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Abstract From the differential material rate equations, we
found an additional term to the usual expression of the pho-
tocurrent, which appears only when a time-dependent external
electric field is applied. This term influences the photocurrent
in the material. We applied our equations to a Bi12SiO20

sample, under an applied sinusoidal electric field. This sample
is illuminated with an oscillating interference pattern formed
by two plane light waves, one of which is phase-modulated
with frequency ω. We found good agreement with experimen-
tal results. Besides, for this case, our prediction for the photo-
current is better than the usual prediction of the photocurrent
for low values of ω.

Keywords Photorefractive gratings . Photo-EMF .

Non-linear-optics

1 Introduction

As it is well known, in photorefractive crystals, a light pattern
may be transposed into a refractive index pattern. Inhomoge-
neous illumination excites charge carriers into conduction or
valence band. The charge carriers migrate and spatially mod-
ulated currents arise, and the carriers are trapped in the dark
regions of the crystal. Due to this charge distribution, a space
charge field builds up and modulates the refractive index via
the electrooptic effect. The amplitude of this space charge
grating can be enhanced by using a nonstationary mechanism
of recording. Two routes have been devised with this subject:
by applying an external dc field to the crystal illuminated with
a running interference pattern [1], and applying an ac electric
field along the stationary interference pattern [2]. One of the
most successful techniques is based on the so-called
photoelectromotive force (photo-EMF). This method does
not involve light diffraction from the recorded hologram and
can be used for characterization of inorganic crystalline, and
amorphous materials [3, 4]. The photo-EMF is the holograph-
ic alternating electric current in a semiconductor crystal illu-
minated by an oscillating interference pattern [5, 6]. The most
important feature of this technique is the interaction of the
photoinduced space charge field grating with the grating of
mobile photocarriers. This results in a periodic current flowing
through the sample. This nonstationary photocurrent can be
considered as the alternative optical technique for the study of
the space charge grating formation in semiconductors. The
presence of an external alternating electric field on the photo-
EMF effect is quite useful for characterization of hybrid
materials [7, 8].

In this paper, we find from the differential material rate
equations an additional term to the usual expression of the
photocurrent. This term appears only when a time-dependent
external electric field is applied and influences the photocur-
rent in the material. In order to assess the importance of this
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new term, we compare our predictions with experimental
results. More specifically, we apply our equations to a
Bi12SiO20 sample. This sample was under an applied sinusoi-
dal electric field and illuminated with an oscillating interfer-
ence pattern formed by two plane light waves, one of which is
phase-modulated with frequency ω [6].

2 Theoretical Framework

We restrict our consideration to the band transport model
considering electrons to be the only charge carriers and a
single photoactive impurity level. The photorefractive re-
sponse to illumination is described by the coupled nonlinear
material rate equations [9, 10]
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where E=ESC(x,t)+EA(t), ESC is the space charge field, and
EA is the applied field; s is the photoionization cross section, γ
the charge carrier recombination rate, e the magnitude of
electron charge, μ the mobility of the charge carrier, ND the
donor density, ND

+ the ionized donor density, NA the acceptor
density, ne the charge carrier density, j the electric current
density, kB the Boltzmann constant, T the temperature, t the
time, ε the dielectric constant, ε0 the free space permittivity,
and I the light intensity.

In order to calculate the current density flowing through the
sample, let us consider the continuity equation:

∂ρ x; tð Þ
∂t

¼ −
∂ j x; tð Þ
∂x

: ð5Þ

Using Eq. (4) in Eq. (5) and integrating the resulting
equation over the coordinate x, we obtain

∂
∂t

εε0Eð Þ ¼ − j x; tð Þ þ j0 tð Þ: ð6Þ

We have introduced a time-dependent integration constant,
which we call j0(t). Integrating Eq. (6) again over time yields
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We have considered that
ESC(t)=0, at t=0.
For the sinusoidal interference pattern (stationary, running,

or oscillating), we have periodic boundary conditions. The
averaging can be performed only over one spatial grating
period Λ [7], and with the help of Eq. (7), the boundary
condition corresponding to the constraint of an applied volt-
age V [11]:

V ¼
Z L

0
E x; tð Þdx ð8Þ

Assuming periodicity in the grating vector direction, we
express the condition given in Eq. (8) over one grating periodΛ:
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Changing the order of integration, we have that
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We can see that the rate of change of the applied field
significantly affects the photocurrent (Eq. (10)). The usual
expression of the photocurrent [7] does not include the rate
of change of the applied field.
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Our procedure to calculate the photocurrent is the follow-
ing. First, we solve numerically the coupled, nonlinear mate-
rial rate using Eqs. (1) to (4). From these solutions, we get the
values for the full space charge field ESC(x,t),ND

+(x,t), and the
mobile carrier density ne(x,t). In our numerical solution, we are
imposing periodic boundary conditions along the coordinate x,
with periodΛ.We are not performing any Fourier expansion in
our solution. We are obtaining, from our numerical procedure,
the full overall solution for ESC, ND

+, and ne. This implies that
we have in our solution all the Fourier components for these
variables. The reader may see [11] for details of the numerical
method. Then, we calculate the effective value (root mean
square (RMS)) of j0(t), as given in Eq. (10).

The set of nonlinear partial differential Eqs. (1) to (4)
constitutes a parabolic system. We solve this system numeri-
cally, with the constraint given by Eq. (8), and calculate the
current from Eq. (10), from time equal to zero up to the
stationary state. We followed the method of lines and used a
finite element collocation procedure (with piecewise polyno-
mials as the trial space) for the discretization of the spatial
variable x. We used time-independent second-degree polyno-
mials for this discretization. The collocation procedure reduces
the system to a semidiscrete system (actually an initial value
ordinary differential equation system), which then depends
only on the time variable t. The time integration is then accom-
plished by use of slightly modified standard techniques. The
approximate solution at any time is a second-order polynomial
over each subinterval (xn, xn+1). The coefficients of the terms
depend only on time. We imposed the conditions of continuity
of the polynomials and their derivatives on each extreme of the
subinterval. The number of subintervals depends on the value
of light modulation m. The larger the value of m, the larger the
number of subintervals we had to take. For example, for m=
0.01, only 12 subintervals are required. Form=0.9, 45 intervals
are required.

The appropriate step sizes and time integration formulas
were selected dynamically to maintain time discretization
error below a specified level. For the initial part of the process,
we used a time interval, to update the value of the current
density and then the value of J0, around the carrier lifetime/
200. The carrier lifetime is around 6×10−6 s. Then, we used a
time interval around the carrier lifetime/2 up to the stationary
state (around 4 s of total time).

On the other hand, for an oscillating interference pattern
formed by two plane light waves of wavelength λ, one of
which is being phase-modulated with frequency ω and ampli-
tude Δ, the light intensity is

I x; tð Þ ¼ I0 1þ mcos KGxþΔcos ωtð Þð Þ½ � ð11Þ

where I0 is the average light intensity, m is the modulation
depth, K

!
G ¼ 2π=Λ is the grating vector of the interference

pattern, and Λ is the fringe spacing.

The above-described numerical method does not require to
have small values of the contrast m and of the amplitude of
phase modulation Δ.

Now, let us write Eq. (10) as

j0 tð Þ ¼ jS tð Þ−
ffiffiffi
2

p
ΩE0εε0sin Ω tð Þ

where js(t) is the usual current density term [7] and Ω is the
frequency of oscillation of the applied electric field. Consid-
ering an oscillating interference period Tω=2π/ω, clearly, the
effective density current approximately depends on the fre-
quency as

j2RMS≈
1

Tω

Z
0

Tω

j2S dt−2
ffiffiffi
2

p
jSΩ

2E0εε0π
1

ω

� �
; ð12Þ

wherewe find relied on the approximations (1+x)2≈1+2x and

1
Tω

∫
0

Tω

sin Ωtð Þdt≈ πΩ
ω :

Notice that if the modulation frequency ω increases in
Eq. (12), the additional term decreases. Therefore, for large
frequencies, the correction to the usual expression of the
photocurrent goes to zero.

3 Results and Discussion

In order to assess the importance of the additional term on the
photocurrent, we compare our predictions with experimental
results given in [6]. In this reference, we have measurements
for the photorefractive n-type Bi12SiO20 crystal (BSO) illumi-
nated with an oscillating interference pattern given by
Eq. (11). The sample is under the action of an applied alter-
nating electric field. Figure 1 shows a diagram of the experi-
mental setup used to make these measurements, as was re-
ported in reference [6]. The parameters for BSO are from [6,
12] and are given in Table 1.

Additional required information to apply our equations to
the experiment from [6] is the following: The crystal dimen-
sions 1×3×10 mm3. The interelectrode spacing was 1 mm.
Two silver paste electrodes were painted on lateral surfaces of
3×4 mm2. The front surface of the crystal (1×10 mm2) was
polished and illuminated by two laser beams (with a wave-
length λ=442 nm), one of which is phase-modulated with
frequency 3≤ω/2π≤2,000 (Hz) and amplitude Δ=0.16. The
resulting oscillating interference pattern exhibited a power
P0=0.19 mWwith contrastm=0.65. In fact, the light intensity
was I0=P0/A≈5mW/cm2, since the light pattern and electric
field were simultaneously present only on the surface
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areaA=4mm2. The angle of incidence θ is given by the Bragg
relation Λ=λ/2sinθ. The fringe spacing is Λ≈125 μm

K
!

G ¼ 5� 104m−1
� �

. The applied ac field is parallel to the

vector K
!

G , with frequency Ω/2π=6.0 kHz.
Finally, it is worth mentioning that the experiment consid-

ered the case of the “relaxation-type” semiconductor, i.e.,
when the relation between the Maxwell relaxation time τM
and lifetime of photocarriers τ<<τM, should be satisfied. To
fulfill this condition, additional infrared illumination of the
crystal was used (λIR=650–2,700 nm, IIR=13mW/mm2). The
parameters τ≈12 μs and τM≈0.25 ms used in our numerical
method were obtained from an experimental measurement of
nonstationary photocurrent with additional infrared illumina-
tion [6]. In our numerical solution, the initial carrier density
ne(x,t=0)=εε0/eμτM is generated by the infrared illumination.

In Fig. 2, we compare of our results with the calculations
using Eq. (18) of [6], and with experimental data from [6] for
the photo-EMF, as a function of the frequency ω. The exper-
imental data are for applied fields of 0 (○), 0.53 (●), 1.3 (□),

2.1 (■), 4.1 (Δ), and 10 kV/cm (▲). Our results, in accordance
with the effective value (RMS) of Eq. (10), are the solid lines.
The calculations of the photocurrent amplitude |Jω| from
Eq. (18) of [6] are the dashed lines. Notice that our results
are in very good agreement with experimental results for all
values of frequencies and applied fields. Besides, we can see a
concurrence between our calculations, the results from
Eq. (18) in [6], and experimental data only for the region of
large frequencies (above 102 Hz). For lower values of

Fig. 1 Typical experimental setup used for the photo-EMF measure-
ments. The waves AS and BSexp[iΔcos(ωt)] interfere inside the BSO
crystal. A conventional transmission configuration is employed. The

grating vector K
!

G is perpendicular to the electrode’s planes

Table 1 Experimental parameters [6, 12] for BSO for our calculations

BSO

ε Dielectric constant 56

Λ Fringe spacing (μm) 125

μτ Mobility lifetime product (m2 V−1) 1.2×10−10

γ Recombination constant (m3s−1) 1.6×10−17

s Photoionization cross section (m2 J−1) 1.0×10−5

ND Donor density (m−3) 1025

NA Acceptor density (m−3) 1022

Δ Beam-modulated amplitude 0.16

Fig. 2 Amplitude of the photo-EMF as a function of the oscillation
frequency of the interference grating for different amplitudes of applied
electric fields. White circle indicates 0 kV/cm, black circle 0.53 kV/cm,
white square 1.3 kV/cm, black square 2.1 kV/cm, white triangle 4.1 kV/
cm, and black triangle 10 kV/cm. The solid lines are our calculations in
accordance with the effective value (RMS) of our Eq. (12). Dashed lines
are results for the photocurrent amplitude |Jω| directly calculated from
Eq. (18) of reference [6]

Fig. 3 The amplitude of the photo-EMF as a function of the oscillation
frequency of the interference grating for an applied electric field of 10 kV/
cm. Black triangle represents the experimental results. The solid line
refers to our calculations in accordance with the effective value (RMS)
of our Eq. (12). The dotted line corresponds to our Eq. (12) but without the
displacement current contribution. Dashed lines are results for the photo-
current amplitude |Jω| directly calculated from Eq. (18) of reference [6]
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frequency, our predictions are closer to the experimental mea-
surements than the values coming from Eq. (18) of [6]. This
occurs for all the values of the applied electric field. This can
be easily understood using Eq. (12) given in “Section 2”.
Clearly, the second term in Eq. (12) improves the prediction
of the photocurrent amplitude for low frequencies and differ-
ent values of applied fields.

Furthermore, notice that for large applied fields our numer-
ical results have small oscillations around the experimental
data. We expect these oscillations to be observed. They are
larger than the experimental error bars. Notice that our solu-
tion is for the full space charge field. Our method does not rely
on Fourier’s expansion.

In Fig. 3, wemake a comparison of the experimental results
(▲) of the amplitude of the photo-EMF as a function of the
oscillation frequency of the interference grating for an applied
electric field of 10 kV/cm with our calculation of J0, without
the displacement current term (dotted line), and with J0 given
by our Eq. (12) (solid line). Clearly, the inclusion of the
displacement current is necessary to explain the experimental
results. Dashed lines are results for the photocurrent amplitude
|Jω| directly calculated from Eq. (18) of reference [6].

Finally, in Fig. 4, we exhibit for the given experimental
conditions the particularly strong contribution of the Fourier
component of the applied field with frequency Ω=3ω to the
photo-EMF. In this figure, we present our results for the total
photocurrent amplitude versus time for an oscillation frequen-
cy ω/2π=2,000 Hz and different applied alternating field
amplitudes E0: (a) 0, (b) 1.3, (c) 2.1, and (d) 10 kV/cm,
respectively. Notice that the scale in the vertical axis is differ-
ent in (a), (b), (c), and (d). For example, the photocurrent in (a)
has the maximum value of 0.02 and in (d) of 492. Contrary to
the diffusion case, as the applied field amplitude is increased,

we have an oscillating space charge field that strongly inter-
acts with the carrier density. Hence, it gives a remarkable
contribution to photo-EMF, as shown in (b)–(d).

4 Conclusion

We have found an additional term to the usual expression of the
photocurrent, which appears only when an ac field is applied.
We found that this term improves the prediction of the photo-
current. Our calculations are in very good agreement with
experimental results. We applied our analysis to a BSO crystal
illuminated with an oscillating interference pattern formed by
two plane light waves, one of which is phase-modulated with
frequency ω. Besides, for this case, our prediction for the
photocurrent is better than the usual prediction of the photo-
current for low values of ω. The theory developed in this paper
could be applicable to other photorefractive materials.
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