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ABSTRACT

In this paper, we prove that if a Nemytskii operator maps Lp(�, E) into Lq(�, F), for p, q greater

than 1, E, F separable Banach spaces and F reflexive, then a sequence that converge weakly and

a.e. is sent to a weakly convergent sequence. We give a counterexample proving that if q = 1 and p

is greater than 1 we may not have weak sequential continuity of such operator. However, we prove

that if p = q = 1,then a weakly convergent sequence that converges a.e. is mapped into a weakly

convergent sequence by a Nemytskii operator. We show an application of the weak continuity of

the Nemytskii operators by solving a nonlinear functional equation on W1,p(�), providing the

weak continuity of some kind of resolvent operator associated to it and getting a regularity result

for such solution.

Key words: weak continuity, nonlinearities, Nemytskii operator.

1 INTRODUCTION

A very important question in Functional Analysis is how to decide if an operator in a Banach space

is weakly continuous. Frequently, we meet this issue in variational problems when we have to

check the main assumptions of the classical theorems, especially if we are searching for some kind

of compactness results. This question becomes more difficult when we deal with nonlinearities.

Among the nonlinear operators, there is an outstanding group called Nemytskii operators. We are

interested in the weak sequential continuity of these operators. In order to develop these ideas,

we consider the notion of a.e. and weak convergence (a.e.w.) and formulate the problemαp,q

wherep, q ≥ 1 to be: Letf be a Caratheodory function and suppose that the Nemytskii operator
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E-mail: teixeira@math.utexas.edu
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10 DIEGO R. MOREIRA and EDUARDO V. O. TEIXEIRA

associated tof mapsLp(�,E) intoLq(�,F). DoesNf map a.e.w. convergent sequences into

a.e.w. convergent sequences? Our goal in this paper is to study under what conditions the problem

αp,q is affirmatively answered.

Our paper is organized as follows. In the section 2, we treat the heart of the matter. We start

providing a uniqueness result of convergence in the a.e.w sense forLp(�,E) spaces (Lemma 1).

Afterwards, we construct an example which shows the affirmative answer for the problemαp,1 fails

to p > 1 (Example 2) and we establish the solvability of the problemαp,q under the following

assumptions:q > 1 and reflexivity ofF (Theorem 2). At the end of this section, we prove the

counterpart of the example 2 which says that the problemα1,1 is solvable on bounded domains

(Theorem 4). In the section 3, the last section, we are concerned about studying the solvability on

W 1,p(�) of the equation

f (x, u(x))− λu(x) = ψ(x)

for λ ∈ R andψ ∈ W 1,p(�) given. We also provide conditions to the weak sequential continuity

of the resolvent operatorRλ = (Nf − λI)−1 onW 1,p(�) and we observe a regularity result for

such solutions. In the study of the problemsαp,q , surprisingly, the casesq = 1 andq > 1 have

been shown very different. Some of these facts turned out to be known, mainly in particular cases;

however not in such a generality. We think it is worthwhile to formulate them in a more general

form and make them more available. We believe the ideas developed in this paper may be applied

in quite different problems.

2 WEAK CONTINUITY OF THE NEMYTSKII OPERATOR

Definition 1. Let � be a domain in R
N . Let E and F be separable Banach spaces. A function

f : �× E → F is said to be a Caratheodory function if:

(a) for each fixed v ∈ E the function x �→ f (x, v) is Lebesgue measurable in �;

(b) for almost everywhere fixed x ∈ � the function f (x, ·) : E → F is continuous.

In this case we denotef ∈ (C). Let M(�,E) be all measurable functionsu : � → E.

It is easy to prove that iff ∈ (C) thenf defines a mappingNf : M(�,E) → M(�,F) by

Nf (u)(x) := f (x, u(x)). This mapping is called the Nemytskii operator associated tof . The first

result we would like to state is an extention to separable Banach spaces of the remarkable theorem

due to Vainberg concerning about the Nemytskii operator theory.

Theorem 1 (Lucchetti and Patrone 1980).Let E, F be separable Banach spaces. The Nemytskii

operator Nf maps Lp(�,E) into Lq(�,F), 1 ≤ p, q < +∞, if and only if there exist a constant

a > 0 and b(x) ∈ Lq+(�) such that

‖f (x, v)‖F ≤ a · ‖v‖p/q
E

+ b(x) (1)

An Acad Bras Cienc (2003)75 (1)



WEAK CONVERGENCE UNDER NONLINEARITIES 11

In this case, the operatorNf is continuous and bounded, in the sense that maps bounded sets

in bounded sets

Definition 2. Let (X,A, µ) be a measure space, F(X,E) a topological vector space of E-valued

functions defined on X and (fn)n≥1 ⊂ F(X,E) . We said fn → (f, g) a.e.w.(almost everywhere

and weakly) in F(X,E) if fn → f a.e. inX and fn ⇀ g in F(X,E). If f = g we just say fn → f

a.e.w. in F(X,E).

The next Lemma gives a kind of uniqueness of the limit in the above convergence in

Lp(X,µ,E) spaces.

Lemma 1 (Moreira 2001, Teixeira 2001).Let (X,A, µ) be a σ -finite measure space and (un)n≥1 ⊂
Lp(X,µ,E),1 ≤ p < +∞. Suppose that un → (u, v) a.e.w. in Lp(X,µ,E). Then u = v, and

therefore un → u a.e.w. in Lp(X,µ,E).

Proof. There exists a sequence{Xj }∞j=1 of measurable subsets ofX such that:

• µ(Xj) < +∞ for eachj ≥ 1

• X = ⋃∞
j=1Xj

Let j ≥ 1 be fixed. Givenε1 = 1, by Egorov’s theorem, there is a subsetA1 of Xj,µ(A1) < 1

such thatun → u in L∞(Xj \ A1,E), in particular,

un → u in Lp(Xj \ A1,E)

Thus we haveu = v a.e. inXj \ A1. Taking nowε2 = 1
2 and applying Egorov’s theorem again,

we obtain a subsetA2 of A1, µ(A2) <
1
2 such thatun → u in L∞(A1 \ A2,E) henceun → u

in Lp(Xj \ A2,E) and therefore, we haveu = v a.e. inXj \ A2. Carry on this process we get a

decreasing sequence{An}∞n=1, µ(An) <
1
n

andu = v a.e. inXj \ An. SetAXj = ⋂∞
n=1An. This

wayµ(AXj ) = 0 andu = v a.e. inXj \ AXj . To finish, we define

Bj = {x ∈ Xj ; u(x) 	= v(x)}

{x ∈ X; u(x) 	= v(x)} ⊂
∞⋃
j=1

Bj ⊂
∞⋃
j=1

AXj

thus

µ({x ∈ X; u(x) 	= v(x)}) = 0

This concludes the Lemma. �

Example 1 (Teixeira 2001). Let 1< p < +∞, m ∈ N and let� be a domain inRN . Every

bounded sequence inWm,p(�) contains a subsequence that converges a.e.w. to some function in

Wm,p(�). Indeed, suppose(un)n≥1 ⊂ Wm,p(�), ||un||Wm,p(�) ≤ C. SinceWm,p(�) is reflexive,

An Acad Bras Cienc (2003)75 (1)



12 DIEGO R. MOREIRA and EDUARDO V. O. TEIXEIRA

we can suppose thatun ⇀ u ∈ Wm,p(�). Let {�j }∞j=1 be a nested sequence of relatively compact

open sets exhausting�. For all j ≥ 1 let νj ∈ C∞(RN ; R) be a function holding the following

properties: 0≤ νj ≤ 1, νj ≡ 1 in �j , νj ≡ 0 in R
N \ �j+1. By Sard’s theorem, there exists

a regular value 0< a < 1 of νj . Let �̂j = ν−1
j (a,+∞). So {�̂j }∞j=1 is a nested sequence of

C∞ relatively compact open sets of�. Since the embeddingWm,p(�̂j ) ↪→ Lp(�̂j ) is compact,

un → u in Lp(�̂j ); therefore, for eachj ≥ 1, (un)n≥1 has a subsequence converging a.e. tou in

�̂j . Using the Cantor Diagonal Argument, we build a subsequence of(un)n≥1 that converges a.e.

in � to u.

We are interested in the following problem: When does the Nemytskii operator map a.e.w.

convergent sequences into a.e.w. convergent sequences? This question is a way of asking about

the weak sequential continuity of the Nemytskii operator. More precisely, our problem is

(αp,q)



f ∈ (C)
Nf mapsLp(�,E) intoLq(�,F)

DoesNf map a.e.w. convergent sequences into a.e.w. convergent sequences?

Of course, a.e. convergent sequences are mapped into a.e. convergent sequences by a Nemyt-

skii operator. Actually, what we want to know is when this class of operator maps a.e.w. convergent

sequences into weakly convergent sequences.

It is reasonable to suspect that the problemαp,1, 1 < p < +∞, cannot be affirmatively

answered because if it were solvable, we would automatically get, without domain dependence,

that the embeddingW 1,p(�) ↪→ Lp(�) would be compact. However, there exist many domains

where we have lack of compactness of such an embedding. The next example shows this directly.

Example 2. Let 1 < p < +∞ and� be a domain inRN . Then answer of the problemαp,1
is negative. Indeed, without lost generality we may assume 0∈ �. Setf : � × R → F,

f (x, t) = |t |p · ν0, whereν0 ∈ F \ {0}. The Nemytskii operatorNf appliesLp(�) intoL1(�,F).

Set(un)n≥1 ⊂ Lp(�), un = |Bn|−1/pχBn , whereBn = {x ∈ R
N ; |x| < 1/n}. Sinceun → 0 a.e.

in �, ||un||p = 1 andLp(�) is reflexive, we may assumeun → 0 a.e.w. It is easy to check that

Nf (un) 	⇀ 0 in L1(�,F). In fact, from Hahn-Banach theorem, there exists aψ ∈ F
∗ such that

ψ(ν0) = 1. Define� ∈ [L1(�,F)]∗, setting

�(ξ) =
∫
�

ψ ◦ ξ(x)dx.

we obtain

1 = |Bn|−1
∫
�

χBn(x)dx =
∫
�

ψ(Nf (un))(x)dx = �(Nf (un)) 	→ 0

But if we have the presence of the reflexivity, the situation changes and we get the following very

useful result. The next theorem is an improvement of the result found in (Moreira 2001, Teixeira

2001).

An Acad Bras Cienc (2003)75 (1)



WEAK CONVERGENCE UNDER NONLINEARITIES 13

Theorem 2 (Moreira 2001, Teixeira 2001).Let 1 ≤ p, q < +∞ with q 	= 1 and � be a domain

in R
N . If F is reflexive, then answer of the problem αp,q is affirmative.

Proof. By theorem 1, the Nemytskii operatorNf : Lp(�,E) → Lq(�,F) is a bounded map.

Supposeum → u a.e.w. inLp(�,E). Since(um) is bounded inLp(�,E), (Nf (um)) is bounded

in Lq(�,F). By reflexivity, we can extract a subsequenceNf (umk) ⇀ v ∈ Lq(�,F). Clearly,

Nf (umk) → Nf (u) a.e. in�. Therefore, by Lemma 1,Nf (umk) → Nf (u) a.e.w. inLq(�,F). So

far, we have proven that ifum → u a.e.w. inLp(�,E) there exists a subsequence(umk ) of (um)

such thatNf (umk) → Nf (u) a.e.w. inLq(�,F). We claim that

Nf (um) → Nf (u) a.e.w. in L
q(�,F)

In fact, as we have already observed, we only need to show thatNf (um) ⇀ Nf (u) in Lq(�,F).

Suppose, by a contradiction, this is not the case. Thus there is a weak neighborhoodNw(Nf (u))

of Nf (u) and a subsequence(umj ), Nf (umj ) 	∈ Nw(Nf (u)) ∀j ≥ 1. Naturally,umj → u

a.e.w., then applying the first step of this proof, we obtain a subsubsequence(umjk ) of (umj ),

Nf (umjk ) → Nf (u) a.e.w. inLq(�,F), a contradiction, sinceNf (umjk ) 	⇀ Nf (u) because

Nf (umjk ) 	∈ Nw(Nf (u)) ∀k ≥ 1. �

Corollary 1. If � is a domain in R
N and um → u a.e.w. in Lp(�), 1 < p < +∞. Then

u+
m → u+, u−

m → u−, |um| → |u| all these convergences being in the a.e.w. sense in Lp(�).

Corollary 2. If � is a domain in R
N , m ∈ N and Nf maps the Lp(�) into Lq(�), 1< p, q <

+∞, the operator Nf : Wm,p(�) → Lq(�) is weakly sequentially continuous.

Corollary 3. Let � be a bounded domain in R
N . If un → u a.e.w in Lp(�) with p > 1, then

for all 1 ≤ q < p, un → u in Lq(�). Consequently, W 1,p(�) is compactly embedded in Lq(�),

for all 1 ≤ q < p, without any regularity condition on ∂�.

Proof. Let us fix 0< ε < p − 1. SinceLp(�) ↪→ Lp−ε(�) we have thatun ⇀ u in Lp−ε(�).
Setf : R → R given byf (t) = |t |p−ε. Nf mapsLp(�) into Lp/p−ε(�). From theorem 2,

f (un) ⇀ f (u) in Lp/p−ε(�). In particular∫
�

|un|p−εdx −→
∫
�

|u|p−εdx

So we have thatun ⇀ u in Lp−ε(�) and‖un‖Lp−ε(�) → ‖u‖Lp−ε(�). OnceLp−ε is uniformly

convex, it implies thatun → u inLp−ε(�). Moreover, using again the fact thatLr(�) is continuosly

embedded intoLs(�) for r ≥ s, we are able to conclude thatun → u inLq(�) for all q ∈ [1, p−ε].
Lettingε → 0, we get the result. The second part of the corollary follows from the first part added

with example 1. �

It is worthwhile to stand out that the corollary 3 is sharp. In general,W 1,p(�) 	↪→ Lq(�) for

q ≥ p. This fact can be found in (Adams 1975).

An Acad Bras Cienc (2003)75 (1)



14 DIEGO R. MOREIRA and EDUARDO V. O. TEIXEIRA

We remark that weak convergence inLp(�) is not suffice to conclude the thesis of theorem 2.

In fact, let� = (0, π2 ), un(x) = sin(nx) ⇀ 0 in L2(0, π2 ), and letf : (0, π2 ) × R → R be given

by: f (x, s) = s+. Now we note that:〈 1, f (x, un(x)) 〉L2 = 1
n

∫ n π2
0 (sin(y))+dy, so:

lim sup
n

〈 1, f (x, un(x)) 〉L2 ≥ lim
s

1

4s + 2

s∑
k=0

∫ (2k+1)π

2kπ
siny dy = 1

2
�

It remains to study the problemα1,1. In order to start analyzing this problem, we shall state the

general version of Dunford-Pettis theorem, obtained by Talagrand in 1984.

Theorem 3 (Talagrand 1984).Let� be a bounded domain in R
N and F be a weak complete Banach

space. Let F ⊂ L1(�,F) be a bounded convex subset. Then F is weakly relatively compact, if and

only if it satisfies the following two conditions:

1. {‖ϕ‖F : � → R : ϕ ∈ F} ⊂ L1(�) is weakly precompact;

2. for each sequence (ϕn) in F, the set of x ∈ � such that there is a k for which the sequence

(ϕn)n≥k is equivalent to the vector basis of l1 has measure zero.

Let us point out that from Dunford-Pettis’s theorem, the condition 1 above is equivalent to the

equiintegrability of{‖ϕ‖F : ϕ ∈ F}. The next theorem is the counterpart of example 2.

Theorem 4. Let � be a bounded domain in R
N . If F is reflexive, then the answer of the problem

α1,1 is affirmative.

Proof. Letum → u a.e.w. inL1(�,E). Definingu0 = u, by the Eberlein-Smulian theorem (Brito

1998) the setK = {um;m ≥ 0} is weakly compact, since it is weakly sequentially compact. Let

us denoteX = co(K). From Krein’s theorem (Brito 1998) we get thatX is weakly compact, thus,

in particular theorem 3 says thatX is equiintegrable. The equiintegrability means that ifε > 0 is

given; there existsδ1 > 0 such that

∫
A

‖u(x)‖E dx < ε ∀A ⊂ � with |A| < δ1 and∀ u ∈ X

By theorem 1, the Caratheodory functionf satisfies the following growth condition:

‖f (x, v)‖F ≤ a‖v‖E + b(x)

wherea > 0 andb(x) ∈ L1+(�). Let Y = co(Nf (K)). If v ∈ co(Nf (K)), there exist functions

u1, ..., un ∈ K and positive numbersλ1, ..., λn fufilling
n∑
j=1

λj = 1 such thatv =
n∑
j=1

λj · uj . In

An Acad Bras Cienc (2003)75 (1)
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this way

∫
A

‖v(x)‖Fdx =
∫
A

‖
n∑
j=1

λj ·Nf (uj )(x)‖F dx ≤
∫
A

n∑
j=1

λj‖Nf (uj )(x)‖F dx

≤ a ·
∫
A

‖
n∑
j=1

λj · uj (x)‖E dx +
∫
A

b(x) dx

< a · ε +
∫
A

b(x)dx.

Since lim|A|→0

∫
A

b(x)dx = 0 there existsδ2 > 0, such that|A| < δ2 �⇒ ∫
A

b(x)dx < ε; therefore

|A| < δ = min{δ1, δ2} �⇒
∫
A

‖v‖F dx < (a + 1)ε.

Thus, we obtain

|A| < δ = min{δ1, δ2} �⇒
∫
A

‖v‖F dx ≤ (a + 1)ε ∀v ∈ Y.

We have just verified the condition 1 of theorem 3, forY . However, by hypothesis, the condition 2

we get for free, sinceF being reflexive, it does not contain a copy ofl1; therefore by theorem 3, the

setY is weakly compact, and thus so isNf (K) = {Nf (um) : m ≥ 0}. Using again the Eberlein-

Smulian theorem, we can extract a subsequenceumk , such that,Nf (umk) ⇀ v in L1(�,F). Since

Nf (umk) → Nf (u) a.e. in�, by the Lemma 1,v = Nf (u) and thenNf (umk) ⇀ Nf (u) in

L1(�,F). So far, we have proven that ifum → u a.e.w inL1(�,E) there exists a subsequence

(umk ) of (um) such thatNf (umk) ⇀ Nf (u) in L1(�,F). We can repeat the same argument used in

the proof of theorem 2 and obtainNf (um) ⇀ Nf (u) in L1(�,F). �

It is interesting to notice that follows immediately from theorem 4 ifun → ua.e.w. inL1(�,F)

thenun → u in theL1(�,F)-norm topology.

3 AN APPLICATION

We shall provide an application of theorem 2 by solving a general nonlinear equation on the Sobolev

spacesW 1,p(�). The problem studied here is a very natural question for the Nemytskii operator

on Sobolev spaces. Indeed, the problem we shall work on is:

Let 1< p < ∞, let� be a bounded domain inRN and letf : �× R → R be a Lipschitzian

function (In this paper, the Lipschtz norm is defined using the sum norm in euclidean space, i.e,

|(x, s)|RN×R = |x|RN + |s|R), such that

|f (x, s)| ≤ a|s| + b(x)

An Acad Bras Cienc (2003)75 (1)



16 DIEGO R. MOREIRA and EDUARDO V. O. TEIXEIRA

for somea > 0 and someb ∈ Lp+(�). Given aψ ∈ W 1,p(�), and given aλ ∈ R we are interested

in findingu ∈ W 1,p(�) such that

f (x, u(x))− λu(x) = ψ(x) a.e. x ∈ � (P)

Definition 3. Let f : � × E → F be a Caratheodory function such that the Nemytskii

operator Nf maps Lp(�,E) into Lq(�,F). We define T(f ) = inf {a > 0: ∃b ∈ Lq+(�) such

that ‖f (x, s)‖F ≤ a‖s‖q/p
E

+ b(x)}.
Let us remark that the infimum on this definition actually is a minimum. Indeed, letan be a

minimizing sequence forT(f ), and letbn ∈ Lp(�) be functions such that the following inequality

‖f (x, s)‖F ≤ an‖s‖q/pE
+ bn(x) holds for alln ∈ N, s ∈ R anda.e. x ∈ �. Taking the lim infn,

we find‖f (x, s)‖F ≤ T(f )‖s‖q/p
E

+ b(x) whereb(x) = lim inf n bn(x).

Theorem 5. The problem above is answered affirmatively for all λ > ‖f ‖Lip. Moreover the

solution is unique and the operator (Nf − λId)−1 : W 1,p(�) → W 1,p(�) is sequentially weakly

continuous.

Proof. Initially, we remark thatT(f ) ≤ ‖f ‖Lip. In fact, since

|f (x, s)− f (0,0)| ≤ ‖f ‖Lip · |(x, s)|RN×Rfor all(x, s) ∈ �× R

we get

|f (x, s)| ≤ ‖f ‖Lip · |s| + {‖f ‖Lip · |x|RN + |f (0,0)|} .
Let us start by estimating‖f (x, ξ(x))‖W1,p(�):

‖f (x, ξ(x))‖W1,p(�) = ‖f (x, ξ(x))‖Lp(�) +
N∑
j=1

‖Djf (x, ξ(x))‖Lp(�)

≤ T(f ) · ‖ξ‖Lp(�) + ‖b‖Lp(�) +
N∑
j=1

‖Djf (x, ξ(x))‖Lp(�)

≤ T(f ) · ‖ξ‖Lp(�) + ‖b‖Lp(�) + ‖f ‖LipN |�|1/p + ‖f ‖Lip
N∑
j=1

‖Djξ‖Lp(�)

≤ ‖f ‖Lip · ‖ξ‖W1,p(�) + C(f,N, p,�)

This estimative above tell usNf : W 1,p(�) → W 1,p(�) is a bounded operator. Therefore, from

the same argument found on the final step of theorem 2, we concludeNf is sequentially weak

continuous.

Let us define� : W 1,p(�) → W 1,p(�) by

�(ξ) = 1

λ
[f (x, ξ(x))− ψ ]

An Acad Bras Cienc (2003)75 (1)



WEAK CONVERGENCE UNDER NONLINEARITIES 17

We observe that onceNf is sequentially weak continuous, so is�. Moreover, to solve(P ) is

equivalent to find a fixed point of�.

For all ξ ∈ W 1,p(�)

1

λ
‖f (x, ξ(x))− ψ‖W1,p(�) ≤ 1

λ

(‖f (x, ξ(x))‖W1,p(�) + ‖ψ‖W1,p(�)

)

≤ ‖f ‖Lip
λ

‖ξ‖W1,p(�) + C(f,N, p,�,ψ)

Let us fixM >
C(f,N, p,�,ψ)

1 − ‖f ‖Lip
λ

. For such aM we see that if‖ξ‖W1,p(�) < M

‖�(ξ)‖W1,p(�) <
‖f ‖Lip
λ

·M + C(f,N, p,�,ψ) < M

In other words,�maps the ball of radiusM inW 1,p(�) into itself, i.e.,� : BW1,p [M] → BW1,p [M].
LetX denoteBW1,p [M] endowed with the weak topology. SoX is a compact convex subset of a

locally convex space. In additional, as we pointed out before,� : X → X is a continuous map.

Finally, we can use the Leray-Schauder-Tychonoff fixed point theorem (Dunford and Schwartz

1964), and conclude that� has a fixed point which is precisely a solution of(P ). Now, let us

suppose that there existu1, u2 ∈ W 1,p(�) such that

f (x, u1(x))− λu1(x) = ψ(x) and f (x, u2(x))− λu2(x) = ψ(x)

Subtracting these equations we findf (x, u1(x))− f (x, u2(x)) = λ(u1(x)− u2(x)). Therefore

|f (x, u1(x))− f (x, u2(x))| = λ|u1(x)− u2(x)| ≤ ‖f ‖Lip · |u1(x)− u2(x)|.
If u1(x) − u2(x) 	= 0, we would be able to cancel this expression at the inequality above and we

would find,λ ≤ ‖f ‖Lip. Hence the solution of(P ) is unique.

In order to study the weak continuity of� = (Nf − λId)−1 : W 1,p(�) → W 1,p(�), we shall

use the same idea found in the final step of theorem 2. Since all weakly convergent sequence in

W 1,p(�) has a subsequence converging a.e., to prove� is sequentially weakly continuous, it is

enough to show that� is bounded. Suppose�(ψ) = u,

f (x, u(x))− λu(x) = ψ(x)

Then

‖ψ‖W1,p(�) ≥ λ‖u‖W1,p(�) − ‖Nf (u)‖W1,p(�)

≥ ( λ− ‖f ‖Lip )‖u‖W1,p(�) − C(f,N, p,�)

Writing in a better way,

‖�(ψ)‖W1,p(�) ≤ ‖ψ‖W1,p(�) + C(f,N, p,�)

λ− ‖f ‖Lip
This estimative shows the operator� is bounded. �
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The main information given by theorem 5 is the regularization of the solution. We observe

that if we see the map�, defined on the proof of this theorem, as� : Lp(�) → Lp(�), it is easy

to verify that it is a contraction; therefore from the Banach Fixed Point theorem, the problem(P )

has, for allψ ∈ Lp(�), always a unique solutionu ∈ Lp(�), providedλ > ‖f ‖Lip. The main

point of theorem 5 is thatu ∈ W 1,p(�) wheneverψ ∈ W 1,p(�).

Let us point out that in a special case whenf (x, s) = A|s| + b(x), b ∈ Lip(�), we can

improve theorem 5, saying that(P ) is solvable for allλ > T(f ). However we cannot expect to

solve(P ) if λ ≤ T(f ) as the following simple situation show us: Letf : �× R → R be defined

by f (x, s) = |s|. In this case,T(f ) = ‖f ‖Lip = 1. Supposeλ ≤ 1, thenf (x, u(x)) − λu(x) =
|u(x)| − λu(x) ≥ 0. Hence ifψ ∈ W 1,p(�), withψ(x) < 0, it is impossible to solve the equation

(P ).

From these comments, a interesting question arises in this problem: What can we say when

T(f ) < λ ≤ ‖f ‖Lip?
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RESUMO

Neste artigo, provamos que se um operador de Nemytskii aplica Lp(�, E) no Lq(�, F), para p, q maiores do

que 1, E, F espaços de Banach separáveis e F reflexivo, então uma seqüência que converge fracamente e q.t.p.

é transformada em uma seqüência fracamente convergente. Fornecemos um contra-exemplo mostrando

que se q = 1 e p émaior do que 1, podemos não ter continuidade seqüêncial de tal operador. Contudo

provamos que se p = q = 1,então seqüências fracamente convergentes que convergem q.t.p. são aplicadas

em seqüências fracamente convergentes por um operador de Nemytskii. Mostramos uma aplicação da

continuidade fraca dos operadores de Nemytskii resolvendo uma equação funcional não linear no W1,p(�),

provando a continuidade fraca de um tipo de operador resolvente associado ao operador de Nemytskii e

obtendo um resultado de regularidade de tal solução.

Palavras-chave: continuidade fraca, não linearidades, operador de Nemytskii.
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