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Abstract It is known that natural systems are undeni-
ably subject to random fluctuations, arising from either
environmental variability or internal effects. In this
paper, a spatial version of an epidemic model which
contains some important factors, such as noise on the
infective and diffusion processes on both the suscepti-
ble and infective, is investigated. From the numerical
results, we know that noise can induce instability and
enhance the oscillation of the species density and the
cooperation between noise and diffusion gives rise to
the appearance of a rich transport phenomenology. Our
results show that noise can play a prominent role in the
spatial epidemic model.

Keywords Spatial epidemic model · Noise ·
Pattern formation

PACS 87.23.Cc · 89.75.Kd · 89.75.Fb · 47.54.-r

1 Introduction

In recent years, there has been an increased awareness
of the threats posed by newly emerging and high-profile
infectious diseases, such as SARS [1, 2], the H5N1
strain of avian influenza [3, 4], HIV [5, 6], and Ebola
[7, 8]. The predictions of epidemic models are widely
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used in planning for public health responses to both
bioterrorism and emerging diseases [9, 10]. Many im-
portant epidemiological and ecological phenomena are
strongly influenced by spatial heterogeneities because
of the localized nature of transmission or other forms
of interaction [11, 12]. This issue is usually treated in
terms of determined diffusion–reaction models [13, 14]
or their modifications [15, 16].

In order to know the contradiction between the dy-
namics predicted by deterministic models and those ob-
served in data, some scholars use stochastic models [17].
These models can exhibit spatiotemporal patterns that
were consistent with patterns in the England and Wales
data. After that, a number of authors have focused on
this question, and the general consensus appears to be
that pertussis epidemics result from the interaction be-
tween seasonality, nonlinearity, and, importantly, sto-
chasticity [8, 18–21]. And in the real world, there are
many stochastic factors existing in the process of the
epidemics.

It is widely accepted nowadays that noise can lead
to a rich variety of dynamical effects [22–24]. Far from
being merely a perturbation to idealized determinis-
tic behavior or regarded as an undesirable source of
randomness and disorganization, noise can induce rad-
ical and counterintuitive dynamical changes. Especially
noteworthy are systems in which noise has organiz-
ing rather than disruptive effects. Some of the more
important examples are stochastic resonance [23] and
noise-induced transitions [22]. In this present paper, we
want to know whether noise plays an important role in
the pattern formation of the population, especially the
infective.

The paper is organized as follows: In Section 2,
we obtain a spatial epidemic model with noise and
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interpret the biological meaning of these parameters
of the model. In Section 3, by performing a series of
simulations, we show the effect of the noise on the
pattern formation of the populations. Finally, some
conclusions and discussions are given.

2 Model

The reaction–diffusion model we employ is as follows:

∂S
∂t

= A − dS − βSp Iq + D1∇2S, (1a)

∂ I
∂t

= βSp Iq − (d + μ)I + D2∇2 I, (1b)

where S and I are the density of the susceptible and
infective, respectively. Here, A is the recruitment rate
of the population, d is the natural death rate of the
population, and μ is the disease-related death rate from
the infected.

In [25, 26], they concluded that the bilinear mass ac-
tion incidence rate due to saturation or multiple expo-
sures before infection could lead to nonlinear incidence
rate βSp Iq. Therefore, the incidence rate is assumed to
be nonlinear βSp Iq without a periodic forcing which
has much wider range of dynamical behaviors in com-
parison to bilinear incidence rate βSI. Here β is the
force of infection or the rate of transmission. Simple
cases, by their own nature, cannot incorporate many
of the complex biological factors. However, they often
provide useful insights to help our understanding of
complex process. For such reason, we choose p = 1 and
q = 2 in the present paper.

Here, ∇2 = ∂2

∂x2 + ∂2

∂y2 is the usual Laplacian opera-
tor in two-dimensional space, and D1, D2 are, respec-
tively, the susceptible and infected individuals diffusion
coefficients. From the biological point of view, we as-
sume all the parameters are positive throughout the
paper.

The effects of external perturbations are included
in this phenomenological model as additive noise. In
the real world, the assumption that the fluctuations
are fast in comparison with the relevant systems time
scales may not always be true. To approximate such
fluctuations by noise terms that are δ-correlated would
be inappropriate, and the result systems would produce
inaccurate predictions. Here, we use the colored noise
with an exponential time-correlated. That is, the noise
term η(r, t) is introduced additively in space and time,
which is the Ornstein–Uhlenbech process that obeys

the following stochastic partial differential equation
[27]:

∂η(r, t)
∂t

= − 1
τ

η(r, t) + 1
τ

ξ(r, t), (2)

where ξ(r, t) is a Gaussian white noise with zero mean
and correlation,

〈ξ(r, t)ξ(r′, t′)〉 = 2εδ(r − r′)δ(t − t′). (3)

The colored noise η(r, t), which is temporally corre-
lated and white in space, satisfies

〈η(r, t)η(r′, t′)〉 = ε

τ
exp(−|t − t′|

τ
)δ(r − r′), (4)

where τ controls the temporal correlation and ε mea-
sures the noise intensity.

In the present paper, we consider the case that only
the infective is subject to the noise. When combined
with noise, system (1) is changed as the following form:

∂S
∂t

= A − dS − βSp Iq + D1∇2S, (5a)

∂ I
∂t

= βSp Iq − (d + μ)I + D2∇2 I + η(r, t). (5b)

3 Main Results

The dynamics behavior of the spatial model cannot be
studied by using analytical methods or normal forms.
Thus, we have to perform simulations by computer.
The aim is to check whether a spatially homogeneous
equilibrium is stable and for the case where it is not, to
which solution the model converges [28]. In simulation,
zero-flux boundary conditions are used and the time
step is 	t = 0.05 time unit. The space step is 	x =
	y = 1 length unit and the grid sizes in the evolutional
simulations are M × M (M = 200). The Fourier trans-
form method is used for the deterministic part in (1).
On the discrete square lattices, the stochastic partial
differential equation (5) is integrated numerically by
applying the Euler method. Several different discrete
methods (simple Euler, Runge–Kutta, and Fourier
transform) were checked, and the results indicate that
the Fourier transform accurately approximates solu-
tions of (1). On the other hand, the Fourier method
offers a speed advantage over other numerical meth-
ods. The code is implemented in Matlab 7.3 and the
fft2, fftshift, ifft2, and ifftshift functions were used for
the main numerical integration [27].

We run the simulations until they reach a station-
ary state or until they show a behavior that does not
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Fig. 1 (Color online) The real part of the character value as
β being increased. And the values of β are that a β = 35 and
b β = 40

seem to change its characteristics any longer. In the
simulations, different types of dynamics are observed,
and we have found that the distributions of S and I are
always of the same type. As a result, we can restrict our
analysis of pattern formation to one distribution (in this
paper, we show the distribution of I, for instance).

3.1 No Noise

We can choose the proper values of the parameters
for simulations. In order to reveal that how force of
infection, namely β, has influence on the distribution of
the infected populations, we set the parameter values
as A = 1, μ = 1.8, d = 1, D1 = 6, D2 = 1, and vary β.
As seen from Fig. 1, when β is decreased, the available
Turing modes [Re(λ) > 0] increase, and all available
modes are enhanced further.

Figure 2 shows the evolution of the spatial pattern
of infected population at 200,000 iterations, with small
random perturbation of the stationary solution of the
spatially homogeneous systems when the parameter
values are in the domain of Turing space.1 One can
see that the typical Turing patterns,2 i.e., regular stripe
prevails over the whole domain in Fig. 2.

1In Turing space, the equilibria is stable with respect to ho-
mogeneous perturbations but lose their stability with respect to
perturbations of specific wavenumbers. In this space, stationary
inhomogeneous patterns can be observed.
2Turing bifurcation occurs and breaks spatial symmetry, leading
to the formation of patterns that are stationary in time and
oscillatory in space, which are called as Turing patterns.

Fig. 2 (Color online) Snapshots of contour pictures of the time
evolution of the I at 200,000 iterations. Parameter values: A = 1,
μ = 1.8, d = 1, D1 = 6, D2 = 1, and β = 35

3.2 With Noise

We show the effect of noise based on numerical inte-
gration of the model of (5). The Runge–Kutta method
is used for the deterministic part in (1). The stochastic
partial differential equation (5) is integrated numeri-
cally by applying the Euler method. Several different
discrete methods have been checked, and the results
are almost the same. The code is implemented in
Matlab 7.0 for the main numerical integration.

Some typical snapshots of the spatial patterns at
200,000 iterations are presented in Fig. 3 after the noise
is added, respectively (see the captions of the figures).
By comparing Fig. 2 with Fig. 3, our results show that
the noise plays a constructive role in model (5). More
specifically, the wavelength is becoming larger with
the increase of the noise intensity. Furthermore, the
direction of the stripe is varied when noise intensity is
enhanced. The last one is that the stripe is not distinct
as noise intensity being 0.01 (cf. Fig. 3c).

In order to well see the evolution of the pattern, we
show space–time plots in Fig. 4, which is well-known
that the basic arguments in pattern formation can be
carried out by reducing the system to one-dimensional
space [29, 30]. The method of space–time plots is that
let y be a constant (y = 100 corresponding to the center
line of each snapshots), choose the line y = 100 from
each pattern snapshots, and pile these lines in time
order. The space–time plots show the evolution process
of the infected throughout time t and space x. As
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(a) (b) (c)

Fig. 3 (Color online) Snapshots of contour pictures of the time evolution of the I at 200,000 iterations with A = 1, μ = 1.8, d = 1,
D1 = 6 and D2 = 1, and β = 35. a ε = 0.0001; τ = 1; b ε = 0.001, τ = 1; and c ε = 0.01, τ = 1
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Fig. 4 (Color online) The space–time diagram corresponding to Fig. 3
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Fig. 5 (Color online) a Time series for I(r, t) at spatial point (150, 150) with different noise intensity. b I(r, t) as a function of space
with different noise intensity. Parameter values are as the same as in Fig. 3
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seen from Fig. 4, we can see the influence of noise on
the patterns.

In Fig. 5a, we give time series of the value of the
density of the infective with different noise intensities.
It is easy to find that the oscillation of the density
of the infective is enhanced as noise intensity being
increased . It can be seen from Fig. 5b that different
noise intensities can induce synchrony and asynchrony
in the space.

4 Discussion and Conclusion

In this paper, we present a spatial version of the epi-
demic model that includes some important factors such
as random fluctuations and diffusion processes. Our re-
sults show that the noise can play a constructive role in
the spatial epidemic model: First, the noise can enhance
the oscillation of the populations density and form large
clusters in space. Second, synchrony and asynchrony in
the space can be induced by different noise intensity.

We study the effects of noise on the spatial epidemic
model. However, external periodic forces may play an
important role on the formation of the pattern of the
epidemic model [27]. Thus, further studies are neces-
sary to analyze the behavior of the spatial epidemic
model combined with both noise and external periodic
forces.
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