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Abstract. This paper addresses the linear ordering problem, which has been solved using different 
metaheuristics approaches. These algorithms have the common problem of finding a proper balance of the 
intensification and diversification processes; in this work we propose an iterated local search in which it is 
incorporated a Becker heuristic strategy for constructing the initial solution, and a search strategy as 
perturbation process, achieving a better balance between intensification and diversification. The proposed 
algorithm obtained an improvement greater than 90%, decreasing the average percentage error respect the 
state of art ILS algorithm. The Wilcoxon nonparametric statistical test shows that the proposed algorithm 
significantly outperforms the iterated local search solution of the state of the art, ranking it among the top 
five solutions of the state of the art for the linear ordering problem.  

Keywords: Metaheuristics, Iterated Local Search, Local search. 

 

1 Introduction 
 
Interpreting changes in the economy of a country has always been a challenging task for economists, as consequence of the 
accelerated changes and multiple interactions between its different economic sectors. This problem was addressed by the 
economist Wassily Leontief, who presented in 1936 an input-output model to support the economists on the task of analyzing 
the economy of a country.  

 
Leontief model divides the economy of a country into sectors, and builds an input-output table E of size n × n, where n is the 
number of economic sectors and an entry eij denotes the amount of inputs (in monetary value) that sector i delivers to sector j for 
a year. The triangulation problem then consists of the simultaneous permutation of columns and rows in the table E, such that 
the sum of the entries above the main diagonal is as large as possible. This problem is equivalent to the linear ordering problem, 
widely studied in the area of Computer Science. 

 
At present there are countries whose economies contain between 400 and 500 sectors [1], so that the triangulation problem is a 
complex task that cannot be addressed applying the classical methods of linear programming, so that the approximate methods 
represent the only alternative of solution. 
 
 

2 Problem description 
 
The linear Ordering Problem (LOP), is an NP-hard problem by Karp and Thatcher [2], Garey and Johnson [3], Laguna et al.[4], 
Festa et al.[5], Garcia and Perez-Brito[6], and others. This problem can be formally described as: 

Given a matrix C of n × n, LOP consists in to find a permutation π of the indexes {1,…,n} of columns (and rows), such that the 
value given by the following expression is maximized:  

( ) ( )
1 1

( )
n n

i j
i j i

f cπ ππ
= = +

= ∑ ∑  

In conclusion, the objective is to find a permutation of columns and rows of matrix E in which the sum of the elements in the 
above triangle is maximized, as is described by Schiavinotto y Stützle [7]. 
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3 Related work 
 
Although the LOP solution has been addressed using heuristics and metaheuristics, the last have been most successful. Among 
the most important metaheuristics solutions are an elite tabu search solution developed by Laguna et al. [4]. The main process in 
this solution is the search, which is implemented by movements on insertion neighborhood. They explore two strategies for 
movement: 

 

{ }
{ }

1

2

' : _ ( , ),  para 1,.., 1 e 1

' : _ ( , ),  para 1,...,  e 1, 2,..., -1, 1,...,

j

j

N p INSERT MOVE p i j m i j

N p INSERT MOVE p i j m i j j m

= = − = +

= = = +  
 

N1 consists of permutations obtained by the change of contiguous sectors pj y pj+1, m is the number of economic sectors and N2 
consists of all permutations resulting of the execution of general insertion movements. Along with these neighborhoods, a best 
strategy is defined by selecting the movement with the longest value among all the movements inside the neighborhood and a 
first strategy that scans in the sector list ( in the order defined by the actual permutation) the first sector (pf) whose movement 
value is strictly positive. With these neighborhoods and these strategies of movement they implement four different local search 
procedures: first (N1), best (N1), first (N2) and best (N2). In this work, it was used a random initial solution, missing out the 
opportunity to begin the search process from a good solution.  

 
Schiavinotto and Stützle [7] performed a landscape ruggedness study for all benchmark instances, and a fitness distance 
analysis. The results of these studies showed that methods with the capacity to exploit the performance of local search and the 
high fitness distance correlation are promising for this problem. They addressed LOP using an iterative local search and a 
memetic algorithm because these algorithms have the mentioned characteristics [8]. In the iterative local search the initial 
solution was randomly generated, and improved applying a local search. Afterwards, an iterative process of perturbation through 
seven interchange movements and local optimization was executed. The acceptance criterion to determine the solution that 
undergo to the next iteration consisted in accepting slightly worse solutions (ε < 0.003). The stopping criterion was a CPU time 
limit of 120 seconds, and for purpose of increasing diversification they included restarting after 750 iterations without 
improving.  In the memetic algorithm the initial population is randomly generated, and each permutation is improved by a local 
search.  The crossover was implemented by an OBX strategy, whereas population was substituted using an elitist criterion. 
There were not mutation operator, but they applied the restart of the population when it reaches 30 generations without 
improvement. Currently, the memetic algorithm is the best performed algorithm of the state of the art for LOP. 

 
Congram [9] reports a metaheuristic denominated iterative dynasearch. This work proposes a novel way to explore a polinomial 
searchable exponential neighborhood based on dynamic programming which combines independent sets of individual 
movements in a traditional insertion neighborhood performing in a single iteration. Six different iterated basic algorithms which 
used two acceptance criterion: “to accept all” and “to accept if better” and three types of descent first improve, best improve and 
dynasearch. Iterated dynasearch outperforms to the other algorithms for LOLIB instances, and moreover, the iterative 
dynasearch outperforms the tabu search comparing the results with the results reported by Laguna et al. [4] for the algorithms: 
of Becker, Chanas and Kobilansky, greedy and tabu search[4], from which the latter exhibits the best performance. 
 
The results of related work suggest the importance of achieving a balance of intensification and diversification in the search [4]. 
On the other hand [7], suggest that algorithms with adaptive re-start as the ILS and memetic algorithms are promising because 
many instances of LOP exhibit high fitness distance correlation. Finally, they pose the open question about if the ILS could 
reach similar performance than memetic algorithm using a proper tuning and incorporating additional diversification strategies.  
 
In this work we propose an Iterated Local Search which includes a heuristic construction for the initial solution with the purpose 
of starting the search from a quality initial solution, a perturbation process implemented by a local search that incorporates a 
diversifier strategy. Also we assessed three local search methods with different balance of intensification and diversification in 
the search, choosing the best method for improving the initial solution. 
  

4 Local search 
 
LOP has been extensively studied by several researchers, as well as its possible solution methods. The solution approached in 
this paper is the iterated local search algorithm.  A set of strategies that provide different degrees of diversification in the search 
and various strategies for generating the initial solution were evaluated. The following sections describe these strategies.  
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Some metaheuristics can be seen as “intelligent” extensions of local search algorithms; they incorporate strategies to escape 
from the local optima, and it is usual that they include local search methods to improve the solutions during the global search 
procedure. Local search methods start from a feasible initial solution and try to improve it by applying movements in the 
neighborhood of the solution. The neighborhood of a solution is defined as: “A subset of the search space which contains 
solutions that are near the current solution" [10].  
 
 

4.2 Iterated Local search  
 
The iterated local search procedure (ILS) can be defined as, a "Given a SS solution space, a neighborhood N and a local search 
procedure LS, a correspondence between SS and the solution space of local optima SS * is established. ILS is based on a local 
search procedure on the space of local optima solutions SS* "[10]. In Fig. 1, the basic structure of an iterative local search 
method is shown. 
 
 

4.3 Perturbation process 
 
 ILS escapes from local optima by applying a perturbation process to the current solution locally optimal. The strength of a 
perturbation depends on the number of solution components that are modified, find the appropriate force is to find a proper 
balance between intensification and diversification in the algorithm. It has found that the performance of the algorithm depends 
heavily on the strength of the perturbation. 
 

 
 
 

 
 
 
 
 

 
Fig. 1. Iterated local search algorithm. 

 
To improve the initial solution generated were evaluated four local search methods: LS1, LS2, LS3, and LS4. LS1 
applies a pivoting rule between first and best improvement, whereas LS2 applies a strictly first criterion that chooses 
the first sector that improves the current solution. Unlike these two methods LS3 is more intensive, randomly chooses 
a sector, and scans all positions backward and forward from the current sector to find the one that produces the greatest 
value of the objective function, or the lower decrease. Finally performs the insertion movement. The last method is 
LS4, which is a very intensive local search that performs a very thorough search restarting the exploration over all the 
permutation elements, whereas at least one improvement occurs in the iteration. The algorithms corresponding to the 
local search methods in the order that they were described are shown in Figures 2, 3, 4, and 5.   
    

4.4 Strategies to generate the initial solution 
 
An important factor in designing high-performance trajectorial metaheuristics is to start from a good-quality initial solution. In 
this paper three different methods of constructing the initial solution were evaluated: a random solution, an ordered and a Becker 
heuristic construction. 
 

Iterated Local Search [7] 
 x ß GenerateInitialSolution( ); 

 xß LocalSearch( ); 
 repeat 

  x’ß Perturbation( x ); 
  x’ßLocalSearch(x’); 
  xßAceptanceCriterion(x, x’): 

 until termination condition 
end Iterated Local Search 
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Fig. 2. LSF local search algorithm (LS1). 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. First local search algorithm (LS2). 
 
 
 

Begin LS1Algorithm (π ) 
 Cost=Calculating_cost (π) 

 for (i= 1 to n) 
  if(i>2) then Costmax= Calculating_cost(InsertMov(π[i], i-1)) 
  else Costmax= Calculating_cost (InsertMov(π[i], i+1)) 
  for(j=i-1 to 1)   
   if (Calculating_cost(InsertMov(π[i], j))  > Costmax) then 
    Costmax = Calculating_cost(InsertMov(π[i], j))  
    jmax = j,  
  endfor 
  for(j=i+1 to n) 
   if (Calculating_cost(InsertMov(π[i], j))  > Costmax) then 
    Costmax = Calculating_cost(InsertMov(π[i], j))  
    jmax = j  
  endfor 
  π ’= Insert(π[i], jmax) 
  Cost = Cost + Costmax 
  if(cost(π ’) > Cost(π)) 
       return π ’ 
  else π = π ’ 
 endfor 
 return (π ) 
end LS1_Algorithm 

Begin LS2_Algorithm (π ) 
 Cost = Calculating_cost(π); 

for (i =1 to n) 
 if(i >2) then Costmax= Cost(InsertMov(π[i] i-1)) 
 else Costmax= Cost(InsertMov(π[i], i+1)) 
 improving = 0; j = i-1; 
 while (not improving and j ≥1)  
  if (Cost(InsertMov(π[i], j)) > Costmax) then 
   Costmax = Cost(InsertMov(π[i], j) 
   jmax = j; improving =1; break 
  endif 
  j = j-1 
 endwhile;  
 j = i+1 
 while (not improving and j ≤ n) 
  if Cost(InsertMov (π[i],j)) > Costmax) then  
   Costmax = Cost(InsertMov(π[i], j)) 
   jmax = j; improving =1;  break 
  endif 
  j= j+1 
 endwhile  
 if (improving ) 
  π’ = Insert(π[i], jmax) 
  Cost = Cost + Costmax 
  π = π ’ 
 endif 
end_for 

 return (π) 
end LS2_Algorithm 
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Fig. 4. Best local search algorithm (LS3). 
 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 5. Intensive Best local search algorithm (LS4). 

 
 
 

Begin LS3_Algorithm (π) 
 Cost=Calculating_cost (π); 

 for (l = 1 to n/2) 
  i = get_random_sector( ); 
  if(i>2) then Costmax= Calculating_cost(InsertMov(π[i], i-1)) 
  else Costmax= Calculating_cost (InsertMov(π[i], i+1)) 
  for(j=i-1 to 1)   
   if (Calculating_cost(InsertMov(π[i], j))  > Costmax) then 
    Costmax = Calculating_cost(InsertMov(π[i], j)) ; 
    jmax = j; 
   endif 
  endfor 
  for(j=i+1 to n) 
   if (Calculating_cost(InsertMov(π[i], j))  > Costmax) then 
    Costmax = Calculating_cost (InsertMov(π[i], j));  
    jmax = j;  
   endif 
  endfor 
  π ’=Insert (π[i], jmax); 
  Cost = Cost + Costmax; 
  π = π ’; 
 endfor 
 return (π ) 
end  LS3_Algorithm 

Begin LS4_Algorithm(π) 
 Cost=Calculating_cost (π); 

 do 
  for (i= 1 to n) 

   if(i>2) then Costmax= Calculating_cost(InsertMov(π[i], i-1)) 

   else Costmax= Calculating_cost (InsertMov(πi, i+1)) 
   for(j=i-1 to 1)   

    if (Calculating_cost(InsertMov(π[i], j))  > Costmax) then 

     Costmax = Calculating_cost(InsertMov(π[i], j)) ; 
     jmax = j; 
    endif 
   endfor 
   for(j=i+1 to n) 

    if (Calculating_cost(InsertMov(π[i], j))  > Costmax) then 

     Costmax = Calculating_cost(InsertMov(π[i], j));  
     jmax = j;  
    endif 
   endfor 
   if(Costmax > 0) 

    Insert(π[i], jmax); 
    Cost = Cost + Costmax; 
    π = π ’; 
    improving = 1; 
   endif 
  endfor 
 while (improving) 
 return (π ) 
end LS4_Algorithm 
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4.4.1 Ordered initial solution. 
 
In this case, the permutation is constructed positioning the elements according to a sequential index ordered, that is: 
π[i] = i, i = 1,….matrix size. 

 
 

4.4.2 Random initial solution. 
 

In the random construction of the initial solution, a permutation of columns and rows in a random order is generated as 
is shown in Fig. 6  

 
 
 
 

 
 
 
 
 
 
 
 

Fig. 6. Random construction algorithm. 
 

4.4.3 Initial solution based on Becker heuristic 
 
Becker in 1967 proposed a heuristic based on calculating quotients to rank each sector (using the interpretation of the 
economy). In particular, for each sector i = 1, ..., m is calculated the quotient qi. 
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The sector with the largest q value is taken, then the corresponding column and row of the matrix are removed and the 
procedure is applied to the remaining sectors. This method is very fast and produces reasonable results even though it 
is a simple process according to Laguna et al. [4]. Using this method were generated ten permutations of Becker, from 
which was chosen the best, the pseudo code of this algorithm is shown in Fig. 7.  

 
 
 
 
 
 
 
 

 
 

Fig. 7 Becker Algorithm. 

 
 

5 Experimental work 
 

The experiment was conducted using a computer with the following characteristics: Intel XEON dual processor to 3.06 
GHz, 70 GB DD and 4GB in RAM. It uses the operating system Windows XP Professional, the statistical software 
SP3, and the algorithm was coded in ANSI C and compiled with Visual Studio 2005.  

Algorithm Random Construction 
 for(i=1…n) 
       π[i] = i 
 end for 

 for(j=1… n) 
  d = getrandom (1…n) 

  Swap(π[j] , π[d]) 
      endfor 
end Random Construction 

Algorithm Becker_construction 
     S= {1,…, n} 
     for (i = 1..n) 
              j = max_quotient ( S ) 

π[i]= j 
 S = S – { j} 
     end for 
end Becker_construction 
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The standard instances RandAII, and XLOLIB were used, which currently are the most challenging for the solution 
methods. In order to compare the results with those reported by Marti et al. [11] it was carried out a single run with a 
time limit of 10 seconds and the initial seed is 1471. 

  
Three variants IL-LS1, IL-LS2, and IL-LS4, using the corresponding three local search methods described were 
assessed, whereas for the perturbation process, an interchange random strategy, a random Becker heuristic and the LS3 
local search strategy were evaluated, they are ILS-RI, ILS-RB and ILS-LS3 respectively. Also three strategies for 
constructing the initial solution were evaluated: an ordered construction, a random construction and Becker 
construction ILS-A, ILS-O, and ILS-BB1 respectively. Randomness involved in most of the metaheuristic methods, 
leads to carried out repeatedly an experiment. Fraire at al. proposed a variance reduction technique that reduces the 
number of required experiments [12]. A more economical strategy consists in making a single experiment keeping a 
fixed seed during the execution of all the algorithms that you want to compare. Later, a Wilcoxon statistical paired test 
it must be applied. This test is used to analyze correlated samples such that you can know if both samples have the 
same mean or if not, is appropriate when there is no certainty that the data meet a normal distribution [13]. 

 
 

6 Experimental results 
 

Three experiments were conducted under the same conditions to evaluate the local search strategies, perturbation 
strategies, and strategies of generating the initial solution. In the evaluating process, each one of the strategies was 
incorporated separately in an iterated local search that included random initial construction, interchange movements 
for perturbation, and LSF local search to improve the initial solution. The results of evaluating the local search 
strategies are shown in Table 1. It can see that ILS-LS4 outperforms the other, obtaining an average error respect the 
best known (Dev %) ranging from 0.004 for the RandAII instances (150), to 1.17 for XLOLIB (250), and finding 14 
best known solutions (#best). 

Table 1. Local search strategies  

Algorithm 
Performance 

Indicator 
RandAII 

(150) 
RandAII 

(200) 
XLOLIB 

(150) 
XLOLIB 

(250) 

ILS-LS1 
Dev.% 0.01 0.01 0.84 1.22 

#best 0 1 0 0 

ILS-LS2 
Dev.% 0.09 0.08 0.80 1.03 

#best 0 0 0 0 

ILS-LS4 
Dev.% 0.004 0.11 0.93 1.17 

#best 10 4 0 0 

 
Table 2 summarizes the results obtained by the strategies for constructing the initial solution. Becker heuristic 
outperformed the other strategies, achieving an average error ranging from 0.002 to 0.74, and 20 best known solutions. 
This strategy was incorporated in the final algorithm. In the same way, the strategies for the perturbation process were 
assessed and the better performed method was ILS-LS3. The champion strategies were incorporated in the proposed 
algorithm ILS-ABB1. The results for the final algorithm are shown in Table 3, which also includes the metaheuristic 
algorithms results reported by Marti et al. [11]. 
 
In order to assess whether the results are significant or not, an experimental study based on the nonparametric 
Wilcoxon test was performed. This study was applied to couples ILS-tabu search and ILS-memetic algorithm. It was 
considered a significance level α = 0.05, a sample size n (after removal of ties) and the null hypotheses H0 established 
that both algorithms had equal mean average error: μ (Alg1) = μ (Alg2 ). If the R− value is greater than the R+ value, 
the ILS algorithm is better than tabu search, and is worse otherwise. Furthermore, when the lower value between R+ 
and R− is lower than the reference value defined by the Wilcoxon table [12], the difference is statistically significant 
and the null hypothesis is rejected (R), otherwise we accept the hypothesis (A). Table 4 shows the final results for the 
Wilcoxon test. 
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Table 2. Heuristic construction for the initial solution. 

Algorithm 
Performance  

Indicator 
RandAII 

(150) 
RandAII 

(200) 
XLOLIB 

(150) 
XLOLIB 

(250) 

ILS-A 
Dev.% 0.002 0.007 0.63 0.85 

#best 10 5 0 0 

ILS-O 
Dev.% 0.005 0.007 0.59 0.83 

#best 9 3 0 0 

ILS-BB1 
Dev.% 0.002 0.003 0.61 0.74 

#best 11 9 0 0 

Table 3. Experimental results of ILS-ABB1 and best algorithms [11]. 

Instances 
Performance 

Indicator  
BT M  VNS SA  SS  Grasp GA  CKM KLM ILS  

ILS-
ABB1  

RandAII  
%Dev. 0.01 0.001 0.01 0.07 0.02 0.04 35.97 0.06 0.02 23.42 00..000022  

#Mejores 3 39 0 0 0 0 0 0 0 0 2200  

XLOLIB  
%Dev. 0.62 0.12 0.42 0.53 0.68 1.14 23.99 1.74 1.92 22.37 00..6677  

#Mejores 0 2 0 0 0 0 0 0 0 0 00  

Table 4. The Wilcoxon test results for memetic algorithm, tabu search and ILS. 

Algorithm Indicators 
RandAII 

(150) 
RandAII 

(200) 
XLOLIB 

(150) 
XLOLIB 

(250) 

Tabu Search-ILS 

n 25 25 39 39 

R+ 27 19 566 412 

R- 226 306 214 368 

Ref. 65 89 249 249 

A/R R R R A 

Memetic-ILS 

n 25 25 39 39 

R+ 105 92 780 780 

R- 0 13 0 0 

Ref. 21 21 249 249 

A/R R R R R 

 
 

7 Conclusions 
 

This paper addresses the linear Ordering Problem applying an iterated local search metaheuristic that incorporates in 
the search strategy a better balance of intensification and diversification. Uses a method based on the Becker heuristic 
for generating high quality initial solutions, an intensive local search method for improving this initial solution, and a 
more diversifier local search in the perturbation process.  
 
The proposed algorithm ILS-ABB1 is assessed using the most challenging sets of instances. It reached average 
percentage errors ranking from 0.002 to 0.67 for RandomAII and XLOLIB instances respectively, finding 20 best 
known solutions for the RandomAII instances. 
 
Results indicate 99.99% of improvement in the average percentage error for the instances RandomAII and 97% of 
improvement for the same indicator for XLOLIB instances with respect to performance of the state of the art ILS [11]. 
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We can see that it is possible to improve the performance of the ILS algorithm by performing a better balance between 
processes of intensification and diversification. 
 
The Wilcoxon test indicates a significant advantage of the ILS algorithm over the tabu search for the RandomAII 
instances, but is significantly outperformed by the memetic algorithm for all sets of the test instances. These results 
position the proposed iterated local search algorithm in the top three algorithms of the state of the art for LOP in the 
RandAII instances, and between the top five algorithms for the XLOLIB instances. It raises the possibility of 
incorporating the local search algorithm proposed for the ILS perturbation process to improve the performance of other 
metaheuristics approaches, and to study more deeply the impact of balance of intensification and diversification for the 
performance of metaheuristics algorithms. 
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