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ATOMIC PHYSICS
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Abstract The presence of a temperature-dependent thermal
conductivity and the heat radiation boundary condition in the
diffusion-type heat equation driven by a Gaussian source make
it impossible to find an analytical solution for temperature
distribution in the solid-state laser media. In this work, a tem-
perature distribution for a solid-state end-pumped KTP
(KTiOPO4) crystal under a Gaussian continuous wave as a heat
source is reported.More precisely, the effects of considering the
temperature-dependent nature of the thermal conductivity of
the KTP crystal and the heat radiation from the end faces of the
crystal, in addition to heat convection, which are usually ig-
nored, were studied. It was shown that considering the temper-
ature dependence of thermal conductivity leads to significantly
different results compared to constant thermal conductivity
case. In addition, it was shown that the radiation can be influ-
ential for crystals with large surfaces from which the radiation
can occur. Making the crystal thinner, the radiation impact
becomes negligible and can be ignored.

Keywords Heat equation . Nonlinear KTP crystal .

End-pumping . Temperature . Radiation . Convection

1 Introduction

Green light lasers have found applications in fields of material
processing, biology, ophthalmology, printing, spectroscopy,
under-water communications, display technology, medicine,
industry, and pumping of solid-state lasers [1]. Continuous

waves (CW) green light lasers are being used as pumping
sources of Ti:sapphire lasers [2] and generating optical para-
metric oscillators [3].

Nonlinear processes are among the favorite methods to gen-
erate green light [4]. Crystals such as KTP [5], LBO [6], BBO
[7], and Mg:PPLN [8] are famous for their superior properties.
Among them, KTP features unique thermal and optical proper-
ties [9]. KTP possesses high nonlinear convection coefficient
(deff=7.3pm/V), high acceptance angles, high threshold damage,
high thermal conductivity [9], and small walk-off angle [10]. The
transmission range of KTP ranges from 350 to 4400 nm cover-
ing ultraviolet to mid-infrared range of the spectrum [11]. The
matching range ofKTP crystal ranges from 990 to 3300 nm [11].
With respect to these points, KTP is an excellent choice to be
used as a green-light source pumped with output of solid-state
lasers such as Nd:YAG and Nd:YVO4 [12].

Generation of heat in nonlinear crystals during the pumping
and second harmonic generation process as a result of optical
absorption [13] leads to increase in the crystal temperature [14].
The generated heat in the crystal, hence, causes undesirable
effects such as thermal lensing and phase mismatching [15],
thermal birefringence [16], reduction in output efficiency [17],
and beam quality degradation [14]. These detrimental effects
dominate much more in high-power systems [18]. Therefore,
calculation of temperature distribution in the crystal is of im-
portance. The amount of heat loaded in the crystal determines
the cooling systems needed [16]. If the crystal size is not
appropriately selected (relative to pump power), the thermal
effects may destroy it [19]. Furthermore, effective cooling
systems play a pronounced role in decreasing the detrimental
thermal effects [20].

Several researchers have investigated the thermal problem
of the laser systems numerically and/or analytically. However,
they usually took advantage of simple models such as
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considering constant physical parameters and Dirichlet
boundary condition for temperature [14]. One of these phys-
ical variables, which most often is considered as a constant, is
thermal conductivity. Thermal conductivity plays a crucial
role in cooling the laser medium. It is of importance for
nonlinear materials having higher thermal conductivity to
better exchange heat with the environment [21].

Here is worth mentioning some previous investigations
regarding thermal modeling of the laser crystals. Pfistner et al.
[22] solved the steady-state heat equation for end-pumped
Nd:YAG, Nd:GSGG, and Nd:YLF rods using finite element
method. The phase mismatching in KTP and LBO crystals due
to the heat load was calculated by Seidal andMann [23].Weber
et al. [24] solved the steady-state heat equation for Nd:YAG
rods numerically. They ignored z-derivatives of the heat equa-
tion and only considered the radial variations [24]. They took
also the advantage of the heat-convection boundary condition
[24]. The steady-state heat equation for the laser rods along the
radius and using heat-convection boundary condition was
solved by Schmid et al. [16]. Thermal conductivity of a self-
frequency-doubling Nd:LYAB crystal was investigated by
solving the steady-state heat equation [25]. Borise et al. solved
the steady-state heat equation in the cylindrical coordinates by
considering a constant thermal conductivity and heat-
convection boundary condition, analytically [26]. In order to
calculate the thermal lensing in Nd:YVO4 crystal, the steady-
state heat equation was solved by considering the thermal
conductivity tensor and heat-convection boundary condition
[27]. The steady-state heat equation was solved, in a two-
dimensional Cartesian coordinate system, for a KTP crystal
under a Gaussian CW source [10]. In the work of [10], the
authors did not consider the variations of pump power along the
crystal as well as the temperature dependence of thermal con-
ductivity [10]. The same conditions were used to investigate the
thermal effects in high-power green lasers using KTP crystal
[28]. In order to study the thermal effects in Nd:YVO4/YVO4

lasers, Li et al. solved the steady-state heat equation in 3D
Cartesian coordinates. They considered thermal conductivity
as a constant parameter [29]. A semi-analytical solution to the
steady-state heat equation was presented by Shi et al. for a
Nd:YAG crystal with constant temperature boundary condition
[30]. More recently, Sabaeian et al. [31] solved the anisotropic
steady-state heat equation by considering the Robin boundary
condition for six sides of a cubic crystal in Cartesian coordinate
analytically. In addition, the steady-state heat equation was
solved for an orthotropic lasing medium under a Gaussian-
and a top-hat-laser source by considering the heat-convection
boundary condition [14].

In order to investigate the effects of heat on the laser rate
equations, Sayahian et al. [32] solved the steady-state heat equa-
tion using a constant thermal conductivity and heat convection
boundary condition. For fiber systems, Sabaeian [33] showed
that the heat radiating from a fiber laser surface is so influential in

determining the fiber temperature such that to get a factual
answer, it should be taken into account in modeling. However,
he showed that considering the temperature dependence of ther-
mal conductivity cannot be such effective. The former results
from the large surface/volume ratio, and the latter results from the
minor changes of thermal conductivity of silica glass by temper-
ature. Furthermore, in order to study the thermally induced
birefringence in solid-core photonic crystal fiber lasers, the same
conditions were considered byMousavi et al. [34] in solving the
heat equation. Most recently, Sabaeian and Nadgaran solved the
long transient heat equation analytically by considering a con-
stant thermal conductivity and ignored the absorption of the
Gaussian source within a finite radius liquid sample in dual-
beam mode-mismatched thermal lens spectroscopy [35].

Since the thermal processes are responsible for reduction of
the efficiency in nonlinear lasers [23], solving the heat equa-
tion with the least approximations and maximum accuracy is
necessary. Accordingly, in this work, the long transient heat
equation is solved for a nonlinear KTP crystal under an end-
pumped Gaussian CW source, with attempt to reduce the
approximations already used in the literature. The numerical
calculations for the nonlinear (because of temperature depen-
dence of thermal conductivity) and inhomogeneous heat equa-
tion with convection and radiation boundary conditions
(which is famous as nonlinear boundary condition) were
performed by a home-made code based on the finite difference
method (FDM) written in Intel Fortran (IFORT).

2 Theory

The time-dependent temperature distribution in solids is ob-
tained by solving the following heat equation [26]:

ρc
∂T r!; t

� �
∂t

� ∇
!
: K Tð Þ:∇!T r!; t

� �h i
¼ Q r!

� �
; ð1Þ

where T r!; t
� �

is the temperature, ρ is the mass density, c is
the specific heat, K(T) is the temperature-dependent thermal
conductivity, and Q r!� �

is the heat source. In this work, we
considered a Gaussian source given as follows [31]:

Q r!
� �

¼ Q0exp �2r2=ω2
0

� �
exp −αzð Þ; ð2Þ

where Q0 is a normalization constant, α is the absorption
coefficient, and ω0 is the laser beam spot size. The normali-
zation constant can be calculated using the following relations
[31]:

Q0 ¼ P=2πG; G ¼ ∫
a

0
exp −2r2=ω2

0

� �
rdr∫

l

0
exp −αzð Þdz ;

ð3Þ
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where P is the green light power, and a and l are the crystal
radius and length, respectively. With a source term given in
Eq. (2), the heat equation becomes a long transient equation
[39]. The temperature dependence of thermal conductivity is
given by [22, 36, 37]:

K Tð Þ ¼ K0

T 0 þΔT
; ð4Þ

where K0 is the thermal conductivity at T0=300K, and ΔT is
the temperature change. By considering a temperature-
dependent thermal conductivity (described in Eq. (4)),
Eq. (1) becomes:

ρc
∂T
∂t

− ∇
!
K Tð Þ :∇!T þ K Tð Þ∇!2

T

� �
¼ Q r!� �

; ð5Þ

which in cylindrical coordinates takes the following form:

ρc
∂T
∂t

� ∂K Tð Þ
∂r

∂T
∂r

þ ∂K Tð Þ
∂φ

∂T
∂φ

þ ∂K Tð Þ
∂z

∂T
∂z

� 	�

þK Tð Þ ∇2
r T þ ∇2

φT þ ∇2
z T

n o�
¼ Q rð Þ :

ð6Þ

Since the heat is transferred from the central region of the
crystal to the boundaries by conduction, and then is transferred
to the environment by convection and radiation, the most
general boundary condition can be written as [38]:

�K Tð Þn⌢:∇T jboundary ¼ h T−T∞ð Þboundary þ σε T 4−T 4
s

� �
boundary ; ð7Þ

where n⌢ is an outward unit vector perpendicular to the crystal
surface, h is the heat convection coefficient, ε is surface
emissivity (ε=0.9), σ=5.669×10−8W m−2 K−4 is the
Stefan–Boltzmann constant, and T∞ and TS are the tempera-
ture of cooling fluid and environment, respectively. Different
values for heat convection coefficient have been reported,
depending on cooling mechanism. A value of h=10 W
m−2 K−1 is a common value, which is used for cooling with
air in a laboratory [2]. Other values, such as h=6.5 W m−2

K−1have also been reported and used for solid-state crystals
cooled with air [39]. If the crystal is covered with an indium
foil that is in contact with copper itself, the heat transfer
coefficients will be h=15,000 W m−2 K−1 [40]. However,
Wang et al. [41] reported two other values of h=50 W m−2

K−1 and h=20,000 W m−2 K−1 for cooling with air and
water, respectively. Therefore, to cover all reported and prac-
tical values of heat convection coefficient, we will apply all of
them in our calculations and their impact will be discussed.
The presence of T4 terms in the radiation boundary condition

(Eq. (7)) makes it impossible to present an analytical solution
for the temperature. Figure 1 shows the geometry and bound-
ary conditions for the crystal used. The lateral surface of the
crystal is kept to a constant temperature (T0=300 K) via using
a cooling fluid flowing around the crystal.

3 Numerical Procedure

Due to the azimuthal symmetry of the crystal and heating
source, the φ part in the heat equation can be dropped.
Figure 2 shows a cross-section (r–z plane) of the cylindrical
crystal under consideration along with temperature boundary
conditions. Hence, Eq. (6) is rearranged as:

ρc
∂T
∂t

� ∂K Tð Þ
∂r

∂T
∂r

þ ∂K Tð Þ
∂z

∂T
∂z

� �
þ K Tð Þ 1

r

∂T
∂r

þ ∂2T
∂r2

þ ∂2T
∂z2

� �� 	

¼ Q r!
� �

; ð8Þ

Using finite difference method, Eq. (8) can be discretized to
the following expression:

T iþ 1; j; kð Þ ¼ T i; j; kð Þ
þ Δt

ρc
T i; jþ 1; kð Þ � T i; j� 1; kð Þ

2Δr

K jþ 1; kð Þ � K j� 1; kð Þ
2Δr

þ Δt

ρc
T i; j; k þ 1ð Þ � T i; j; k � 1ð Þ

2Δz

K j; k þ 1ð Þ � K j; k � 1ð Þ
2Δz

þ Δt K Tð Þ
ρc

T i; j� 1; kð Þ � 2T i; j; kð Þ þ T i; jþ 1; kð Þ
Δr2

�

þ T i; jþ 1; kð Þ � T i; j� 1; kð Þ
2r jΔr

þ T i; j; k � 1ð Þ � 2T i; j; kð Þ þ T i; j; k þ 1ð Þ
Δz2

�

þ Q j; kð ÞΔt

ρc
;

ð9Þ

where Δt, Δr, and Δz are time, radial distance, and longitu-
dinal distance steps, respectively. Furthermore, the boundary
condition equation takes the following form:

�K Tð Þ ∓ z⌢ð Þ: ∂T
∂r

r⌢ þ ∂T
∂φ

φ⌢ þ ∂T
∂z

z⌢
� �





boundary

¼ h T � T∞ð Þ þ σε T4 � T 4
s

� �� �
boundary

; ð10Þ

Considering z⌢: r ¼ z⌢ : φ⌢ ¼ 0 , we end up with:

∂T
∂z z¼0 ¼

h T � T∞ð Þ þ σε T4 � T4
s

� �
K Tð Þ











z¼0

; ð11Þ

and

∂T
∂z z¼l ¼ −

h T � T∞ð Þ þ σε T 4 � T4
s

� �
K Tð Þ











z¼l

; ð12Þ

for entrance and end face of crystal, respectively. Since, in
factual situations, the lateral surface of the crystal gets cold by
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a coolant, the constant temperature boundary condition can be
adopted at r=a. Therefore, we have:

T r ¼ a; z; tð Þ ¼ T0 ¼ 300 K ð13Þ

The thermal and optical properties of KTP used in this
work are listed in Table 1.

4 Results and Discussions

Finite difference method was used to solve the transient heat
equation. A home-made code was written in Fortran (Ifort) and
run in the Linux operating system. The crystal under simulation
was a cylindrical KTP with a radius of a=2mm and a length of
l=20mm [17]. To show the radiation effect on the crystal tem-
perature, another radius of 5mmwas also taken for the crystal. A
TEM00 Gaussian heat source was considered with a power of
P=80Wand beam spot sizes ofωf=100mmand 3mm [17]. The
latter is used, again, to highlight the radiation effects. With the
physical and geometrical specifications used, the crystal was
divided in 200×150 (r×z) meshes to reach a high accuracy. To
insure about stability of the problem, time step was chosen to be
Δt=6.97×10−6 s. Every run took 360 s with a computational
machine with an Intel(R) Core (TM) i5 CPU 2.53 GH and 4 GB
RAM. Of course, this is a time for an optimized code.

Figure 3 shows the variations of KTP thermal conductivity
against the temperature. The figure clearly reveals a noticeable
difference between a constant thermal conductivity and a
temperature-dependent thermal conductivity.

Figure 4 shows the variations of the temperature of the
crystal with radius of a=2mm at z=0 and r=0 versus the time.
In this figure, the beam spot size has been taken to be ω=
100μm. To plot the curves, the radiation as well as the convec-
tion has been considered. As the Fig. 4 shows, since the crystal
is in thermal equilibrium with the environment, prior to
switching the heat source on, the crystal temperature starts from
300 K. It grows and reaches a constant value, which is depen-
dent on the ambient temperature and thermal properties of the
crystal. This is the steady-state value of temperature, that is, if
one solves the steady-state heat equation, this result will be
obtained. Moreover, Fig. 4 reveals a noticeable difference
between considering a constant thermal conductivity and a
temperature-dependent one. It is obvious that considering a
temperature-dependent thermal conductivity leads to a ∼
69.22K difference between two cases. Being cautious about
KTP damage, this difference is significantly important.

Figure 5 shows the crystal temperature as a function of
radial distance at the crystal entrance face [surface (B)] after
reaching steady state. This figure shows that the temperature
at the surface (B) is maximum, as a result of concentration of
the heat energy at the center and not at the boundaries. As
the radial distance is increased, the temperature drops down.

Fig. 2 The schematic illustration
of the cylinder crystal. Due to
azimuthal symmetry of crystal
and pumping source, only r–z
plane is used in the calculations.
The temperature boundary
conditions are specified at sides of
simulation domain

Fig. 1 The geometry and the
puming scheme of the crystal.
The cooling fluid flowing around
the crystal keeps the lateral
temperature constant

4 Braz J Phys (2015) 45:1–9



At r=a, the crystal temperature reaches 300K (ambient tem-
perature). The effect of temperature dependence of thermal
conductivity is illustrated, which is more pronounced around
the crystal center.

Figure 6 shows the steady-state crystal temperature on
the z-axis (line C in Fig. 6) as a function of z, when the
thermal conductivity is assumed to be constant (red
dashed curve), and when the temperature dependence of
thermal conductivity is considered (black solid curve). For
temperature-dependent thermal conductivity case, the
temperature is overall higher than that of temperature-
independent case. For 80 W heating power, an overall
70 K difference in temperature is observed.

In Figs. 3, 4, 5, and 6, we used a value of h=10W
m−1 K−1 corresponding to cooling the crystal with air
[2, 34]. To see the effect of other cooling mechanisms
discussed in the previous section, we used also the heat
convection coefficients of h=6.5,27.5,50,15,000 and
20,000 W m−2 K−1 reported in literature [2, 39–41] to
cover all practical situations. Figure 7 compares the
temperatures corresponding to different values of h at
the input facet of the crystal. As the figure shows, for
h=6.5,10,27.5 and 50W m−2 K−1, the temperature dis-
tributions are the same and the difference can hardly be
seen. But for h=15,000 and 20,000W m−2 K−1, differ-
ent temperatures occur. Therefore, it is safe to say

that for the first set of the heat convection coefficients,
a same temperature is obtained, that is, the problem is
not sensitive to the h values in a 6.5 to 50W m−2 K−1

interval. For h=15,000 and 20,000 W m−2 K−1, ap-
proximately 20 K difference is seen. Overall, perfect
cooling mechanism (h=15,000 and 20,000 W m−2 K−

1) can reduce the temperature by an amount of 20 K
relative to cooling with air (h=6.5,10,27.5 and 50W
m−2 K−1).

In all previous figures, the radiation as well as the convec-
tion boundary condition has been taken into account together.
Hereafter, to show the role of the radiation on the temperature
distribution, we use two sets of boundary conditions: convec-
tion with radiation and convection without radiation. These
choices allow us to examine the role of radiation in the cooling
of the crystal. The effect of heat radiation from the crystal
surface on the temperature has been examined in Figs. 8, 9,

Table 1 The thermal and optical properties of KTP

Quantity Values Reference

Thermal conductivity in 300 K 13 J kg−1 K−1 [11]

Absorption coefficient at 532 nm 4 m−1 [42, 43]

Specific heat 728.016 J m−1 K−1 [11, 42]

Mass density 2945 kg/m3 [11]

Fig. 3 Thermal conductivity of the KTP crystal as a constant (broken
lines) and as a temperature-dependent variable (black curve)

Fig. 4 The temporal temperature at the central point of entrance surface
of the KTP crystal (point A) with constant thermal conductivity (broken
lines) and temperature-dependent thermal conductivity (black curve)

Fig. 5 The crystal temperature as a function of radial distance in entrance
surface (surface B) for constant (red curve) and temperature-dependent
(black curve) thermal conductivity

Braz J Phys (2015) 45:1–9 5



and 10 for a crystal with radius of a=2mm and laser beam
spot size of ω=100μm, where the crystal temperature as a
function of time (Fig. 8), radial distance (Fig. 9), and longitu-
dinal distance (Fig. 10) are plotted. As these figures show,
considering the radiation boundary conditions does not pres-
ent any noticeable difference with the case in which it is
discarded. Higher heat powers have also been examined to
be sure about this statement shown in Figs. 11 and 12, that is,
the temperature is plotted versus the time for two heat powers
of 120 and 200 W at the point (A).

So far, the radiation has not shown any significant effect on
the temperature distribution of a crystal with radius of a=2
mm and laser beam spot size of ω=100μm, even with in-
creasing the heating power. However, our calculations show
that under certain conditions, the radiation can be influential.
For a crystal with radius of a=5 mm irradiated with a laser
beam with a spot size of ω=3mm and heat power of 530 W,

the radiation can show itself as a significant reduction in the
temperature at the crystal beginning and end faces. Figure 13
shows the temperature along the crystal axis at r=0 for two
cases of convection without radiation (black solid curve) and
convection with radiation (red dashed curve). As the figure
shows, the heat radiation from a larger surface considering a
larger beam spot size results in a reduction of the temperature
with a ∼15K at the input facet and a ∼10K at the output facet.
The figure, however, indicates that for middle points of the
crystal, the temperatures are the same, whether or not the
radiation is taken into account.

Therefore, it can be concluded that considering the radia-
tion boundary condition for crystals with small radii cannot be
influential in the temperature distribution of the crystal. As a
result, less numerical complexity will be encountered for this
type of problem. However, for large radii along with large
laser beam spot sizes, radiation can be effective on the

Fig. 6 The crystal temperature along the crystal length with constant
thermal conductivity (red curve) and temperature-dependent thermal
conductivity (black curve)

Fig. 7 The crystal temperature at the input facet of the crystal for
different values of heat convection coefficient. The temperature-
dependent thermal conductivity has also been used

Fig. 8 The temporal temperature at the center of input surface of KTP
crystal considering convection boundary condition (black curve) and both
radiation- and convection-boundary conditions (red curve)

Fig. 9 The crystal temperature along the radial distance at the entrance
surface considering convection boundary condition only (black curve)
and both radiation- and convection-boundary conditions (red curve)

6 Braz J Phys (2015) 45:1–9



temperature distribution.We notice that the convection always
plays its crucial role in determining the temperature, which
has been discussed fully in [31, 39].

5 Conclusion

In this work, the transient heat equation for a KTP crystal
under an end-pumped CW Gaussian thermal source was
solved. The temperature dependence of thermal conductivity
and heat radiation boundary condition were examined in detail
in determining the crystal temperature. It was shown that
considering the temperature-dependent nature of thermal con-
ductivity leads to considerable differences with the case in
which the thermal conductivity is considered to be constant.
This situation is in sharp contrast to fiber lasers in which the

variation of thermal conductivity with temperature emerging
from the inherent properties of silica glass is not effective [34].
This conclusion is of great importance especially for develop-
ing accurate models. Moreover, it was shown that considering
the radiation boundary condition for crystals with small radii
and small laser beam spot sizes leads to no appreciable differ-
ences compared to a case in which it is ignored. This situation
is, of course, again in sharp contrast to the fiber laser case in
which radiation plays a crucial role in determining the tem-
perature of the medium [33, 34]. In the case of crystals, it
results from the small surface/volume ratio, which prevents
huge radiation from the surface. However, increasing those
surfaces of the crystal from which radiation occurs, radiation
becomes important to achieve a realistic value for tempera-
ture. In fact, this case simulates the fiber case in which surface
for radiation is large enough. The results of this work can help

Fig. 10 The crystal temperature long the crystal length considering the
convection boundary condition only (black curve) and both the radiation-
and convection-boundary conditions (red curve)

Fig. 11 The temporal temperature at the center of entrance surface of
KTP crystal considering convection boundary condition only (dashed
black curve) and both radiation- and convection-boundary conditions
(solid red curve) for 120 W pump power

Fig. 12 The temporal temperature at the center of entrance surface of
KTP crystal considering convection boundary condition only (dashed
black curve) and both radiation- and convection-boundary conditions
(solid red curve) for 200 W pump power

Fig. 13 The temperature distribution along the crystal axis with a radius
of a=5 mm and a beam spot size of w=3 mm when convection only
(solid) and convection with radiation (dashed curve) are considered

Braz J Phys (2015) 45:1–9 7



laser designers attempting to include thermal effects in their
setups.

Acknowledgments Authors would like to thank Shahid Chamran Uni-
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