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A Stochastic Dominance Approach to Spanning. With an
Application to the January Effect
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RESUMEN

En este trabajo se desarrolla una metodología tipo Dominio Estocástico para analizar si un inversor
racional, insaciable y adverso al riesgo se beneficia de una particular expansión de sus posibilidades de
inversión. Mediante el Dominio Estocástico se elimina la asunción simplificadora subyacente a la aproxi-
mación tradicional Media Varianza a este fenómeno. En este trabajo se extiende también la aplicación de
esta metodología al análisis del comportamiento del mercado de pequeñas firmas en el mes de enero. Los
resultados obtenidos sugieren que la explicación de este fenómeno, el Efecto Enero, no es congruente con
la asunción simplificadora sobre el comportamiento de los rendimientos.
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Una aproximación mediante la metodología del dominio estocástico al
fenomeno del Spanning. Una aplicación al efecto Enero

ABSTRACT

We develop a Stochastic Dominance methodology to analyze whether rational non-satiable and risk
averse investors benefit from a particular expansion of the investment possibilities. This methodology
avoids the simplifying assumptions underlying the traditional mean variance approach to spanning. The
methodology is applied to analyze the stock market behavior of small firms in the month of January. Our
findings suggest that the previously observed January effect is remarkably robust with respect to
simplifying assumptions regarding the return distribution.
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SPANNING occurs if no investor in a particular class of investors benefits from a
particular expansion of the investment possibilities. This concept is useful for numerous
problems in financial economics. For example, it is useful for analyzing the impact of
the introduction of new assets (e.g., via IPOs) or the relaxation of investment restrictions
for existing assets (e.g., liberalization in emerging markets).

Thus far, the literature on spanning predominately focused on mean variance analysis
(MVA); see, e.g., Huberman and Kandel (1987). Unfortunately, MVA in many cases
is not ‘economically meaningful’. For example, it is well known that MVA is consistent
with Expected Utility Theory only for restrictive classes of return distributions and
investor utility functions. Roughly speaking, the return distribution should be elliptical
or investor utility should be quadratic (see, e.g., Hanoch and Levy (1969), Section
IV). A wealth of evidence suggests that both assumptions are highly unrealistic. For
example, asset returns exhibit systematic skewness and investors exhibit a preference
for positive skewness (see, e.g., Kraus and Litzenberger (1976) and Harvey and
Siddique (2000)). One approach to circumvent this limitation is to extend MVA towards
a more general framework that also includes higher moments of the return distribution.
Unfortunately, economic theory does not forward strong predictions on investor
preferences or asset return distributions, and it gives minimal guidance for selecting
the appropriate set of moments.

This paper uses an alternative approach to spanning, using Stochastic Dominance
(SD; see, e.g., Levy (1998)). SD criteria rely on a minimal set of preference and
distribution assumptions, and they effectively consider the entire return distribution
rather than a finite set of moments. This approach is useful if there is no prior reason
to restrict preferences or distributions, as is generally true for investor behavior and
asset returns. Despite its theoretical attractiveness, SD thus far has not seen a strong
proliferation in financial economics. (Noteworthy exceptions are Falk and Levy’s (1989)
study of market reactions to quarterly earnings’ announcements and the studies of the
January effect by Seyhun (1993) and Larsen and Resnick (1996).) This is presumably
caused by several practical problems traditionally associated with SD: (1) the lack of
statistical power (=ability to detect inefficient portfolios) in small samples, (2) the
absence of tools for statistical inference, and (3) the computational burden for the
important case where it is possible to diversify between the choice alternatives. A
number of recent developments deals with these problems and provides a strong stimulus
towards the further proliferation of SD. First, various approaches have been developed
to approximate the sampling distribution of SD results, including bootstrapping (e.g.
Nelson and Pope (1990)) and asymptotic distribution theory (see, e.g., Davidson and
Duclos (2000)). These approaches allow for constructing confidence intervals and for
testing hypotheses. Second, Post (2003) presents tractable linear programming (LP)
tests for SD efficiency in the case with diversification possibilities. These tests improve
computational tractability and statistical power (all diversified portfolios are included
in the analysis, which improves the likelihood of detecting inefficient portfolios).
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For all sample sizes and correlation coefficients, the size of the test procedure
approximates zero, which reflects the conservative nature of our test. The size of the
test comes at the cost of a low power in small samples. The test procedure is powerful
only if the sample is large or if spanning is ‘strong’, i.e., ρ  is well above 0.5. The lack
of power in small samples makes intuitive sense for two reasons. First, the CDF
needs to satisfy a series of conditions in order to establish spanning. If the EDF violates
a single condition, then spanning will not be detected. Second, the procedure to account
for sampling error builds on the least favorable distribution that minimizes Type I error
at the cost of Type II error.

Fortunately, large data sets are available for many applications in financial
economics. Further, we could apply econometric time series techniques to obtain an
estimate for the CDF that is more efficient than the EDF. We could then apply our test
to a large random sample from the estimated CDF rather than the raw data. This
approach effectively uses prior distribution information to generate artificial return
observations. Still, it is desirable to develop a more powerful test, e.g., a test that
explicitly minimizes the probability of Type II error rather than Type I error, or a test
that is based on a particular class of return distributions.

4. THE JANUARY  EFFECT

Empirical evidence suggests that the stock market returns of small firms are
abnormally high during the month of January (see, e.g., Keim (1983)). Several
explanations have been forwarded for this phenomenon, including ‘window dressing’
by institutional investors (see, e.g., Haugen and Lakonishok (1988)) and ‘tax-loss
selling’ by individual investors (see, e.g., Reinganum (1983)). Another explanation is
the mismeasurement of risk. The returns of small firms may be more risky than than
the returns of  large firms, and a higher average return may serve as a compensation
for the additional risk.

The potential of using SD to account for risk was recognized by Seyhun (1993).
He studied the January effect by examining whether different decile portfolios are
SD efficient in January. The results suggest that the January effect can not be
explained by mismeasurement of risk; all portfolios except the smallest decile
portfolios are inefficient in January. Larsen and Resnick (1996) extended this study
by means of bootstrapping, so as to assess the sensitivity of the results to sampling
variation. Their results confirm the Seyhun results, although the pattern is somewhat
different; only the six largest decile portfolios are inefficient to a statistically significant
degree.

The Seyhun (1993) and Larsen and Resnick (1996) approach implicitly assumes
that investors have to choose one of the decile portfolios. Hence, this approach igno-
res the possibility to diversify between the decile portfolios and to invest in a riskless
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asset.8 To test whether the January effect is robust with respect to the inclusion of
diversification possibilities and a riskless asset, we apply our SSDR spanning test. We
analyze ten value-weighted decile portfolios of NYSE, AMEX, and NASDAQ stocks,
and the one-month US Treasury bill (the riskless asset). We use data on monthly
dividend-adjusted returns from July 1926 to December 2000 (894 observations) obtained
from the data library on the homepage of Kenneth French. Table 1 gives some
descriptive statistics for the data set.9

Table 1
Descriptive Statistics

Monthly dividend-adjusted returns from 1927 to 2000 for the ten value-weighted decile
portfolios of NYSE, AMEX, and NASDAQ stocks. Panel A gives the descriptives for the full
sample (894 observations). Panel B focuses on the observations for the month of January
returns (74 observations). Source: Kenneth French data library at http://mba.tuck.dartmouth.edu/
pages/faculty/ken.french/.

Panel A: Full sample 
 Mean Std. Dev. Skewness Kurtosis Minimum Maximum 

1st decile 0.014 0.105 3.396 30.703 -0.346 1.157 
2nd decile 0.013 0.091 2.373 22.718 -0.329 0.946 
3rd decile 0.013 0.082 1.785 17.704 -0.328 0.755 
4th  decile 0.012 0.076 1.554 15.321 -0.317 0.658 
5th decile 0.012 0.074 1.313 14.294 -0.309 0.629 
6th decile 0.012 0.070 1.015 11.834 -0.314 0.547 
7th decile 0.012 0.067 0.938 11.972 -0.295 0.545 
8th decile 0.011 0.063 0.787 10.957 -0.308 0.516 
9th decile 0.011 0.060 0.697 11.237 -0.324 0.485 

10th decile 0.010 0.052 0.072 6.725 -0.272 0.335 
Panel B: January observations 

 Mean Std. Dev. Skewness Kurtosis Minimum Maximum 
1st decile 0.085 0.101 1.692 3.531 -0.066 0.431 
2nd decile 0.060 0.085 1.642 5.619 -0.094 0.455 
3rd decile 0.049 0.073 1.057 2.306 -0.105 0.318 
4th  decile 0.041 0.073 1.412 4.132 -0.092 0.354 
5th decile 0.036 0.065 0.759 1.679 -0.096 0.248 
6th decile 0.031 0.064 1.071 2.786 -0.089 0.286 
7th decile 0.025 0.059 1.069 2.285 -0.081 0.227 
8th decile 0.021 0.053 0.502 0.759 -0.083 0.187 
9th decile 0.020 0.050 0.306 0.114 -0.084 0.157 

10th decile 0.012 0.046 0.213 -0.209 -0.079 0.134 
 

8 Typically, previous papers that have examined stochastic dominance have not only included
size decile portfolios but also equally- and value-weighted indices, so as to account for
diversification possibilities. This approach makes sense if investor preferences are homogeneous.
In this case, the market portfolio must be efficient relative to portfolios formed on size. The
standard crossing algorithms can then be used to test if the market is dominated by any of the
ten size deciles. Similarly, the Post (2003) test can be used to test for efficiency of the market
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We test whether the smallest decile portfolio and the Treasury bill span the larger
decile portfolios. Specifically, for every decile portfolio, we compute the value of the
test statistic Pψ , using the smallest decile portfolio and the Treasury bills as benchmark
assets. Next, we compute the asymptotic least favorable p-value, with the sample
variance 2σ̂  to proxy the unknown population variance. If this p-value is smaller than
or equal to the significance level, then we may conclude that SSDR spanning occurs.

Table 2 gives the results. For decile the full sample, spanning occurs for none of
the 9 higher portfolios. Hence, there exist rational, risk-averse investors that invest at
least part of their wealth in the higher decile portfolios, and we cannot conclude that
the lowest decile portfolio exhibits abnormal performance. The results change
remarkably if we consider the January returns only. The smallest decile portfolio and
the T-bill span all of the 9 higher decile portfolios. For the 8 highest decile portfolios,
the classification is statistically significant at a level of confidence of about 95 percent.10

These results support the results by Seyhun and Larsen and Resnick; the January
effect is not explained away by the mismeasurement of risk. The robustness of the
January effect is remarkable, especially because our test is based on the asymptotic
least favorable distribution and it typically involves low power for samples as small as
74 observations (see Figure 2).

relative to all possible portfolios constructed from the ten size deciles. However, these tests are
no longer relevant if investors have heterogeneous preferences. Dybvig and Ross (1982) have
demonstrated that the SSD efficient set generally is not convex, and hence, there is no guarantee
that the market portfolio is efficient if different investors hold different portfolios. (In this case,
there is no ‘size anomaly’ if, e.g., the market portfolio and the large decile portfolios are
inefficient, but different investors hold different portfolios that include all ten deciles.) A test for
spanning effectively tests if all assets are included in some efficient portfolio (not necessarily
with a weight that equals the relative market capitalization). This test is also relevant if different
investors hold different portfolios.
9 To account for the variation over time of the return distribution, the raw returns in month t are
corrected for the difference between the riskless rate at time t and the riskless rate for December
2000.
10 Each p-value corresponds to the hypothesis that a single decile portfolio is not spanned. If we
test the joint hypothesis that all decile portfolios are not spanned, then we should adjust the
significance level, so as to avoid a ‘fishing expedition’; increasing the number of portfolios
increases the likelihood of finding small p-values. For example, a Bonferroni correction (see,
e.g., Miller (1981, pages 6-8)) uses a significance level of /N for each of N individual tests, which
guarantees that the overall significance level is less than . Using this approach for our study, we
can reject thejoint hypothesis that no decile portfolio is spanned with at least 99 percent
confidence.





21A STOCHASTIC DOMINANCE APPROACH TO SPANNING. WITH AN APPLICATION...

Estudios de Economía Aplicada, 2005: 7-25 • Vol. 23-1

more power (or less Type II error; wrongly classifying an inefficient portfolio as
efficient) than SD does. Therefore, the SD tests are natural complements rather
than substitutes for the existing MVA tests.

2. Our spanning tests effectively test if the risky asset A improves the investment
possibilities available from two benchmark assets: the riskless asset F and the
risky asset M. This approach is useful if we can aggregate in a meaningful way
all risky benchmark assets and all new assets (e.g., using a two-fund separation
theorem). Still, it would be interesting to extend our analysis to the case with
multiple risky benchmark assets and multiple new assets. Our test is based on
checking whether all hyperplanes that support F and M also support A (see the
Proof to Theorem 1). Introducing multiple new assets is relatively simple: we
can check if the hyperplanes support all new assets. This boils down to simply
applying our test for all new assets. (Section V effectively uses this approach to
analyze if the smallest decile portfolio and the T-bills span the 9 higher decile
portfolios.) By contrast, introducing multiple risky benchmark assets substantially
increases computational complexity. In our model, all portfolios of M and F
involve the same ranking for the returns (recall that the test statistics Pψ  and

Dψ  use ordered return observations). In case of multiple risky benchmark assets,
many different rankings generally occur. Determining all different rankings is
not easy and enumerating all possible rankings involves substantial computational
burden. Finding a more tractable approach is an interesting route for further
research.

3. We have focused on obtaining an analytical characterization of the asymptotic
sampling distribution of our test statistics. Bootstrapping is another approach to
sampling error. The bootstrap, first introduced by Efron (1979) and Efron and
Gong (1983), is a well-established statistical tool to analyze the sensitivity of
empirical estimators to sampling variation in situations where the sampling
distribution is difficult or impossible to obtain analytically. Nelson and Pope (1991)
demonstrated in a convincing way that this approach can quantify the sensitivity
of the EDF to sampling variation, and that SD analysis based on the bootstrapped
EDF is more powerful than comparison based on the original EDF. The tractable
LP structure of our tests suggests that it is possible also for SSDR spanning to
substitute brute computational force to overcome the analytical intractability of
SD. The bootstrap potentially offers more power than the analytical
characterization in Theorem 2, as the theorem uses the least favorable distribution
that minimizes Type I error at the cost of Type II errors. Of course, this benefit
has to be balanced against the computational burden associated with
bootstrapping.
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