
 
The objective function, as defined in [36], is the total cost for the vehicles (operating and traveling costs) and at the sales-points 
(delivering costs and inventory holding costs). It contains thus, for each used vehicle, four components: 
§ the fixed cost rate of the vehicle 
§ the transportation cost rate 
§ the delivery cost  at the sales-points delivered by the vehicle 
§ the inventory holding cost rate at the sales-points delivered by the vehicle 

To define these costs, the following additional data are necessary: 

( )/euro hourψ : the fixed operating cost of a vehicle. 

( )/euro kmδ : the travel cost of the vehicles. 

( )/km hourν : the speed of the vehicles. 

( )i euroρ : the delivery cost at sales-point.  

( )/ ,i euro product unit hourη : the holding cost at sales-point.   

 

So the corresponding cost rate (euro / hour) ( )kF T for an effective tour ( )kT ϕ≠ is given by the addition of four components 

( )
( )

( ) ( )
( )min

2
k

k

i
i Tk i i

k k
i Tk k

t T d
F T t T

t T t T

ρ
δν η

ψ
∈

∈

= + + +

∑
∑  

 
(8) 

 
Where we recall that t (Tk) is the effective cycle time of Tk. 
As noted in [36], the theoretical optimal cycle time, minimizing F(Tk) , is given by 

( )
( )min

2

k

i i

k

k i
i T

EOQ k d

i T

t T

t T
η

δν ρ
∈

∈

+

=

∑

∑
 

 
(9) 

 

Nevertheless, the cycle time will be feasible only if it belongs to the interval ( ) ( )min max;k kt T t T   . So, the effective cycle time 

t(Tk) used in relation (8) is defined as following: 
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(10) 

 
The objective function is thus the total cost rate of all the tours of a solution, i.e. 
 

( ) ( )
k

k
k T

F S F T
ϕ≠

= ∑   
(11) 

 
For which we denote the four components by: 
F1: the vehicle cost rate  
F2: the transportation cost rate 
F3: the delivery cost rate 
F4: the holding cost rate 
 
Clearly, there exist some correlations between these components: if fewer vehicles are used and thus more tours are done by 
each vehicle, the components F1 and F4 will decrease but the components F2 and F3 will generally increase (see the discussion 
at Sub-section 5.1.). 
 
 

3 The hybrid grouping genetic algorithm (H-GGA) 
 
In this section we describe the different elements of the hybrid grouping genetic algorithm (see [38, 39, 40] for GGA) that we 
propose to solve the inventory routing problem of Section 2.  
 
In fact, among the large set of existing meta-heuristics, we had chosen the grouping genetic algorithm (GGA) because it seems 
appropriate to the studied problem, with a natural coding using groups for multi-tours, and sub-groups for tours. 
 

3.1 The coding of a solution 
 

We use a grouping representation of a solution
1 1 1

kJK K

k Kj
k k j

S T T
= = =

= =U UU  : there is one group for each (non empty) multi-tour Tk and it 

contains Jk sub-groups which correspond to the tours Tkj. Each tour is formed of an ordered sequence of sales-points and of 
course each point must appear exactly one time in the chromosome. An example of chromosome is given in the Figure 1. 
 

 
Fig. 1 An example of chromosome (I = 15). 

 
3.2 The fitness function of the solution 
 
The fitness function –to minimize- is simply the value of the objective function F(S) associated to S. 
 

3.3 The initial population 
 
The initial solutions are generated randomly. We can distinguish two phases in the generation of a solution. 
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 In the first phase, we build multi-tours Tk containing tour Tkj formed by only one sales- point i. We have for such tour  
  

( )min 0 0kj i it T t t= +  (12) 

( )max kj

i

C
t T

d
=  

 
(13) 

 
We assign randomly to Tk sales-points not yet assigned to Ti, …, Tk-1 as long as relation (6) is verified, i.e. as long as 
 

( ) ( ) ( )min 0 0 max min
kk

k i i k
i Ti T i

C
t T t t t T

d∈∈

 
= + ≤ =  

 
∑  

 
(14) 

 
This first phase is continued till the assignment of all the sales-points to different multi-tours. Let us note Ak the subset of sales-
points assigned to Tk (these subsets form a partition of {1, …, I}). 
 

In a second phase, without any change of Ak, we decrease the number of tours of Tk, initially equal to kA , by joining some 

points in the same tour. For this aim, we use the classical Clarke and Wright heuristic [41], adapted to our problem. We recall 
that this heuristic is based on the matrix of the savings: 

0 0 ,ij i ij j ks t t t i j A i j= − + ∈ ≠  (15) 

 
Corresponding to the decrease of time when two sales-points i and j of Ak are joined in the same tour. But the feasibility of the 
potential new solution must be checked. As the heuristic will not necessary give the minimal cycle time for each tour but only 

an approximate value, we use the notation ( )min
ˆ

kt T  for this approximate value and the feasibility condition (6) becomes  

  

( ) ( )min max
ˆ 1, ,k kt T t T k K≤ ∀ = K  (16) 

 The pair (i, j) corresponding to the largest saving is chosen if the feasibility condition (16) is satisfied with, at the first step, the 
new values 

( ) ( )min 0 0 0 0

,

ˆ

k

k i ij j l l
l A
l i l j

t T t t t t t
∈
≠ ≠

= + + + +∑  (17) 

( )max min ; , , ,k k

i j l

C C
t T l A l i l j

d d d

 
= ∈ ≠ ≠  + 

 
 

(18) 

 
We continue to decrease the number of tours inside Tk by a sequential application of Clarke-Wright heuristic to enlarge, as far as 
possible, the tours. 
 
 

3.4 The selection of two parents 
 
If N is the dimension of the population, N/2 pairs of parents will be determined. To select each parent, a tournament is organized 
between two solutions randomly determined in the population; then the solution with the smallest fitness value is selected as 
parent. 
 
The two parents inside one pair must be different; nevertheless one solution can appear several times as parent in different pairs. 
 

3.5 The crossover operator 
 
As often, one difficulty of the crossover operator is to generate feasible offspring. So a repair procedure of feasibility must be 
added at the end of crossover. 
 
A detailed description of the crossover operator and the repair procedure is given in Appendix A, with an illustrative example. 
The main steps are the following. 
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1. Selection of one group (multi-tour) in each parent and exchange of these groups between the two parents. 
2. Deletion of doubled points in the non moved groups of each parent. 
3. Repair procedure applied to each parent. 

If M is the set of missing points, the aim is to assign each m M∈ satisfying the feasibility condition (16). 
The procedure has three successive phases, but each time a missing point is assigned, the three phases are repeated with 
another point. 
a. Try to assign m at each place of the existing sub-groups. 
b. Try to assign a new tour with the single point m in each multi-tour. 
c. Create a new multi-tour with the single point m. 
 

 If this crossover is inspired by the principle proposed by Falkenauer [37] nevertheless it is not the same. One of the reasons is 
the presence of sub-groups inside the groups in the coding of a solution which is not the case in the problems considered in [37]. 
So the consideration of multi-tours of a vehicle requires a specific crossover operator. The main difference appears in step 1. 
Effectively in [37] it is proposed to inject in one parent one or several groups of the other parent delimited by two crossing 
points. Instead we prefer to exchange one group – i.e. one multi-tour of a vehicle- between the two parents. Another difference 
is in step 2: for some problems considered in [37], not only the doubled points are deleted but possibly all the points included in 
one group containing one of these doubled points. Proceeding like this in our problem will too much modify the structure of the 
parents because the number of missing points will become too large so that the offspring will not inherit enough information 
from the parents. Of course the repair procedure of step 3 depends of the problem treated in particular of the constraints to 
satisfy to build a feasible solution. 
 

3.6 The local search 
 
To the offspring obtained after the crossover operator and the repair procedure, we apply a local search to improve the offspring, 
instead of a mutation operator. 
 
This local search is applied successively to each point m of a solution, in the order in which they appear in the chromosome. We 
examine the move of a point to each possible position in the chromosome. 
 
Thus, similarly to the repair procedure, we have three phases: 

1. move m in each existing tour between each pair of two successive points; 
2. move m to form a new tour in each multi-tour; 
3. move m to form a new multi-tour. 

 
Only the moves generating a feasible solution are considered by checking if relation (16) is satisfied with the modified values of 

mint̂ and tmax. If some feasible moves improve the fitness of the solution, we choose the one giving the small fitness value.  

 

3.7 The building of the new population 
 
We proceed in two steps 
 
3.7.1 Let us denote (P1, P2) a pair of two selected parents (see 3.4) and (E1, E2) the   two children obtained after application of 
the crossover operator and the local search (see 3.5 and 3.6). 
 
We compare P1 with E1 (P2 with E2) from the point of view of the fitness function and we selected each time the best one. 
By such comparison between one parent and one child, repeated N times, we obtain a population of N solutions. 
 
3.7.2. To assure enough diversification into the algorithm and to avoid premature convergence, the p% worse solutions of this 
population are replaced by solutions generated randomly like in Sub-section 3.1. 
 
 

3.7 The stopping criterion 
  
The algorithm stops after a predefined number of generated populations. 
The flow-chart of Figure 2 resumes the algorithm. 



Sadok, Teghem and Chabchoub / A Hybrid Grouping Genetic Algorithm for the Inventory Routing Problem 
with multi-tours of the Vehicle. IJCOPI Vol. 1, No. 2, Sep-Dec 2010, pp. 42-61 

48 
 

 
 

 
Fig. 2 The H-GGA 

 
 
Remark: The structure of this method has been fixed after the analyses of different alternatives for several elements of the 
algorithm. In particular: With an initial population formed of good solutions, for instance obtained by application of the local 
search a too fast convergence to a local optimum appears; It is also the case without any replacement of same worse solution of 
the population; For the selection of the parents, better solutions are obtained with tournament than with roulette wheel; As we 
will seen in sub-section 5.2, the algorithm is less efficient without any hybridation with a local search.  
 
 

4 A computational example 
 

We first test the proposed algorithm H-GGA on the computational example with 15 sales-points described in [36]. The data of 
this didactic example are recalled in Appendix B. The solution obtained by Aghezaff et al. is (using our chromosome 
representation). 

 
So with S, vehicle 1 makes three tours with a cycle time of 101.94 hour and vehicle 2 makes four tours with a cycle time of 
148.59 hours. 
 

The solution S obtained with H-GGA is 
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With S , vehicle 1 makes four tours with a cycle time of 148.58 and vehicle 2 makes three tours with a cycle-time of 101.93. 
 

Table 1 gives the total cost rate, with their four components, for the two solutions S and S . 

Table 1. Comparison for the didactic example 
 
 S  S  

Total cost rate 185,151 186.70 

F1 100 100 

F2 47.09 46.88 

F3 6.277 5.97 

F4 31.784 33.85 

 

So we see that solution S is a little bit better that S in regard of total cost rate, due to a lower holding cost rate F4 (in grey, the 
best values). 
 

The solution S is obtained after a CPU time of 0.0941 seconds (on a PC Pentium 4 of 2.8 MHZ with a 256 Mo RAM) (In [2], 
for this example, the authors allow 30 seconds to their method) 
 
 

5 Numerical experiments 
 
We thank the authors of [36] for supplying us with their results for a large sample of 40 instances [42]. We are thus able to 
further analyze the performance of the H-GGA algorithm, applying it to these 40 instances. 
 
There are 4 groups of 10 instances with respectively 25, 50, 100 and 200 sales-points. In each group, there are 5 instances for 
which all sales-points are distributed uniformly over the plane and 5 instances with sales-points appearing in distinguishable 
clusters. As in [36], the sales-points are distributed randomly over a square of 100 by 100km (uniformly or in clusters), the 
demand rates of the sales-points are generated randomly between 1 and 30 tons per day (uniform) and the warehouse is always 
put in the center of the square.  
 
These instances are denoted ABCI.x or ABUI.x where the third letter C (or U) means points in clusters (or points uniformly 
distributed), I is the amount of sales-points and x indicates the number of the 5 instances of each category. 
 
For each of these 40 instances, the data are the following for each vehicle 
§ a capacity C of 50 tons 
§ an operating cost ψ of 40 € /day (i.e for 8 hours of work in a day, 5 €/hour) 

§ a transportation cost δ   of 1 € /km 
§ an average speed ν  of 50 km /hour 
§ a delivery cost ρ of 10 €  at each sales-point 

§ a holding cost η  of 1 € /ton, day at each sales-point 

 
For our experiments, after various experiments, we fix the parameters of the H-GGA algorithm to the following values: 
§ the size of the population is N = 100 (values 50, 100 and 120 have been tested); 
§ the crossover operator is applied to each pair of parents solutions; 
§ at each generation, the p = 10% worse solutions of the population are replaced by randomly generated solution (values 

5, 10, 15 and 20 have been tested); 
§ the algorithm stops after 10000 iterations. 

 
The method H-GGA is a randomized meta-heuristic but the Aghezaff et al. method [36] is a deterministic column generation 
based approximation method. So for comparison reason, H-GGA has been applied 20 times on each instance with the same 
initial population. In a first step (Sub-section 5.1.) we will compare the best result obtained with H-GGA with the result of [42].  
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We will also measure in these results the impact of the local search (Sub-section 5.2). In a second step (Sub-section 5.3) it 
appears important to analyze the robustness of the H-GGA method through the best, average and worse results among the 20 
runs.  
 
The method H-GGA was implemented in C++ and tested on a desktop computer with a Pentium 4 2.8 GHz processor and 512 
MB RAM, running under Windows XP. 
 

5.1 The best results of H-GGA 
 
Tables 2, 3 , 4 and 5 present the best results among the 20 runs obtained respectively for I = 25, 50, 100 and 200. In each Table  
§ Column 1 indicates the instance. 
§ Columns 2 till 6 are related to H-GGA with respectively the components F1, F2, F3 and F4 and the total cost rate for the 

best solution obtained. 
§ Columns 7 till 11 are related to the results of Aghezaff et al. [42]. With the same information that in columns 2, 3, 4, 5 

and 6.  
 
In each Table, the information in grey indicates when the value of the best result of H-GGA is better that the value provided by 
Aghezaff et al. [42]. 
  
First of all, it appears that in all the 40 instances, the total cost rate obtained with the best result of H-GGA is better, and this is 
the global objective to minimize. But the structure of the solutions obtained is quite different than those provided by the authors 
of [36]. Effectively 
§ For all the instances the vehicle cost rate F1 is smaller: this means that less vehicles are used (the number of vehicles 

used is in fact the rate F1 divided by 8). Consequently each vehicle makes more tours and logically the transportation 
cost rate F2 is higher.  

§ In Tables 2, 3, 4 and 5 the holding cost rate F4 is smaller (with one exception in table 2): this means that the frequency 
of delivery is larger than in the solutions of Aghezaff et al. and consequently the quantity delivered is smaller 
corresponding to a smaller holding cost rate F4 but a larger delivery cost rate F3. 

§ We measure the percentage of average savings resulting from the total cost rate with H-GGA in comparison to the total 
cost rate obtained by Aghezaff et al. [42] (noted “total cost [42]”). This percentage is calculated separately for the 
instances ABC.I and ABU.I, for the four values of I, as follows: 

s (H-GGA, [42])

( ) ( )

( )

4 4

[4] H-GGA
0 0

4

[4]
0

total cost total cost

 

total cost

x x

x

x x

x

= =

=

−

=
∑ ∑

∑
 

 
(19) 

 
Table 2. Comparison for I = 25  

 

Instances 

Hybrid Grouping Genetic Algorithm 
(H-GGA) 

Aghezaff  [42] 

F1 F2 F3 F4 
Total 
costs 

F1 F2 F3 F4 
Total 
costs 

ABC 25.0 10 59.0241 26.6250 31.6059 127.2550 15 60.95262 25.975 33.25025 135.1775 

ABC 25.1 10 79.9307 29.7000 25.0710 144.7017 20 74.7586 21.45 34.25437 150.4625 

ABC 25.2 10 57.1693 23.0000 31.5884 121.7577 15 57.0777 23.2 30.91487 126.2925 

ABC 25.3 10 52.8845 24.2500 28.1061 115.2407 15 52.336 24.15 28.61725 120.10325 

ABC 25.4 10 81.8810 27.6000 31.2893 150.7703 20 78.19475 23.875 35.48475 157.555 

ABU 25.0 15 96.8581 26.4250 29.9764 168.2595 20 94.54862 21.625 38.25225 174.42625 

ABU 25.1 15 81.9417 23.1250 29.3943 149.4610 20 77.03612 18.95 35.0541 151.04 

ABU 25.2 15 93.0136 26.0750 27.5734 161,6621 25 82.94437 20 35.58075 163.525 

ABU 25.3 15 87.1248 24.3750 32.8329 159.3328 20 82.382 22.4 35.98837 160.77 

ABU 25.4 15 90.2610 23.3750 30.1427 158.7787 20 80.35562 15.8 44.8006 160.9662 
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Table 3. Comparison for I = 50 

 
Table 4. Comparison for I = 100 

 
Table 5. Comparison for I = 200  

Instances 

Hybrid Grouping Genetic Algorithm 
(H-GGA) 

  
Aghezaff  [42] 

  

F1 F2 F3 F4 
Total  
costs F1 F2 F3 F4 

Total  
costs 

ABC 200.0 65 563.0902 228.5751 221.8389 1078.5042 135 547.5462 171.625 302.9362 1157.1587 

ABC 200.1 70 551.2701 211.9751 233.3403 1066.5855 130 515.3837 182.575 262.7412 1090.7 

ABC 200.2 70 556.4913 219.4500 235.6454 1081.5867 130 555.42 176.5 295.78 1157.7012 

ABC 200.3 75 598.6502 218.1000 211.4057 1103.1559 135 560.4437 174.575 259.2237 1129.2037 

ABC 200.4 65 517.2421 212.3000 224.0172 1018.5593 120 513.025 167.2 288.41 1088.635 

ABU 200.0 85 633.5083 205.0500 220.9998 1144.5581 140 629.72 163.175 284.5112 1217.4062 

ABU200.1 85 673.5784 213.3750 235.9439 1207.8973 155 661.36 157.025 325.8637 1299.25 

ABU 200.2 80 630.4061 217.7750 208.6297 1136.8109 140 637.1237 155.325 291.1812 1223.63 

ABU 200.3 80 622.8519 201.9000 234.3669 1139.1188 150 617.34 154.475 308.3487 1230.1637 

ABU 200.4 80 635.2332 206.0750 220.8927 1142.2009 140 584.8962 168.125 263.8025 1156.8237 

 
 

Instances 

Hybrid Grouping Genetic Algorithm 
(H-GGA) 

Aghezaff  [42] 

F1 F2 F3 F4 
Total 
costs 

F1 F2 F3 F4 
Total 
costs 

ABC 50.0 20 143.2365 50.7500 62.0470 276.0335 35 142.3962 49.4 64.1207 290.9175 

ABC 50.1 15 111.9776 52.3500 62.1989 241.5265 30 107.9995 47.525 66.6015 252.1262 

ABC 50.2 15 120.5362 52.2000 59.2557 251.9919 30 119.4055 47.5 62.6422 259.5475 

ABC 50.3 20 160.1099 54.8000 56.0368 290.9468 40 152.3637 44.225 69.0295 305.6175 

ABC 50.4 15 112.4336 53.4750 64.4868 245.3954 25 109.2842 51.65 67.0087 252.9425 

ABU 50.0 25 168.6028 48.5250 57.6342 299.7621 40 175.5225 40.175 70.0.968 325.795 

ABU 50.1 25 192.2045 51.3500 61.5543 330.1088 45 176.1975 43.25 71.7401 336.1875 

ABU 50.2 20 174.6232 52.7250 56.0831 308.4313 40 165.9862 44.175 66.4915 316.6525 

ABU 50.3 20 179.3722 53.0750 54.2688 311.7160 40 168.4775 40.15 74.0743 322.7025 

ABU 50.4 25 198.3649 54.7500 59.8544 337.9693 45 181.165 41.2 80.0332 347.3987 

Instances 

Hybrid Grouping Genetic Algorithm 
(H-GGA) 

Aghezaff  [4] 

F1 F2 F3 F4 
Total  
costs 

F1 F2 F3 F4 
Total  
costs 

ABC 100.0 35 293.3261 109.5250 110.8625 548.7136 80 274.4162 93.2 129.1525 566.7675 

ABC 100.1 30 231.4339 97.8250 114.1234 473.3823 60 238.095 88.275 125.1512 511.5212 

ABC 100.2 40 295.5168 104.9500 127.5783 568.0451 65 284.5862 99.175 131.56 580.32 

ABC 100.3 40 316.7839 109.1500 117.0041 582.9380 80 314.7887 85.05 152.9325 632.7712 

ABC 100.4 40 332.8886 111.2750 109.0036 593.1672 80 312.31 90.825 134.0937 617.2287 

ABU 100.0 40 330.8473 98.9250 114.2665 589.0388 80 303.5262 81 143.916 608.4437 

ABU 100.1 50 362.9320 100.5500 124.3385 637.8205 85 339.613 87.925 144.808 657.347 

ABU 100.2 50 363.8757 101.3500 116.0670 631.2927 80 350.9492 75.675 163.5937 670.215 

ABU 100.3 45 338.6015 107.1500 109.1441 599.8956 80 332.57 81.225 148.7862 642.5812 

ABU 100.4 45 338.5134 104.4250 107.4224 595.3608 75 327.0412 72.55 156.8737 631.465 
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Table 6 shows these average savings percentage for the cases C and U and I = 25, 50, 100 and 200. This Table reveals an 
average saving percentage between 4.05 and 4.89% for the case C and between 1.63 and 5.82% for the case U. 

  
Table 6. Average savings percentage of total cost rate s (H-GGA, [42]) 

No. of sales-point (x) Sales-point locations 
ABCI.x ABUI.x 

25 4.33% 1.63% 
50 4.05% 3.68% 
100 4.89% 4.88% 
200 4.89% 5.82% 

 
 
To confirm this analysis we perform a statistical test to analyze if there is a statistical significant difference between the 
performances of the Aghezaff method and the H-GGA algorithm. 
 

We wish to test the hypothesis H0: 1 2µ µ= , against the alternative Ha: 1 2µ µ> , where 1µ and 2µ are the average objective 

function obtained by Aghezaff method and the H-GGA algorithm respectively. 
 
For each of the 8 type of problems given –ABC and ABU with 25, 50, 100, and 200 customers- we consider the dependant 
sample of 5 instances. We compare the two methods using the Student’s t-test.  
 
In this unilateral test, we consider the variable 
 

D

D

D
t

S

µ−
=  

 
(20) 

 

Where D is the average difference between the variables of the two samples, 
D

µ and 
D

S are respectively the expected value and 

the standard deviation of D . This variable t has a student distribution with n-1 = 4 degrees of freedom at level of significanceα   

(type I error) H0 is rejected if the observed value is larger than tα , with 0.05t =2.1318 and 0.01t = 3.7469. 

 
The t-statistics for the eight types of problems is summarized in table 7. It appears from this table that in all cases we reject H0 
with α = 0.05 and in all but two cases –ABU25 and ABU50- we reject it at α = 0.01. Thus these tests suggest that for the 
studied problems H-GGA is significantly better than Aghezaff method. 
 

Table 7. Student’s t-test between H-GGA and Aghezaff 

Problem 
  

Mean               Standard Dev. 

t-c H-GGA Aghezaff H-GGA Aghezaff 

ABC 25 131.9450 137.9181 15.1817 15.8352 9.5609 

ABU 25 159.4988 162.1454 6.7589 8.3566 2.9759 

ABC 50 261.1788 272.2302 21.3689 24.4998 6.8215 

ABU 50 317.5975 329.7472 15.8765 12.1426 3.4107 

ABC 100 553.2492 581.7217 47.6788 47.4881 4.1529 

ABU 100 610.6816 642.0103 22.2531 23.8168 6.3234 

ABC 200 1069.6783 1124.6797 31.4768 33.9838 4.4724 

ABU 200 1154.1172 1225.4547 30.2081 50.6118 4.8951 

 
 

5.2 Impact of the local search 
 
It appears interesting to specifically analyze the impact of the local search inside the H-GGA algorithm. For this purpose, on the 
40 instances, we compare the best results obtained by the genetic algorithm without any hybridation with the local search -we 
denote this method GGA-with the results provided by Aghezaff et al. [42]. 
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Table 8 indicates for each of the 8 classes of five instances, the number of instances for which the result of GGA is better that 
the result [42]. 
 

Table 8. Number of instances for which GGA is better than [42]. 
No. of sales-point (x) Sales-point locations 

ABCI.x ABUI.x 
25 1 1 
50 1 0 
100 3 3 
200 1 3 

 
 
As we can see, without the local search, the method GGA is less efficient, especially for the small instances. The impact of the 
local search can further be analyzed by the calculation of the average saving s (GGA, [42]) given in Table 9. 
 

Table 9. Average savings performance of total cost rate s (GGA, [42]) 
No. of sales-point (x) Sales-point locations 

ABCI.x ABUI.x 
25 -3.02% -6.68% 
50 -1.45% -0.82 
100 0.58% 0.30% 
200 -1.76 -0.72% 

 
 
Except for the instances with 100 sales-points, these average savings are negative indicating that the average total cost obtained 
with GGA is larger than the average cost provided in [42]. Nevertheless, the difference is really small for instances with 50 or 
200 sales-points. 
 
From Table 6, 8 and 9, we can conclude that the component local search is important for the efficiency of the hybrid H-GGA 
method.  
 

5.3 The robustness of H-GGA  
 
It is also important to analyze the robustness of H-GGA in regard with its stochastic nature. In fact, H-GGA is applied 20 times 
on the instances described in Subsection 5.1. Tables 10, 11, 12 and 13 give for each of the 40 instances respectively the best 
value, the average value and the maximal value of the total cost rate obtained by the 20 executions of H-GGA. (The best value is 
the one indicated in Tables 2 till 5). The last column is the average CPU-time (in seconds). We compare these values with those 
provided [42] by the authors of [36] (see Tables 2, 3, 4 and 5) and they are in grey if these values are better. 
 
Concerning the average values, we see that in 38 cases on the 40, they are better; it also appears that H-GGA is more adapted to 
the case where the sales-points are in clusters(ABC situation) with 20 better values on the 20 cases that for points uniformly 
distributed (ABU situation) with 18 better values on the 20 cases. Our better values are better than those of [42] in 8, 10, 10 and 
10 cases respectively for I = 25, 50, 100 and 200. 
 
Concerning the maximal values of the total cost, we obtained better values in regard of those in [42] in 25 cases on the 40: 14 
for situation ABC and 11 for situation ABU. Here also the performance is improved for larger instances: our worse values are 
better than those of [42] in 4, 4, 7 and 10 cases respectively for I = 25, 50, 100 and 200. 
 
Concerning the CPU-time, logically increasing with I, we see that it remains reasonable: always less than 2.8, 10.8, 46.7 and 
364.6 seconds respectively for instances with I = 25, 50, 100 and 200. 
 
Remark: The computation time of the column generation method is not available in [42]. 
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Table 10. Robustness for I = 25 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Table 11. Robustness for I = 50 

 

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Table 12. Robustness for I = 100 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Instances 

Hybrid Grouping Genetic Algorithm 
(H-GGA) 

Minimum Cost  Average Cost Maximum Cost Average Time 

ABC 25.0 127.255 128.6767 130.4661 2.6653 

ABC 25.1 144.7017 148.0202 151.2539 2.436 

ABC 25.2 121.7577 123.8846 128.4606 2.7184 

ABC 25.3 115.2407 117.1904 118.5217 2.7314 

ABC 25.4 150.7703 153.4620 155.4556 2.5351 

ABU 25.0 168.2595 169.9033 173.5423 2.4149 

ABU 25.1 149.461 151.8831 154.3283 2.2797 

ABU 25.2 161.6621 163.3396 166.0150 2.3523 

ABU 25.3 159.3328 164.7967 168.9128 2.1295 

ABU 25.4 158.7787 160.5747 163.1956 2.2792 

Instances 

Hybrid Grouping Genetic Algorithm 
(H-GGA) 

Minimum Cost  Average Cost Maximum Cost Average Time 

ABC 50.0 276.0335 283.7889 289.4944 8.2378 

ABC 50.1 241.5265 245.9298 250.1391 10.7915 

ABC 50.2 251.9919 256.2379 264.2392 9.4846 

ABC 50.3 290.9468 295.5931 302.3255 9.08455 

ABC 50.4 245.3954 248.1966 253.1027 9.30135 

ABU 50.0 299.7621 306.9846 315.4048 7.97545 

ABU 50.1 330.1088 334.2002 344.8326 9.9578 

ABU 50.2 308.4313 314.1349 321.8542 8.6264 

ABU 50.3 311.716 318.3026 328.1269 8.5147 

ABU 50.4 337.9693 342.8162 354.5133 9.1251 

Instances 

Hybrid Grouping Genetic Algorithm 
(H-GGA) 

Minimum Cost  Average Cost Maximum Cost Average Time 

ABC 100.0 548.7136 558.8429 578.3492 43.0914 

ABC 100.1 473.3823 480.9229 492.4244 46.6054 

ABC 100.2 568.0451 575.6163 592.5551 45.5523 

ABC 100.3 582.938 591.3621 597.4181 43.8218 

ABC 100.4 593.1672 601.9519 611.4858 38.0804 

ABU 100.0 589.0388 596.7211 603.3565 40.9 

ABU 100.1 637.8205 648.8995 667.9045 33.8773 

ABU 100.2 631.2927 639.8378 661.8114 35.2562 

ABU 100.3 599.8956 609.4415 626.6928 40.15 

ABU 100.4 595.3608 606.7674 621.302 35.71015 
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Table 13. Robustness for I = 200   
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

   

6 Conclusion 
 
In this paper, we propose an original grouping genetic algorithm well adapted to the inventory routing problem with multi-tours 
of the vehicles. In a chromosome each group represents the multi-tour of a vehicle with several sub-groups for the different 
tours of the vehicle. A specific crossover is described for such particular chromosome. 
 
To enforce the intensification of the algorithm it is hybridized with a local search procedure. We compare the performances of 
this H-GGA algorithm with those of the algorithm proposed in [2], first on a didactic example and then on 40 instances with 25 
till 200 sales-points. The numerical results prove the effectiveness of our algorithm. 
 
A perspective is to improve the local search algorithm to transform our algorithm in a real memetic algorithm. Another one is to 
tackle the problem as a bi-objective problem, separating the total cost rate F in two objectives: one related to the transportation 
(F1+F2), a second related to the inventory (F3+F4). 
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Appendix A: Illustration of the crossover operator and the repair procedure 

 

We illustrate the different steps of the crossover operator and the repair procedure on the following example, 

where 15=I ( see Figure 3): 

 
     Figure 3. Two parents 

By facility we noted the three groups (multi-tours) of 1P  by BA,  andC , and the two groups of 2P  by D  

and E . 

1) The first step of the crossover is to select randomly one group in each parent and to exchange these 

two groups between the parents. 

In the example (see Figure 4), if the two selected groups are A  and E respectively, we obtained 

 
   Figure 4. Exchange of two groups 

2) Clearly some customers will generally appear two times in a solution. So these doubled points are 

deleted once and such deletions are made in the non moved groups of each solution (i.e. for the 

example in groups B and C of P’1, in group D of P’2.) we thus obtain (see Figure 5).  
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   Figure 4. Deletion of doubled points 

After this second step, it is possible that some sub-groups (tours) disappear (in the example it is the 

case in the groups C and D) or even that some groups (multi-tours or vehicles) disappear.  

3)  Now some sales-points do not appear anymore in the solution (in the example, it is the case of 

customers 1, 2, 5, 6, 8, 13, 15 in P’’1 and customers 3, 7, 10, 11, 12, 14 in P’’2 ) 

So a repair procedure is organized to assign the missing points to each partial solution so that finally 

we obtain a feasible offspring formed of two feasible solutions E1 and E2. 

This repair procedure contains three phases (only illustrated on P’’1) 

a. First we try to assign each missing point at each place of the existing sub-groups (tours) of 

the partial solution. For the insertion of a point m  between two successive points i  and j  

( i  or j  can be the depot 0), we calculate the corresponding increasing of the distance 

( ) ijmjim tttjmiD −+=,,  and we check if this insertion is feasible i.e. if relation (4) is 

satisfied with the updated values of ( )kTtmin
ˆ  and ( )kTtmax . 

If M  denotes the set of missing sales-points and mF  the feasible pairs ( )ji,  for the 

insertion of point Mm ∈ , we determine the triplet ( )∗∗∗ jmi ,,  for which  

( )
( )

( )jmiDjmiD
mFjiMm

,,minmin,,
, ∈∈

∗∗∗ =  

and we realize the insertion of 
∗m  between 

∗i  and 
∗j . 

This phase is repeated with MM ← \{ }∗m  till either φ=M  or φ=mF  Mm ∈∀ . 

For the example, let us suppose that at the end of phase a., the customers 1, 2, 5, 6, and 13 

have been inserted into P”1 so that this partial solution is now given by Figure 6. 

 
Figure 6. First phase of the repair procedure  

and { }15,8=M  

P’’’1 
3  1  12  7      10  11  14   4    13    5  9  6  2 

C’’ E’ B’’ 

P’’1 

P’’2 

3  12  7    10  11  14   4    9   

D’ 

4       9  1 15  5   8  13  6  2    

A 

C’ E B’ 
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b. If φ≠M  at the end of phase a., we will try to add in each multi-tour (group), a new tour 

(sub-group) formed with only one sales-point Mm ∈ .  

Of course, only feasible partial solutions must be considered, i.e. relation (4) must be 

satisfied with the updated value of the extended group. 

If mG  denotes the set of extended feasible groups with the new sub-group { }m , we 

calculate by relation (2) the fitness ( )GF  of each mGG ∈  and we determine the pair 

( )∗∈∈ ∗∗

m
GGMm ,  minimizing ( )GF :  ( )GF

mGGMm ∈∈
minmin  

A new tour { }∗m  is then introduced in the multi-tour 
∗G .and MM ← \{ }∗m  

If φ≠M  and as a new tour has been created, we can try by phase a. to insert some other 

sales point in this tour. Otherwise, phase b. is repeated with MM ← \ { }∗m  till either 

φ=M or φ=mG  Mm ∈∀ . 

For the example, let us suppose that only customer 15 has been introduced in the group B” 

so that this partial solution is now given by Figure 7 

 
Figure 7. Second phase of the repair procedure 

and { }8=M  

c.   If φ≠M  at the end of phase b., the only remaining way to complete the partial solution 

is first to create a new multi-tour. (i.e. to use an additional vehicle). The three phases can be 

repeated till φ=M . 

For the example, the child finally obtained is given by Figure 8.  

 
Figure 8. Third phase of the repair procedure 

 

 

 

 

 

E 1 
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Appendix B: Data of didactic example 

 

Table 13. Distances in kilometer between the different sales-points and the depot 

     
            0          1        2        3        4        5        6        7        8        9        10        11        12        13        14        15 
 
0            0        270    480    490    330    550    430    140    260    240     150     240     360       200      430      
320 
1                        0    740    560    580    680    650    420    530    440     210     410     450       260      400      
170 
2                                  0    500    490    410    190    350    370    320     540     590     750       660      600      
800 
3                                            0    630    160    310    480    630    290     390     720     850       670      180      
710 
4                                                      0    770    590    290    160    470     490     190     300       350      750      
520 
5                                                                0    220    540    630    310     490     760     910       740      340      
810 
6                                                                          0    340    430    210     440     610     770       630      430      
740 
7                                                                                    0    160    230     250     270     420       310      470      
450 
8                                                                                              0    340     400     230     380       350      630      
510 
9                                                                                                        0     240     450     600       440      320      
540 
10                                                                                                                 0     370     480       280      290      
320 
11                                                                                                                            0     160       170      650      
330 
12                                                                                                                                       0       210      770      
310 
13                                                                                                                                                    0      570      
170 
14                                                                                                                                                                0      
570 
15                                                                                                                                                                            
0 
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Table 14. Sales-point demand rates 
 
 

      
Sales-point 

Demand rate (ton/hour) 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 

0.109 
0.326 
0.322 
0.478 
0.134 
0.429 
0.381 
0.503 
0.187 
0.123 
0.953 
0.638 
0.247 
0.188 
0.441 

      
           

There are 15 sales-points: Table 13 gives the distances (in kilometers) between them and Table 14 contains 

the respective demand rate id /hour. For each vehicle there is  

• a capacity C  of 100 tons 

• an operating cost ψ  of 50 € /hour 

• a transportation cost δ  of 1 € /km 

• an average speed ν  of 50 km /hour 

• a delivery cost ρ  of 50 €  at each sales-point 

• a holding cost η of 0.10 € /ton, hour at each sales-point 

 
 
 
 
 
 
 
 
 
 
 


