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Abstract. This paper presents a bottleneck-based methodology to solve scheduling problem of 
M1,M2,M3,M4,M3,M4 re-entrant flow shop where M1 and M4 have high tendency of being the dominant 
machines. Two generalised makespan algorithms using bottleneck approach were developed for the 
identified bottleneck. Each algorithm has specific correction factor which was used to ensure the accuracy 
of the makespan computation. Using these correction factors, a constructive heuristic was developed to 
solve for near-optimal scheduling sequence. For small size problems, the heuristic results were compared 
with the optimum makespan generated from complete enumeration. For medium and large size problems, 
the heuristic performance was measured by comparing its makespan with the solutions generated by the 
NEH and lowerbound. At weak and strong dominance level, the heuristic shows good performance against 
the lowerbound and better results compared to the NEH for large and medium size problems. 

Keywords: Scheduling, heuristic, re-entrant flow shop, bottleneck. 

 

1 Introduction 
 
Flow shop manufacturing is a common production system found in many manufacturing facilities, assembly lines and industrial 
processes. It is known that finding optimal solution for flow shop scheduling problem is a difficult task and even a basic problem 
of F3 || Cmax is already strongly NP-hard [1]. Therefore, many researchers focused their efforts on finding near optimal solution 
within acceptable computation time using heuristics.     
 
One of the important subclasses of flow shop which is prominent in industries is re-entrant flow shop. The special feature of a re-
entrant flow shop compared to ordinary flow shop is that the job routing may return once or a few times to any facility. The 
earliest research on re-entrant flow shop developed a cyclic scheduling method that takes advantage of the flow character of the 
re-entrant process [2]. This work illustrated a re-entrant flow shop model of a semiconductor wafer manufacturing process and 
developed a heuristic algorithm to minimize average throughput time using cyclic scheduling method at specified production 
rate. The decomposition technique in solving maximum lateness problem for re-entrant flow shop with sequence dependent 
setup times was suggested in [3]. Mixed integer heuristic algorithms were later studied towards minimizing makespan of a 
permutation flow shop scheduling problem [4]. Significant works on re-entrant hybrid flow shop were reported in [5] – [7], 
hybrid techniques which combine lower bound-based algorithm and idle time-based algorithm were reported in [8] while 
simulation-based genetic algorithm was elaborated in [9]. In solving parallel machine problems, some researchers have proposed 
and analysed variable neighbourhood search [10], mixed integer linear programming with metaheuristic based on greedy 
randomized adaptive search procedure (GRASP) [11], and solution method based on branch-and-bound algorithm [12]. 
Recently, scheduling solutions that combines search algorithms with heuristics were also reported for multi constrained 
optimization problems [13]. 
 
In literatures about scheduling, heuristic that utilize the bottleneck approach is known to be among the most successful methods 
in solving shop scheduling problems. This includes shifting bottleneck heuristic [14] – [16], bottleneck minimal idleness 
heuristic [17], [18], dispatching rules for flow shops with bottleneck machines [19] and bottleneck-based heuristics for flexible 
flow shop [20]. However, not much progress is reported on bottleneck approach in solving re-entrant flow shop problem. Among 
the available reports, some researchers developed a specific version of shifting bottleneck heuristic to solve the re-entrant flow 
shop sequence problem [3] and studied n identical jobs on two machine re-entrant flow shop problems [21].  
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This paper explores a bottleneck-based methodology to solve an Internet-based collaborative design and manufacturing process 
scheduling at a manufacturing setup known as cyber manufacturing centre (CMC). The study develops a makespan minimization 
heuristic using bottleneck approach known as bottleneck adjacent matching (BAM) heuristic. The remainder of the paper is 
organised as follows: In section 2, the system operations of the CMC is discussed. Section 3 introduces the alternative makespan 
algorithms and the related correction factors using bottleneck approach. This is followed with the proposed heuristic in section 4 
and an example implementation of the heuristic in section 5. Lastly, the two final sections evaluate the heuristic performance, 
summarize the findings and present some future heuristic development.   
 
 

2 Cyber Manufacturing Centre 
  
The cyber manufacturing centre (CMC) is a web-based system that allows the Universiti Tun Hussein Onn Malaysia to share the 
sophisticated and advanced machinery and software available at the university with the small and medium enterprises (SMEs) 
using Internet technology [22]. The heart of the system is the CMC which consists of an advanced computer numerical control 
(CNC) machining centre fully equipped with cyber manufacturing system software that includes computer aided design and 
computer aided manufacturing (CAD/CAM) system, scheduling system, tool management system and machine monitoring 
system. Figure 1 shows the process flow and the resources utilized at the CMC. These resources are the CAD system, CAM 
system, CNC postprocessor and CNC machine centre respectively. At the CMC, all jobs must go through all processes following 
the sequence represented in Figure 1. This flow pattern is similar with flow shop manufacturing [1]. However, there are two 
processes sharing common resources. The process of generating CNC program for prototyping and the process of generating 
CNC program for customer are executed on the same CNC postprocessor (M3). Similarly, the processes of prototype machining 
and parts machining are executed on the same CNC machine centre (M4). Thus, this process flow is considered as a re-entrant 
flow shop as described in [2]. The CMC also practices strict permutation rule in which both shared resources (M3 and M4) must 
finish processing the first job before starting any new job. In other words, this problem can be also identified as four machine 
permutation re-entrant flow shop with the processing route of M1,M2,M3,M4,M3,M4. One important characteristic observed at 
the CMC is that the processing time at M1 and M4 were the longest. This means M1 and M4 shows dominant machine 
characteristic. Due to the re-entrant nature of the CMC process, the M4 dominant characteristic is identified as M4+M3+M4 or 
also recognized as P4+P5+P6 especially when the processing time is used in the discussion. The CMC operations data also 
shows that the number of jobs at the CMC is normally between 6 and 20. The information about the CMC processes discussed 
above is used to generate the problem modeling which refers to requirements related to the modelisation of the shop floor and its 
corresponding schedules [23]. 
 

 

 
 

Figure 1. CMC process flow. 

 
 

3 Makespan Algorithms Using Bottleneck Approach 
 
Figure 2 shows the Gantt chart of a four job re-entrant flow shop problem. P(i,j) is the processing time of  job j at workcentre i.  
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Figure 2.  Example schedule focusing on M1. 

 
 
Focusing on M1 as the major component (or the dominant machine) in Figure 2, the makespan can be computed as the 
following: 
 

Cmax =   ∑ ∑
= =

+
n

j i

niPjP
1

6

2

),(),1(  + P1BCF . 
 

(1) 

 
where, 

Cmax  = Makespan 

P1BCF  = P1 Bottleneck Correction Factor 
   = (Gap between P14 and P24) + (Gap between P24 and P34) + (Gap between P34 and P44)  
      = Max[0, C23-C14] + Max[0, C53-C24] + Max[0, C63-C34]  
 
where Cij = Completion time of ith process for jth job. 
 
The generalised equation for P1BCF is described as follows: 
 

P1BCF = Max[0, C(2,n-1)-C(1,n)] + Max[0, C(5,n-1)-C(2,n)] + Max[0, C(6,n-1)-C(3,n)] . (2) 

 
   
The schedule in Figure 2 can also be studied by focusing on M4+M3+M4 as the dominant machine as shown in Figure 3. 
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Figure 3.  Example schedule focusing on M4+M3+M4. 

 
 
The makespan for the example in Figure 3 is computed as the following: 
 



Salleh Ahmad Bareduan & Sulaiman Hasan / Methodology To Develop Heuristic For Re-Entrant Flow Shop 
With Two Potential Dominant Machines Using Bottleneck Approach. IJCOPI Vol. 3, No. 3, Sep-Dec 2012, 
pp. 81-93. EDITADA. ISSN: 2007-1558. 
 

84 
 

Cmax =   ∑ ∑∑
= = =

+
3

1 1

6

4

),()1,(
i

n

j i

jiPiP  + ∑
=

n

j

jBCFP
2

)(4 . 
 

(3) 

where,  

P4BCF = P4 Bottleneck Correction Factor  

∑
=

n

j

jBCFP
2

)(4   = (Gap between P61 and P42) + (Gap between P62 and P43) + (Gap between P63 and P44)   

= Max[0, C32-C61] + Max[0, C33-C62] + Max[0, C34-C63]  
 
 The generalised equation for P4BCF is described as follows: 
 

For j=2,3,4..n,  

P4BCF(j) = ∑
=

−−
n

j

jCjCMax
2

)]1,6(),3(,0[  . 
 

(4) 

 
Equations 1 to 4 were developed after having in-depth understanding of the bottleneck characteristics for the studied system. 
They were later be used to develop appropriate heuristics for solving the re-entrant flow shop scheduling problem. Simulation 
method was utilized in testing the accuracy of both Equation 1 and 3 for computing the makespan of the re-entrant flow shop. A 
total of 10,000 simulations were conducted using random data of between 1 to 80 hours for each of  P(1,j), P(2,j), P(3,j), P(4,j), 
P(5,j) and P(6,j) with six job sequence for each simulations [24]. Each set of random data obtained was also tested with a total of 
720 different sequences representing job arrangements of ABCDEF, ABCDFE, ABCEDF etc. The makespan from Equation1 
and 3 were compared with makespan from conventional earliest start and completion time analysis. The comparison results show 
that Equation 1 and 3 produce equal makespan values to the one generated by start and completion time analysis. This indicates 
the accuracy of both Equation 1 and 3 in computing the makespan of the 6-job operations scheduling. These equations were also 
tested for computing the makespan for 10-job and 20-job scheduling. All results indicate that they produced accurate makespan 
values.   
 
In determining which machine is more dominant between M1 and M4+M3+M4, this research introduced a method called P1 
bottleneck dominance level measurement. This dominance level is measured by detecting the number of occurrences where 
P(1,j) + P(2,j) + P(3,j) of any job is greater than P(2,j) + P(3,j) + P(4,j) + P(5,j) + P(6,j) of other jobs. For the example in a 
group of six jobs, the bottleneck dominance level of P(1,1) is measured by determining the number of occurrences where the 
value of P(1,1) + P(2,1) + P(3,1) is greater than P(2,j) + P(3,j) + P(4,j) + P(5,j) + P(6,j) of j = 2,3,4,5 and 6. Similarly, the 
dominance level for P(1,2) can be determined by observing the frequency of P(1,2) + P(2,2) + P(3,2) that are greater than P(2,j) 
+ P(3,j) + P(4,j) + P(5,j) + P(6,j) at j = 1,3,4,5 and 6. The overall P1 bottleneck dominance level can be computed by adding all 
frequency values resulting from all P(1,j) analysis. If this value is greater than n(n-1)/2 (where n is the number of jobs), then M1 
is more dominant than M4+M3+M4.     
 
 

4 Bottleneck Adjacent Matching (BAM) Heuristic  
 
The bottleneck adjacent matching (BAM) heuristic, which is thoroughly illustrated in this section, exploits the bottleneck 
correction factors from Equation 2 and 4. The BAM heuristic generates a schedule which selects a job based on the best 
matching index to the previous job bottleneck processing time, which is either P(1,j) or P(4,j) + P(5,j) + P(6,j) of the previous 
scheduled job. Ultimately, this minimizes the discontinuity time between the bottleneck machines and their subsequent 
processes, thus produces near-optimal schedule arrangement. The procedures to implement the BAM heuristic to the re-entrant 
flow shop scheduling are as the followings: 
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Step 1: 
 Evaluate the P1 bottleneck dominance level as described in section 3. If the dominance level is greater than 2n(n-1)/3, go to Step 
2. Else, go to Step 8.   
 
Step 2: 
Select the job with the smallest value of  P(2,j) + P(3,j) + P(4,j) + P(5,j) + P(6,j) as the last job (nth job).  
  
Step 3: 
Among the unscheduled jobs, compute the BAM4 index for the potential (n-1)th job (second last job). This index is built based 
on the P1BCF computation from Equation 2. The BAM4 index computation is as the following: 
 

BAM4 index = Max[0, C(2,n-1)-C(1,n)] + Max[0, C(5,n-1)-C(2,n)] + Max[0, C(6,n-1)-C(3,n)] . (5) 

 
Step 4: 
Select the job with zero BAM4 index for the current job scheduling. If zero index is not available, select the job with the smallest 
positive BAM4 index. If two or more jobs share the best index value, select the first job with the best index.   
 
Step 5: 
Compute the BAM4 index for jobs n-2,n-3,..2 using the algorithm at Step 3 and select the best job allocation using Step 4. 
Assign the last remaining job as the first job. 
 
Step 6:  
Compute the makespan from the completed job arrangement using Equation 1. 
 
Step 7: 
For the first completed schedule only, use the bottleneck scheduling performance 4 (BSP4) index to evaluate the schedule 
performance. This index is computed as the followings: 
 

BSP4 index = P1BCF  + ∑
=

6

2

),(
i

niP . 
 

(6) 

Excluding the job selected in Step 2, identify other jobs with the value of ∑
=

6

2

),(
i

jiP  less than the BSP4 index. Assign these 

jobs one after the other as the last job and repeat Step 3 to Step 6. Else, go to Step 14  
 
Step 8: 
Select the job with the smallest value of  P(1,j) + P(2,j) +  P(3,j) as the first job.  

 
Step 9: 
Among the unscheduled jobs, compute the BAM2 index for the potential second job selection. This index is built based on the 
P4BCF computation from Equation 4. The BAM2 index is computed as the followings: 
 
For j = 2,3,4,..n,  

BAM2 index = )1,6(),3( −− jCjC . (7) 

where,  j  = remaining jobs to be selected one by one 
          j-1 = the immediate preceding job that has been assigned 
 
Step 10: 
Select the job with zero BAM2 index for the current job scheduling. If zero index is not available, select the job with the largest 
negative index. If negative index is also not available, select the job with the smallest positive index. If two or more jobs have 
the same best index value, select the first job with the best index value. 
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Step 11: 
Compute the BAM2 index for job scheduling assignment number 3, 4….n-1 using algorithm at Step 9 and select the best job 
allocation using Step 10. Assign the last remaining job as the last job. 
 
Step 12:  
Compute the makespan from the completed job scheduling sequence.  
 
Step 13: 
For the first completed schedule only, use the bottleneck scheduling performance 2 (BSP2) index to evaluate the schedule 
performance. This index is computed as the followings: 
 

BSP2 index =   ∑
=

3

1

)1,(
i

iP  + ∑
=

n

j

jBCFP
2

)(4 . 
 

(8) 

Excluding the job selected in Step 8, identify other jobs with the value of ∑
=

3

1

),(
i

jiP  less than the BSP2 index. Assign these 

jobs one after the other as the first job and repeat Step 9 to Step 12. Else, go to Step 14 
 
Step 14: 
From the completed schedule arrangement list, select the schedule that produces minimum makespan as the best schedule.    
 
 

5 Example Implementation of BAM Heuristic  
 
In order to illustrate the implementation of the BAM heuristic, let’s consider the six jobs process data in Table 1. First, the P1 
bottleneck dominance level is evaluated using the method discussed at the end of Section 3. Table 2 shows the values of P(1,j) + 
P(2,j) + P(3,j) and P(2,j) + P(3,j) + P(4,j) + P(5,j) + P(6,j) of all jobs. The bottleneck dominance level of P(1,1) is measured by 
determining the number of occurrences where the value of P(1,1)+P(2,1)+P(3,1) is greater than 
P(2,j)+P(3,j)+P(4,j)+P(5,j)+P(6,j) of j=2,3,4,5 and 6. From Table 2, it can be noted that P(1,1)+P(2,1)+P(3,1) is greater than 
P(2,j)+P(3,j)+P(4,j)+P(5,j)+P(6,j) at j=2,3,5 and 6. This provide a dominance value of one each for P(1,1) at j=2,3,5 and 6 as 
indicated by column P(1,1)DL in Table 3. The other dominance level belonging to P(1,2), P(1,3), P(1,4), P(1,5) and P(1,6) are 
computed using the same approach. The results are tabulated in Table 3. The overall P1 bottleneck dominance level resulting 
from all P(1,j) is computed by adding all value in Table 3. Therefore the overall P1 bottleneck dominance level equals to 11. 
Since this P1 dominance level is not greater than 2n(n-1)/3 (which is 2(6)(6-1)/3 = 20), then the BAM procedure has to go to 
Step 8. 

 
Table 1.  Process time data 

Job j P(1,j) P(2,j) P(3,j) P(4,j) P(5,j) P(6,j) 

Job A 1 96 9 11 58 7 14 

Job B 2 21 9 4 34 14 9 

Job C 3 51 4 14 31 4 29 

Job D 4 71 8 10 50 12 58 

Job E 5 45 14 9 26 5 36 

Job F 6 145 16 12 23 11 33 
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Table 2. Comparison of ∑ =

3

1
),(

i
jiP and ∑ =

6

2
),(

i
jiP  

Job j 
∑ =

3

1
),(

i
jiP  ∑ =

6

2
),(

i
jiP  

Job A 1 116 99 
Job B 2 34 70 
Job C 3 69 82 
Job D 4 89 138 
Job E 5 68 90 
Job F 6 173 95 

 
 

Table 3. Occurrence of ∑ =

3

1
),(

i
jiP greater than ∑ =

6

2
),(

i
jiP  of other job 

 P(1,1) 
DL 

P(1,2) 
DL 

P(1,3) 
DL 

P(1,4) 
DL 

P(1,5) 
DL 

P(1,6) 
DL 

j=1 - 0 0 0 0 1 
j=2 1 - 0 1 0 1 
j=3 1 0 - 1 0 1 
j=4 0 0 0 - 0 1 
j=5 1 0 0 0 - 1 
j=6 1 0 0 0 0 - 

 
  
Referring to Table 2, Job B is selected as the first job because it has the smallest P(1,j) + P(2,j) +  P(3,j) value (Step 8). In the 
next step, the BAM2 indexes for the second job selection are computed. The remaining jobs (Job A, C, D, E and F) which are 
not yet assigned are tested one by one in order to identify the best candidate for the second job position. In evaluating the BAM2 
index for the second job candidate, the value of j=2 is used and each of the remaining jobs is assigned as j=2 one at a time. Since 
Job B has been assigned to the first job, therefore j-1 belongs to Job B. As such, the example of second job BAM2 index for Job 
A is computed using Equation 7 by setting j=2 belong to Job A. The start and completion times for this job arrangement is 
shown in Table 4 and the BAM2 index computation is done as the followings: (Step 9) 
 
BAM2 index  = )1,6(),3( −− jCjC   

= C(3, Job A) – C(6, Job B) 
= 137 – 91 
= 46 

 
Table 4.  Start and completion time for BA job sequence 

Job J P(1,j) P(2,j) P(3,j) P(4,j) P(5,j) P(6,j) 

  Start Comp Start Comp Start Comp Start Comp Start Comp Start Comp 

Job B 1 0 21 21 30 30 34 34 68 68 82 82 91 

Job A 2 21 117 117 126 126 137 137 195 195 202 202 216 

 
 
The second job BAM2 index for other remaining jobs (Job C, D, E and F) are computed by substituting Job A with Job C, D, E 
and F respectively in the above formulation. The results of computing the second job BAM2 indexes for other jobs are shown in 
Table 5. Since Job E produces zero BAM2 index, therefore Job E is selected as the second job. (Step 10)  
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Table 5. BAM2 index computation for second job 

Job BAM2 
Index 

Job B - 
Job A 46 
Job C 5 
Job D 19 
Job E 0 
Job F 103 

 
 
Since the second job has been assigned, then the next step is to evaluate the BAM2 index for third job assignment. Here, the 
value of j=3 is used and each of the remaining jobs is assigned as j=3 one at a time. Since Job E has been assigned to the second 
job, therefore j-1 belongs to Job E and the BAM2 index is computed using Equation 7. The results of computing all the third job 
BAM2 indexes are shown in Table 6. Because there is no zero index value therefore the largest negative BAM2 index is 
selected. This means that Job D is assigned as the third job. (Step 11) 
  

Table 6. BAM2 index computation for third job 

Job BAM2 Index 
Job B - 
Job E - 
Job A 24 
Job C -22 
Job D -3 
Job F 81 

 
 
The next step is to evaluate the BAM2 index for fourth and fifth job assignment respectively. The remaining job is finally 
assigned to the sixth job. The recommended job sequence by using BAM2 index is therefore BEDACF. The makespan for this 
sequence is computed using Equation 3 as follows (Step 12): 

Cmax =   ∑ ∑∑
= = =

+
3

1 1

6

4

),()1,(
i

n

j i

jiPiP  + ∑
=

n

j

jBCFP
2

)(4                        

 
Table 7 shows the P4BCF(j) value for the BEDACF job scheduling using Equation 4. The total P4BCF(j) is equal to 36. 
Therefore, by rearranging Table 1, the makespan for BEDACF equals: 
 
(21+9+4) + (34+14+9+26+5+36+50+12+58+58+7+14+31+4+29+23+11+33) + (36) = 524 hours  
 

Table 7. BCF value for BEDACF job arrangement 

Job j P4BCF(j) 
B 1  
E 2 0 
D 3 0 
A 4 0 
C 5 0 
F 6 36 

 
 
 
The next step in implementing BAM heuristic is the scheduling performance evaluation using the BSP2 index. This index is 
measured as the followings: 
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BSP2 index =   ∑
=

3

1

)1,(
i

iP  + ∑
=

n

j

jBCFP
2

)(4  =  (21 + 9 + 4 ) + 36 = 70 

 

Referring back to Table 2, it is noticed that other than Job B (which is currently assigned as the first job), the ∑
=

3

1

),(
i

jiP values 

which are less than the current BSP2 index value of 70 can be found in Job C and Job E. Therefore, two new schedule 
arrangements have to be established with Job C and Job E assigned as the first job.    
 
With the new first job assignment for Job C and E, the next steps are to compute the BAM2 index and selecting appropriate job 
for the 2nd, 3rd, 4th, 5th and 6th job. This means Step 9 to 12 of the BAM heuristic procedure have to be repeated for both 
arrangements with Job C and E assigned as the first job. The second recommended job sequence using BAM2 index is therefore 
CEDABF while the third sequence is EDACBF. The makespan for these sequences are 526 and 525 hours respectively. 
 
The final step in implementing the BAM heuristic procedure is to select the best scheduling sequence from the entire 
recommended scheduling list. This is done by comparing the makespan of all listed scheduling sequences and selects the 
schedule that produces the minimum makespan. The entire listed scheduling sequences and their respective makespan for the 
example problem discussed in this section is illustrated in Table 8. From this table, the minimum makespan is generated by the 
scheduling sequence of BEDACF and therefore the BAM heuristic selects this sequence as the best solution.  
 

Table 8. List of scheduling sequences 

No J1 J2 J3 J4 J5 J6 Makespan 

1 B E D A C F 524 

2 C E D A B F 526 

3 E D A C B F 525 

   
 

6 BAM Heuristic Performance Evaluation  
 
This section discusses the performance evaluations of the BAM heuristic under a few selected operating conditions. Since the P1 
dominance level is the major characteristic being considered in developing the BAM heuristic, therefore it is appropriate to test 
the performance of this heuristic under various groups of dominance level values. Similar to [17], the dominance level groups 
are divided into levels of weak P1 dominance, medium P1 dominance and strong P1 dominance.  The determination of the 
groups P1 dominance level range are solely depended on the value of the maximum possible P1 dominance level divided by 3. 
For the experimentation that uses 6 job analysis, the maximum possible P1 dominance level equals to (n-1)n = (6-1)6 = 30. The 
P1 dominance level range values are summarised in Table 9.  
 

Table 9. P1 dominance level groups 

P1 Dominance 
Descriptions 

Ranges of P1 Dominance Level (P1DL) 

Weak  0 ≤ P1DL ≤ (n-1)n/3 
Medium  ((n-1)n/3)+1 ≤ P1DL ≤ 2(n-1)n/3 

Strong  (2(n-1)n/3)+1 ≤ P1DL ≤ (n-1)n 
 
 
The performance evaluation was simulated using groups of 6 jobs waiting to be scheduled at the re-entrant flow shop. The 
selection of 6 jobs enabled fast enumeration of all possible job sequences that can be used to determine the optimum result and 
compared it with the BAM heuristic result. The processing times were randomly generated using uniform distribution pattern on 
the realistic data ranges as in Table 10. During each simulation, data on P1 dominance level, makespan from BAM heuristic and 
optimum makespan from complete enumeration were recorded. The ratio between BAM heuristic makespan and the optimum 
makespan from enumeration were then computed for performance measurement. A total of 3000 simulations were conducted 
using the randomly generated data in order to achieve an accuracy of 0.5% and confidence level of 99.7% on the average 
performance ratio. The results of the simulation are tabulated in Table 11.   
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Table 10.  Process Time Data Range (hours) 

 P(1,j) P(2,j) P(3,j) P(4,j) P(5,j) P(6,j) 

Minimum 8 4 4 8 4 8 

Maximum 150 16 16 60 16 60 

 
 

Table 11. BAM heuristic performance for 6 job problems 

P1 
Dominance 

Level 

Average 
Makespan 

Ratio 

Optimum 
result (%) 

Weak 1.001 89.47 
Medium 1.020 42.26 
Strong 1.001 93.85 

 
 
The average makespan ratio in Table 11 represents the average ratio of the makespan from BAM heuristic to the optimum 
makespan from complete enumeration. The optimum result column registers the percentage of occurrences in which the 
makespan from BAM heuristic match the optimum makespan from complete enumeration. The result indicated that the heuristic 
was effective in solving the scheduling problems in both weak and strong P1 dominance level range. This was indicated by the 
average makespan ratio of 1.001 which meant the BAM produced average makespan result that was only 0.1% above the 
optimum in both weak and strong P1 dominance level. Moreover, it was also noted that the heuristic produced 89.47% optimum 
results in the weak P1 dominance range and 93.85% optimum results in the strong P1 dominance range. The percentage of 
optimum results generated by the heuristic was not good at the medium P1 dominance, i.e. 42.26%.  
 
During the simulation, it was noticed that all generated schedules with BSP2 index value equals the minimum P(1,j) + P(2,j) + 
P(3,j) were the optimum schedules. If the BSP2 index value of the first completed schedule equals the value of 

Min{j=1…n}[P(1, j)+P(2, j)+P(3, j)], this would mean that the value of the bottleneck correction factor or the ∑
=

n

j

jBCFP
2

)(4  

in Equation 3 equals to zero. As such, the makespan in Equation 3 is only determined by the value of ∑
=

3

1

)1,(
i

iP  and 

∑∑
= =

n

j i

jiP
1

6

4
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= =
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j i

jiP
1

6
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),(  is always a constant value and the first term ∑
=

3

1

)1,(
i

iP  represents the 

Min{j=1…n}[P(1, j) + P(2, j) + P(3, j)] in the first generated schedule, therefore optimum makespan is achieved. This is the 
reason why if the BSP2 index value is equal to the value of Min{j=1…n}[P(1, j) + P(2, j) + P(3, j)], the generated job 
arrangement is the optimum schedule. This is also true if the computed BSP4 index value in Equation 6 equals the minimum 
P(2, j) +P(3, j) + P(4, j) + P(5, j) +P(6, j).  
 
For comparison purposes, a similar test was also conducted using the NEH heuristic [25], which is the best known heuristic for 
flow-shop scheduling [17], [26] in proposing the job sequence that produces optimum makespan for the re-entrant flow shop. 
The result of this test is illustrated in Table 12. 
 

Table 12. NEH Heuristic Performance for 6 Job Problems 

P1 
Dominance 

Level 

Average 
Makespan 

Ratio 

Optimum 
result (%) 

Weak 1.0004 93.32 
Medium 1.0001 98.04 
Strong 1.00001 99.70 
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Comparing Table 11 and 12, it can be clearly seen that NEH heuristic produces good results and is superior to BAM heuristic in 
solving the 6 job re-entrant flow shop problems.  In agreement with [17] and [26], this indicates that for larger problems, where 
complete enumeration is not practical, NEH heuristic is an appropriate tool that can be used to measure the BAM performance. 
Therefore, other than lower bound (LB), NEH is also used to evaluate the performance of the BAM heuristic for large size 
problems.  
 
The BAM performance evaluation was also simulated using groups of 10 jobs. During each simulation, data on P1 dominance 
level, makespan from BAM, NEH and LB were recorded. The makespan ratio between BAM to NEH and BAM to LB were then 
computed for performance comparisons. The LB makespan was computed as the followings: 
 

LB = Max [ Min{j=1…n}∑
=

6

2

),(
i

jiP   +  ∑
=

n

j

jP
1

),1(  ; Min{j=1…n} ∑
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1

)],([
i

jiP  +  ∑∑
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n
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jiP
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6

4

),( ] . 
 

(9) 

 
 A total of 3000 simulations of 10 job problems using the randomly generated data were conducted. The simulation result 
analysis is presented in Table 13.  
 

Table 13. BAM vs NEH and BAM vs LB (performance for 10 job problems) 

P1 
Dominance 

Level 

Average 
BAM/NEH 

Ratio 

BAM 
< 

NEH  
(%) 

BAM 
= 

NEH  
(%) 

BAM 
> 

NEH 
 (%) 

Average 
BAM/LB 

Ratio 

BAM 
= LB  
(%) 

BAM 
> LB 
 (%) 

Weak 0.9998 6.59 90.83 2.58 1.0002 96.28 3.72 
Medium 1.011 7.50 40.44 52.06 1.016 38.97 61.03 
Strong 0.9995 8.94 89.80 1.26 1.0004 97.29 2.71 

 
 
From Table 13, it was noted that for 10 job problems, BAM produced accurate result at both weak and strong P1 dominance 
level. Within the weak P1 dominance level, BAM produced 90.83% + 6.59% or 97.42% results that match or better than NEH 
makespan results with average makespan at 0.02% lower than the NEH. Comparing against the LB at the weak dominance level, 
BAM generated 96.28% results equal to the LB values with the average makespan of 0.02% above the LB. At the strong P1 
dominance level BAM produced 97.29% results equal to LB with average BAM makespan performance of 0.04% above the LB 
makespan. BAM was noted to be less accurate in solving the 10 job scheduling problems at the medium P1 dominance level 
with only 47.94% (40.44% + 7.50%) and 38.97% accurate results against NEH and LB respectively.    
 
A new simulation was conducted to evaluate the capability of the BAM heuristic in estimating near optimal job sequences for 20 
job problems. A total of 1500 simulations of 20 job problems using the randomly generated data that fulfilled the typical 
processing time ranges at Table 10 were conducted. The simulation result analysis is presented in Table 14.  
 

Table 14. BAM vs NEH and BAM vs LB (Performance for 20 Job Problems) 

P1 
Dominance 

Level 

Average 
BAM/NEH 

Ratio 

BAM 
< NEH 

(%) 

BAM 
= 

NEH 
(%) 

BAM 
> 

NEH 
 (%) 

Average 
BAM/LB 

Ratio 

BAM 
= LB  
(%) 

BAM 
> LB 
 (%) 

Weak 0.9999 1.02 98.98 0 1 100 0 
Medium 1.004 6.96 54.50 38.54 1.005 56.54 43.46 

Strong 0.99998 0.96 98.85 0.19 1.00003 99.23 0.77 

 
 
Table 14 shows that at weak P1 dominance level, BAM produced results equal to LB and 100% (98.98% + 1.02%) results were 
equal or better than NEH makespan results. Here average BAM makespan value is 0.01% less than the NEH.  At strong P1 
dominance level, BAM heuristic produced 99.23% results equal to LB with average makespan 0.003% above the LB value. 
Here, the average BAM makespan value was 0.002% less than the NEH.  
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7 Conclusions  
 
This paper presented the methodology to develop an effective makespan computation algorithms and heuristic using bottleneck 
analysis. The case under study was a specific re-entrant flow shop with the process routing of M1,M2,M3,M4,M3,M4 in which 
M1 and M4 have high tendency of exhibiting bottleneck characteristics. It was shown that using this bottleneck approach, two 
alternative bottleneck-based makespan algorithms were successfully developed and this was followed with the development of 
the BAM heuristic to search for near optimal scheduling solutions. In arranging the schedules, BAM heuristic utilised index 
values generated from the bottleneck correction factor introduced in the makespan algorithms. The simulation results showed 
that at weak and strong P1 dominance level, the BAM heuristic was capable to produce near optimal results for all the problem 
sizes studied. Within the weak and strong P1 dominance levels and medium to large size problems (n=10 and 20), BAM shows 
very close performance against the LB and better makespan performance compared to the NEH. However, within the medium 
P1 dominance level and for small size problems (n=6), BAM did not produce better results than NEH. The Bottleneck 
Scheduling Performance (BSP) indexes introduced in the BAM heuristic procedure were found to have the capability to 
ascertain that some specific generated job arrangements were the optimum schedule. The bottleneck-based methodology or 
approach presented in this paper was not only valid for the specific case study alone, but could also be utilised to develop 
alternative makespan algorithms for other flow shop operation systems that shows significant bottleneck characteristics. With the 
successful development of the BAM heuristic, the next phase of this research is to further utilize the bottleneck approach in 
developing heuristic for scheduling optimisation within the medium P1 dominance level. 
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