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Abstract Exploiting spatial modes and polarization, we
experimentally demonstrate the realization of a condi-
tional π -phase shift. Our approach is based on an opti-
cal circuit where the polarization and transverse degrees
of freedom control the Gouy phase which is applied on
Hermite-Gaussian beams. Our results show good agree-
ment with the simulation of the optical circuit. As an
application, we propose the implementation of a two-
qubit quantum phase gate, where the qubits are encoded
on the Hermite-Gaussian modes and linear polarization
states.
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1 Introduction

Spatial modes of the electromagnetic field have been
exploited as an interesting degree of freedom for funda-
mental works on nonlinear optics [1, 2] and quantum optics
[3, 4]. In the quantum information scenario, the prepara-
tion of two-qubit states has been the subject of investiga-
tion, in particular, due to its importance for implement-
ing quantum gates. For a single-photon field, two qubits
have been encoded using two distinct degrees of freedom,
namely spatial modes and polarization. Using the longitu-
dinal spatial modes and polarization, it has been demon-
strated the generation and characterization of single-photon
two-qubit entangled states [5] as well as the implementa-
tion of a deterministic controlled-NOT gate [6]. By using
transverse spatial modes and polarization, new approaches
for implementing controlled-NOT gates [7–9], experimen-
tal realization of the Deutsch algorithm [10], and imple-
mentation of quantum key distribution systems [11] have
been reported. The transference of quantum information
between polarization and transverse mode degrees of free-
dom was proposed and experimentally demonstrated [12].
Recently, two-qubit states encoded in transverse modes and
polarization have been applied for experimental realiza-
tion of a quantum game, namely the quantum prisoners
dilemma [13].

Hermite–Gauss (HG) and Laguerre–Gauss (LG) are
important examples of transverse spatial modes used to
describe light beams. An interesting property of the first-
order HG and LG modes is the fact that they have a
geometrical representation similar to Poincaré sphere used
to describe polarization states [14]. For Hermite–Gaussian
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beams propagating along z-direction, the field distribution
is given by
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where w(z) =
√

w2
0(1 + z/zR) is the width of the

beam, with w0 being its waist, zR is the Rayleigh length,
R(z) is the wave front radius, and the phase factor
exp(i arctan z/zR) is a longitudinal phase, so-called Gouy
phase [15, 16]. For a Gaussian beam passing through a
lens, the Gouy phase can be observed along the propaga-
tion around the focal plane of the lens. The Gouy phase has
important applications and its physical origins is discussed
in Ref. [17].

In this work, we exploit the Gouy phase acquired by
Hermite–Gaussian beams to propose and experimentally
demonstrate an optical circuit to control the phase of trans-
verse spatial modes using polarization. Here, the polariza-
tion and spatial modes degrees of freedom determine the
optical state that will acquire the Gouy phase. In Section 2,
we introduce the optical circuit in detail. Section 3 presents
the experimental results and the corresponding discussions.
In Section 4, we show how our scheme can be applied for
implementing a two-qubit quantum phase gate. Finally, in
Section 5, we present our conclusions.

2 Conditional Phase Control

The core of our proposal is the Gouy phase acquired by
Hermite–Gaussian modes passing into an astigmatic mode
converter depending on the polarization state. The well-
known Gouy phase [15] can be observed when a laser beam
is focused. An isotropically focused Hermite-Gaussian
mode HGm,n(x, y, z) propagating along the z−direction
has the Gouy phase given by

�m,n = (m + n + 1)arctan(
z

zR

). (3)

The Rayleigh length zR is equal for the transverse direc-
tion in the isotropic case. For an astigmatic beam, the
Rayleigh length is different for transverse orthogonal direc-
tions (zRx �= zRy) which lead us to the following Gouy
phase

�m,n = (m + 1

2
)φx + (n + 1

2
)φy, (4)

with φα = arctan(z/zα), α = x, y. Cylindrical lens nat-
urally produces this kind of astigmatism and it is exploited
to construct the astigmatic mode converter, largely used
to convert first-order Hermitian-Gaussian into Laguerre-
Gaussian beams and vice versa [18].

Figure 1 shows the basic scheme of the mode converter.
Two identical cylindrical lenses with focal length f are posi-
tioned at a distance d from each other. The direction along
the longer part of the cylindrical lens defines the orientation
of the converter. This direction can be rotated by an angle
θ with respect to the horizontal (x-direction). Note that the
beam is astigmatic only in the region between the lenses.

From (4), we can easily understand the different Gouy
phases acquired by different orders of Hermitian-Gaussian
beams in an astigmatic mode converter due to the differ-
ence between φx and φy . In addition, the amount of acquired
phase � depends on the distance between the lens and it can
vary continuously with respect to this parameter.

The matrix formalism is very useful to describe the action
of the astigmatic converter on the HG modes. The matrix
for the converter φ oriented at θ = 0 with respect to the
horizontal C(0, φ) presented in Ref. [19] can be generalized
by using the rotation matrix R(θ) as

C(θ, φ) = R(θ)C(0, φ)R(−θ), (5)

leading us to

C(θ, φ)

=
[

cos2(θ) + eiφ sin2(θ) (eiφ − 1) sin(θ) cos(θ)

(eiφ − 1) sin(θ) cos(θ) sin2(θ) + eiφ cos2(θ)

]
(6)

where θ is the converter orientation and φ is the Gouy phase
imprinted by the mode converter. The most common mode
converters are the π/2 and the π type [18]. The π/2 type
is obtained positioning the lens at distance d = √

2f . This
converter introduces a phase difference of π/2 between the
HG0,1 and HG1,0. It is used to convert HG mode into LG
mode. The π type converter introduces a phase difference
of π between HG0,1 and HG1,0. This converter is obtained
by setting d = 2f and it can be used to convert Laguerre-
Gaussian beam LG+1

0 into LG−1
0 .

Fig. 1 Configuration of the astigmatic mode converter
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For the case in which HG0,1 and HG1,0 are passing
through C(0, π), we can write

C(0, π)HG1,0 = HG0,1,

C(0, π)HG0,1 = eiπHG0,1. (7)

By adding a polarization degree of freedom in the base
{H, V } to (7), we can perform a conditional phase shifting
in the first-order Hermite-Gaussian beam.

Next, let us describe how the conditional phase shift
can be experimentally performed. The experimental setup
is presented in Fig. 2. A horizontally polarized laser beam
with wavelength of 532 nm, 10 mW power, pass into a polar-
ized beam splitter (PBS − 1) in order to reject spurious
vertical polarization components and to prepare the beam
possessing horizontal polarization (H ). The beam pass into
a holographic mask in order to produce the transverse mode
HG1,0 referred as h-mode. This mode is filtered in a spatial
filter producing a HG-mode with diameter around 2.0 mm.
A half-wave Plate (HWP ) is used to set the beam polariza-
tion. Setting the fast axes of the HWP at 0◦ with respect
to the horizontal, the laser beam has H -polarization and h-
mode, referred as Hh mode. Rotating the HWP by 45◦, we
convert the H into V polarization, producing the V h mode.
In order to obtain the states associated with the HG01 called
spatial mode v, we can rotate the mask by an angle of 90◦.
Setting the HWP at 0◦ and 45◦, we produce the modes Hv

and V v.
The conditional phase control of the spatial modes is per-

formed by the optical circuit G. The mode Hh and Hv

are transmitted by the PBS − 2, and they do not pass
trough the π−mode converter. The modes V h and V v are
reflected by the PBS −2 and pass trough the π−mode con-
verter composed of two cylindrical lens with dimensions of

12.7 × 25.4 mm possesing a focal lengh f = 12.5 mm. By
(7) only the mode V v acquires the π -phase. The PBS − 3
recombines the two arms.

In order to compare the phase difference between the
beam passing trough the π−mode converter and the free
propagating beam, a reference beam is needed. A balanced
beam splitter (BS − 1), placed immediately after the mode
preparation, separates the reference and the mode sent into
the optical circuit.

The output of the circuit G will interfere with the refer-
ence beam in a second balanced beam splitter (BS − 2), the
interference patterns are projected in a plane, and the image
of the interference fringes is recorded by the CCD camera.

3 Experimental Results and Discussion

The experiment was performed using the experimental setup
showed in Fig. 2. Initially, we verify the conditional phase
shift for the modes Hh and Hv, corresponding to a first data
set. The results are shown in Fig. 3. The intensity profiles
are shown in Fig. 3a and b, corresponding to the modes Hh

and V h, respectively. The interference patterns are shown in
Fig. 3c and d, where the dashed line is a guide to the eyes.
It can be seen that the center of both interference patterns
present bright fringes. This result indicates that no rela-
tive Gouy phase was acquired by the passage of the mode
V h through the π -converter. The intensity distribution of
the interference patterns can be simulated by applying the
matrix formalism to the optical circuit showed in Fig. 2.
For this case, the results are shown in Fig. 3e and f. As we
can see, there is a good agreement between the experimen-
tal results and the simulation with respect to the intensity
distributions.

Fig. 2 Experimental setup
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Fig. 3 Intensity distribution of modes Hh (a) and Vh (b). Interference
patterns of modes Hh (c) and Vh (d). Interference patterns simulations
of modes Hh (e) and Vh (f). Dashed line is a guide for the eyes

In order to quantify the relative phase, a transverse line
from each interference pattern was plotted. Figure 4a shows
the result corresponding to the mode Hh, whereas Fig. 4b
corresponds to the mode V h. The solid lines are nonlinear
fits, showing that the phase difference between these states
is practically zero, in good agreement with the expected
value. The nonlinear fit is based on the interference pat-
tern between two gaussian beams, modeled by the equation
y(x) = A0[1 − μcos(kx − δ)]e−(x−x0)

2/w0 , where A0, x0,
w0, μ, k, and δ are free parameters to fit the experimental
data. By applying this fitting into our results, we obtain the
spatial frequency k to measure the phase shift in terms of
k�x, where �x is the relative spatial displacement of the
interference patterns.

The second data set corresponds to the intensity pro-
files for the modes Hv and V v. The results are shown in
Fig. 5a (Hv) and b (V v). The corresponding interference
patterns are shown in Fig. 5c and d, where the dashed line
is also a guide to the eyes. In this case, it is observed that
there is a relative Gouy phase due to the passage through
the π -converter. Note that a dark fringe is in the center
of Fig. 4c whereas a bright fringe appears in the center

Fig. 4 Plot of a transverse line from the interference patterns corre-
sponding to the mode Hh (a) and Vh (b). Solid lines are nonlinear
fitting

of Fig. 5d, indicating a phase difference of π between the
modes. The results for the simulation are shown in Fig. 5e
and f, showing the presence of the same relative phase, in
good agreement with the experimental results.

The transverse line from each interference patterns was
also obtained in order to quantify the phase difference
between these modes. The results are shown in Fig. 6. The
profile relative to the mode Hv is shown in Fig. 6a, and
the profile relative to mode V v is presented in Fig. 6b. Per-
forming the same nonlinear fitting, we have found a phase
difference of 3.19 rad, in good agreement with the expected
π rad phase difference.

From these results, we verify the conditional phase shift
in the first-order Hermite-Gaussian beam. The input modes
were switched just by rotating the HWP, keeping the align-
ment of the reference beam for each data set. The robustness
of our proposal is based on the fact that the Gouy phase is
imprinted only on the proper transverse mode.
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Fig. 5 Intensity distribution of
modes Hv (a) and Vv (b).
Interference patterns of modes
Hv (c) and Vv (d). Interference
patterns simulations of modes
Hv (e) and Vv (f). Dashed line is
a guide for the eyes

Even though our experiment was performed using an
intense laser beam, the results show that it is possible to
control the phase of a particular classical state of the electro-
magnetic field, described in terms of polarization and spatial
mode degrees of freedom. As a consequence, our scheme
is a good candidate to implement a conditional phase gate
for photonic qubits in the context of the linear optical quan-
tum computing (LOQC) [22]. In the next section, we present
a proposal for this implementation, taking into account the
necessary changes on the experimental realization.

4 Application: Quantum Phase Gate

Quantum logic gates are important elements for imple-
menting quantum communication protocols and quantum
algorithms [20]. In a two-qubit system, quantum logic gates
can be used to perform conditional operations, where the
state of one qubit controls the state of the other one. To
implement such gates, different physical systems have been
studied. In particular, optical systems have been exten-
sively studied exploiting different degrees of freedom of the
electromagnetic field, for instance, polarization and orbital
angular momentum [21].

Concerning the LOQC, the use of single photons can be
seen as an advantage for the decoherence problem, due to
the weak interaction between photons and environment. On
the other hand, the implementation of quantum algorithms
is not easily scalable [22]. In fact, the number of optical
components used to implement some computational oper-
ation grows exponentially as a function of the number of

qubits. Knill, Laflamme, and Milburn have developed a pro-
tocol where LOQC becomes scalable using beam splitters,
phase-shifters, and photodetectors associated with detec-
tion feedback [23]. Here, we are considering a non-scalable
two-qubit LOQC to present how our optical circuit can be
applied to implement a quantum phase gate.

The two-qubit quantum phase gate φ [20] can be defined
as

G(φ) m, n〉 = eiφmn m, n〉, (8)

where G(φ) is the gate operation, m, n = 0, 1. Note that
the φ phase is acquired by the state only when m = n =
1. In order to implement a quantum phase gate, we need a
system able to give a conditional difference of phase in the
two-qubit state.

Let us discuss the quantum counterpart of our approach.
As discussed in Section 2, our circuit is only composed of
passive components. Therefore, the quantum behavior can
be observed only if the input state is prepared in a single
photon state of the electromagnetic field. Different degrees
of freedom of a single photon can be used to prepare a two-
qubit state.

In our proposal, the single-photon input state is pre-
pared possessing a linear polarization and transverse mode
HG. The qubits are encoded in polarization and transverse
mode. Following the usual notation, H−polarization and
V − polarization are associated with the states 0〉 and 1〉,
respectively. For the first-order Hermite-Gaussian mode, we
associate HG1,0 (referred as h) to the state 0〉 and HG0,1

(referred as v) to the state 1〉. Regarding the phase gate
rules, only the state 11〉 = V v〉 acquires the π phase
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Fig. 6 Plot of a transverse line from the interference patterns corre-
sponding to the mode Hv (a) and Vv (b). Solid lines are nonlinear
fitting

passing into the mode converter. Therefore, the controlled
phase shift presented in Section 2, with the input state cor-
responding to two-qubit state prepared as mentioned above,
works exactly as a quantum phase gate, as shown in the truth
table presented in Table 1. It is important to mention that
our scheme allows to implement a general phase gate by
controlling the distance between the cylindrical lenses.

By attenuating a polarized laser beam to the photo-
counting regime, we can perform measurements where

Table 1 Truth table of the quantum phase gate

Input Output

|Hh〉 = |00〉 |00〉
|Hv〉 = |01〉 |01〉
|V h〉 = |10〉 |10〉
|V v〉 = |11〉 eiπ |11〉

the quantum effects of the electromagnetic field with two
degree of freedom can be observed. All input sates needed
to verify the truth table associated with the phase gate can
be obtained by rotating the HWP and the mask. By a linear
scanning of avalanche photo-counting detectors, it is possi-
ble to measure the interference patterns. The same nonlinear
fitting can be employed in order to quantify the difference of
phase shift. Our experimental results, presented in Section 3,
can be seen as a classical limit of the quantum experiment.

5 Conclusion

In conclusion, we have proposed and experimentally
demonstrated a device for implementing a conditional
π -phase shift applied on Hermite-Gaussian beams. Our
scheme is based on an optical circuit where a Gouy phase
is imprinted depending on the polarization and transverse
spatial modes states. The experimental results show a good
agreement with the simulation of the optical circuit. It is
worth to mention that a φ-phase shift can also be imple-
mented by changing the separation of the cylindrical lenses
of the mode converter.

As an application, a two-qubit quantum phase gate can be
implemented by encoding the qubits on the transverse spa-
tial modes and polarization. The corresponding truth table
can be verified by attenuating the laser beam and perform-
ing the measurements in the photo-counting regime. To the
best of our knowledge, two-qubit single photon states have
never been exploited for implementing phase gates. For this
reason, our proposal adds a new contribution on the scenario
of optical implementation of quantum gates, where different
degree of freedoms of the electromagnetic field are used to
encode qubits.
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