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Abstract Epidemic models frequently contain thresh-
olds that determine the survivability of competing
strains. In the model we study in this paper, if the
basic reproduction number is less than one, the dis-
ease will disappear, otherwise the disease will persist.
Interestingly, we find that additive noise of an appropri-
ate intensity and temporal correlation can reverse this
in a resonance-like manner. By using analogies from
the theory of noise-driven dynamical system, we thus
observe an evolutionary coherence resonance, similar
to what has been reported previously in evolutionary
games. Potential implications of our results for real-life
field observations are also discussed.

Keywords Basic reproduction number · Noise ·
Coherence resonance

1 Introduction

Throughout history, infectious diseases, which are ill-
nesses caused by disease agents that can be transmitted
from organism to organism, have had a large impact
on the human population. As a result, modeling the
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process of epidemics has been one of the most im-
portant works in mathematical biology [1–3]. Many
scholars consider the dynamics of the disease as well as
the life history of the disease-carrying agents by using a
system of deterministic differential equations [4].

However, it is not suitable to explain some epidemics
by using the application of deterministic differential
equations, such as whooping cough [5]. In order to
well understand the contradiction between the dynam-
ics predicted by deterministic differential models and
the data observed in the real world, some researchers
relaxed the assumption of determinism and examined
stochastic models [6]. These models were consistent
with data in the England and Wales, in both the pre-
vaccine and the vaccination eras. From then on, a num-
ber of authors assumed that the inconsistence appears
to be the result of the interaction between seasonality,
nonlinearity, and stochasticity [5, 7, 8]. As a result, noise
terms have been introduced in epidemic models.

In the recent 10 years, noise-induced phenomena in
nonlinear systems have been the topic of a number of
physical and biological investigations [9, 10]. Noise can
induce counterintuitive dynamical changes. In particu-
lar, noise has organizing rather than disruptive effects.
Some of the more important examples are stochastic
resonance [11] and noise-induced transitions [12, 13].

Coherence resonance is a phenomenon whereby ad-
dition of certain amount of noise makes its oscilla-
tory responses most coherent, and a measure of sto-
chastic oscillations attains an extremum at an opti-
mal noise intensity [14–18]. The concept of coherence
resonance in terms of dynamics and evolution has
been found in prisoner’s dilemma game [19–21], noise-
guided evolution within cyclical interactions [22], and
other models [23–26]. Now, it is natural to ask whether
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there is coherence resonance in epidemic models. In
order to understand the mechanism, we investigate
a susceptible–infected–removed (SIRS) model with
noise.

We find a novel and interesting phenomenon in a
SIRS model with noise, i.e., appropriate levels of noise
can revert the extinction of disease in a resonant man-
ner. The paper is organized as follows. In Section 2, we
give the description of the SIRS model. Evidence for
the coherence resonance is presented in Section 3. In
the last section, we summarize and discuss the results.

2 Model

In general, the population, in which a pathogenic agent
is active, consists of three subgroups: the healthy indi-
viduals who are susceptible (S) to infection, the already
infected individuals (I) who can transmit the disease to
the healthy ones, and the removed (R) who can not
get the disease or transmit it: either they have a natural
immunity, or they have recovered from the disease and
are immune from getting it again, or they have been
placed in isolation, or they have died [27, 28]. The
standard SIRS model is given by the following form:

dS
dt

= −βSI + τR R, (1a)

dI
dt

= βSI − τI I, (1b)

dR
dt

= τI I − τR R, (1c)

where S and I denote the density of the susceptible
and infective population, respectively. The density of
recovered individuals R is obtained by conservation of
the entire population, i.e., R(t) = 1 − S(t) − I(t). Here,
β is the infection rate, τI is the period of the infective
population, and τR is the time of the loss of resistance.
The study of the rate equation is based on the analysis
of epidemic spreading and outbreak. Particularly, the
properties of the rate equations are extremely useful
for assessing epidemic persistence by using estimated
values for the classical expression for R0-the basic re-
production number. R0 is defined as the number of sec-
ondary infections caused by a single infected individual
during its infectious period in an entirely susceptible
population. For the model (1), the basic reproduction
number is given by

R0 = β

τI
. (2)

If R0 > 1 and the initial relative number of susceptible
is greater than a critical value Sc = 1/R0, the disease
will spread. As the density of the infective population
individuals increases, the number of susceptible S de-
creases, and thus the number of contacts of the in-
fected individuals with susceptible ones decreases until
S = Sc; then the epidemic reaches its maximum and
subsequently decays. If R0 < 1, the density of infective
population would decrease to zero regardless of initial
conditions.

Combined with noise term, the system of equations
will have the following form:

dS
dt

= −βSI + τR R, (3a)

dI
dt

= βSI − τI I + η(r, t). (3b)

In (3), the stochastic factors are taken into account by
the term η(r, t), which is obtained from microscopic
interaction in the space [29, 30] where the typical white
noise will emerge. Recently, colored noise and white
noise have both been used in describing biological evo-
lution [31]. White noise is the limited case of colored
noise, so we consider the more general case–colored
noise. In the present paper, we only consider the noise
presented in Eq. (3b). The noise term η(r, t) is intro-
duced additively in space and time, which defines the
Ornstein–Uhlenbeck process that obeys the following
stochastic partial differential equation [32–35]:

∂η(r, t)
∂t

= − 1
τ

η(r, t) + 1
τ

ξ(r, t), (4)

where ξ(r, t) is a Gaussian white noise with zero mean
and correlation,

〈ξ(r, t)〉 = 0, (5a)

〈ξ(r, t)ξ(r′, t′)〉 = 2σδ(r − r′)δ(t − t′), (5b)

where τ controls the temporal correlation, and σ mea-
sures the noise intensity.

3 Coherence Resonance

We will systematically analyze the effects of nonzero σ

and τ on the stochastic SIRS model, with the aim of
reporting noise-induced transitions in a resonance-like
manner depending on σ and τ , thus evidencing coher-
ence resonance in the epidemic system and revising the
threshold principle.
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Fig. 1 Time series of the
infective population.
Parameters are used as
follows: β = 0.05, τI = 0.1,
and τR = 0.1. Initial
conditions: a S(0) = 0.1 and
I(0) = 0.2; b S(0) = 0.01
and I(0) = 0.8. Note that
R0 = 0.5 < 1, the density
of the infective population
tends to zero
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In Fig. 1, we show the time series of the infective pop-
ulation without noise. As one can see in the figure, the
density of the infective population always tends to zero.
That is to say that if R0 < 1, the infective population
will disappear regardless of the initial conditions, which
is called as threshold principle.

Now, we consider the effect of noise on the density of
the infective population. We run the simulations until
the density of the infective population reaches fixed
values, or until it shows a behavior that does not seem
to change its characteristics any longer. We choose 50
parameters set for numerical simulations. In Fig. 2,
we give characteristic time course for different noise
intensities. When σ = 0.1, 0.2, 0.3, and 0.4, the density
of the infective population will be 0.082, 0.121, 0.074,
and 0.017, respectively.

In order to reveal the effect of noise on the density of
the infective population, we give the infective density
with respect to noise intensity in Fig. 3. It shows that
when σ < 0.01 or σ > 0.479, it has no effect on the
density of the infective population. However, when
σ ∈ (0.01, 0.479), the density of the infective population
is more than zero, which is induced by noise, and
reaches the maximum value at σ ≈ 0.18. That is to say,
coherence resonance occurs in the SIRS model with
noise.

The role of temporal correlation τ of the colored
noise is also significant in controlling the density of the
infective population. In Fig. 4, we give characteristic
time course for different temporal correlation. When
τ = 2, 4, 6, and 8, the density of the infective population
will be 0.03, 0.07, 0.062, and 0.028, respectively.

Fig. 2 Time series of the
infective population for
different noise intensities and
τ = 1. a σ = 0.1. b σ = 0.2.
c σ = 0.3. d σ = 0.4
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Fig. 3 An illustration of density of the infective population for
different values of noise intensity. Parameters and initial condi-
tions are the same as in Fig. 2

We also performed a series of simulations for fixed
noise intensity σ , which is shown in Fig. 5. Results
presented in the panels of Fig. 5 clearly show that
the density of infective population will more than zero
by nonzero values of τ in a resonant manner. More
specifically, small τ is able to sustain only small den-
sity of the infective population. As τ being increased,
the density of the infective population will reach the
maximal value. However, for the larger τ , the density
of infective population is small. In other words, the
results presented in Fig. 3 indicate a typical coherence
resonance scenario [23–26, 36, 37].
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Fig. 5 Density of the infective population for different values of
temporal correlation with σ = 0.2. Other parameters and initial
conditions are the same as in Fig. 2

4 Conclusion and Discussion

It has been observed in the literature that the effect of
noise in epidemic models, especially on the persistence
of the disease, has been generally overlooked despite
their potential ecological reality and intrinsic theoreti-
cal interest. These structures may, in fact, correspond
to the real world. For such reason, we pose a SIRS
model with noise and investigated the noise effect on
the spread of the disease.

We show that the color of noise introduced in the
system of an epidemic model can revise the thresh-

Fig. 4 Time series of the
infective population for
different temporal correlation
and σ = 0.2. a τ = 2. b τ = 4.
c τ = 6. d τ = 8
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old principle in a resonant manner depending on the
intensity of noise and temporal correlation. The re-
ported phenomenon is called coherence resonance. In
practice, noise effects should not be neglected when
considering the process of the spread of disease, which
may have effect on the dynamics of behavior, particu-
larly revising some rules. Furthermore, we note that the
phenomenon may be found in the predator–prey mod-
els [38], which means that it may be widely applicable
in various fields of research ranging from epidemiology
to ecology.
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