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Abstract

In this paper we study the blow up behavior of certain nonlinear PDE with weight on the
diffusion term.
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1 Introduction

In this paper we study the behavior of the solutions u (z,t) to the initial value
problem
Ut = Wy + u> in (0,1) % (0,7)
Uy (0,8) =z (1,8) =0 (1)
’U,|t:0 =ug >0

1
u:/ u(z,t) de
0

is the average of w at time t. It is not difficult to show that this equation
has a unique solution for finite time T' < oo, and limsup, ,pu (z,t) = oco.
Also, to avoid technicalities, we assume that wug satisfies all the necessary
compatibility conditions so that u is smooth on [0,1] x [0,T).

What intuition dictates is that if the weight of the diffusion term is large
enough, then solutions to (1) will uniformize in the following sense

where

m(ll’t
r(t)::ui()—& as t—T

Umin t)

where 1" < oo is the blow up time.
As a first instance we show the following result

Theorem 1.1. Let ug € C* ([0,1]) such that

(1) (u0)z (0) = (uo)z (1) =0

(ii) fol wcos(jrx)dr >0
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Then, there is € > 0 such that if

(UO)maa:

<l+4e
(UO)min

then
Umazx (t)

Umin (t)

Different Theorems (though similar to the previous one) are considered in.
We specially note that one can show a uniformization result for an equation
with memory (subsection 4.1).

Beyond what is actually proven in this note, we want to propose a new
method to prove this type of result for Initial Value Problems of the form,

up = f(u,t) Au+u? in Qx[0,7T)
%Zu(a:,t) =0 on 90x(0,T)
u(x,0) =wug(z) >0

—1 as t—T

Of course this is by no means a complete work, but an initial effort.
Our heuristic arguments (and what induces us to believe that this method
could work in full generality, please see Section 5) rely a lot on some sort of
“probabilistic” arguments.

The profile behavior of certain types of nonlinear heat equations have
been observed and studied by several authors (see [3] or [4] and the references
therein). One of our motivation comes from the study of the Ricci flow with
boundary conditions in dimension 2. In this particular case, the evolution
equation for the curvature is given by

t
R; = exp </ R(x,7) d7'> AR+ R?
0

And it is shown in [2] that the curvature uniformizes in the sense described
above (our equation with memory is similar to the Ricci flow equation for the
scalar curvature).

Let us give an idea of what our methods are. To prove Theorem 1.1
we propose the following argument. First we approximate problem (1) by a
discretization in time. Then we show the following estimates

Lemma 1.2. Let v be a solution to the problem (k > 0 is a constant),

v = kg, in (0,1) x (0,00)
vy (0,8) = vy (1,¢) =0
v]¢=0 = vo

And vy satisfies hypothesis (i) and (ii) of Theorem 1.1, then
r(t) <1+ (rog—1)exp (—k7r2t)
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Lemma 1.3. Let v be a solution of
{ vy = v?
V]i=0 >0
Then if Vo = Upmag (0), the following estimate holds,
r(t) <14 (r(0) —1)exp (2Vot)
for 0 <t < 5=

A combination of these lemmas will produce the following

Proposition 1.4. There is € > 0 such that if v (0) < 1+ € then it remains
sofor0<t<T

Finally we show the following estimate. There is a § > 0 such that

r(8) <1+ (r(0) = 1) exp <—5 /O e (7) dT>

From the fact that . (t) is non integrable, will follow that
r(t)—1 as t—T

This paper is organized as follows. In section 2 we describe the discretization
procedure which in Numerical Analysis is known as “splitting up” method.
We show that if T" is the blow up time, for any 0 < 7 < T the approximations
given by the method converge to a solution of (1) in [0,7]. In Section 3 we
prove some estimates and then Theorem 1.1; in Section 4 we present a couple
of different results obtained by following some of the ideas in the proof of
Theorem 1.1; in Section 5 we present some of the heuristics that make us
believe our methods can be used in more generality.

2 Approximation procedure

The scheme we consider is the following. For a given 7 > 0 fixed we take a
partition,

0=ty <t <t1+%<t2+%<...<tk_1<tk71+%<tk:T<T

0
where t; =30 and tj+%:tj+§

Define w as follows. On the interval [t;, tﬁ%) define it as the solution of the

IVP
wy =W (tj) Waa in (0,1) x (0,00)
wy (0,t) = w, (1,¢) =0 (2)
Wli=t; = w (7, ;)
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And then define w in the interval [tj+%’tj+1) as the solution of

Wt = w2
w|t:tj+% - (x’tj+%>

Before we show that the approximation procedure converges to the unique
solution of Problem (1), we need the following Lemma,

(3)

Lemma 2.1. Assume 0 < ug < C, and that u satisfies

up = kg, in  (0,1) x (0,00)
g (0,1) = ug (1,) =0
Ut=0 = U0o

Then, the derivatives of u satisfy,

9
ox

< max
z€[0,1]

)nu(m)

0

((%E)nuo (z)

Proof. We compute evolution equations for the spatial derivatives,

ot

2

) R

()

2

(&) *

and the boundary conditions for n odd and even respectively,

2 2
(&) w0 =|&)*  uan| =0
k 2 k 2
Z@) " won] =& |&) o] =0

The estimate follows from the Maximum Principle. O

Remark 2.2. The previous Lemma shows that as long as w, the solution
produced by the approximation procedure, is bounded we can bound any number
of derivatives in terms of the derivative of the initial condition and the bound
on w.

Proposition 2.3. The proposed scheme converges uniformly along a sequence
0 — 0 to the unique solution of (1)

Proof. We fix p to be the interval of existence of the unique solution of

Zt:,22
{ z(x,0) = up (z) > 0.

Then, the maximum principle shows that on [O, g), w, the approximation
produced by the approximation procedure, is uniformly bounded from above
by

max z (z,t)

(z,t)€[0,1]x[0,2]
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Define,

@ (w(z,tjy1) —w(w,t;)) (4)

We are going to show that for a sequence § — 0 vy converges uniformly, and
also satisfies an equation of the form

o (x,t) = w (z,t;) +

2
o =5 (£) vae + (v0> + Holder function of 4 (5)

This wherever v; exists, which is everywhere with the exception of finitely
many points. This will show that for a sequence § — 0 the sequence of v%’s
thus defined converges uniformly on [O, £) to a weak solution of (1). By
uniqueness and regularity, the result follows on [0, g] It is then clear how to
show that indeed this is true for any compact subinterval of [0, T).

To show the uniform convergence statement, the estimates in Lemma 2.1
and a diagonalization argument show that we can find a dense set {tx} C
[0,£), such that v? (2, ;) converges uniformly to a function v (z,t;) for t
fixed along a sequence {6,,},,. We can pick the sequence {6,,},, in such a way
that 8; = g0, for a positive integer ¢ whenever m > [. By its definition (given
in equation 4), we can bound Ufl on the interval [nf;, (n + 1) §;]. This bound
does not depend on [, it only depends on the modulus of z. Call this bound M.
Using this fact, one can show that the convergence is uniform. Indeed, Let € >
0, choose N > 0 such that if m > 1 > N, then |v€l (z,tg) — vom (x,tk)| <5
for all z and k. Given any ¢ € [0, 5) we find n such that t € [nfp,, (n + 1) 6p,).
Let t; be such that [t — t;| < 537. Then using the triangle inequality we can
bound

‘vgl (z,t) — v (x,t)’ <e

Let us proceed to show that our sequence satisfies equation (5) (for conve-
nience, we will drop the superscript ). Differentiating (4) with respect to ¢
and applying the mean value theorem we obtain

( (xvtj-i-l) —w (xvtj))

(w (@, tjy1) —w (x,tj+%)) + % (w (m,tﬂ_%) — w(m,tj))
"(x,71) +w' (x,72)

Vo=

1
6
2
9
w
with ™ € (tj,tﬁ_%) and 7 € (tj+%,tj+1). Therefore

v = () We (x,71) + w? (2, 72)

On one hand we have

W (t5) Wez (2, 71) = V() Vg (2, 8)] < |0 (&) |0z (2, T1) — Uiz (2, 8)]
+ [ (t5) = v (¢)| |vae (2, 1)]
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We start now bound the term |w (¢;) — v (¢)|. First notice that

w(t)-v(t) = 25 @ () - (1))
_ @(m(tm)—w(tﬂ;».

2

From this follows that (by (3), notice also that we are using the fact that the
solution to (2) has constant average in space),

[w(t;) — v (t)] < CO
On the other hand,
(o (x7t) — Wey (5E77'1) = Wz (IL‘, tj) — Waz (IL‘, Tl)
200 (i (2, t41) — Wi (x’tﬁ%))
By the Schauder estimates, we have the following bounds
|w:m: (.Z', tj) — Wge (x7 Tl)' < Co”

’wm x,t ) — Wy (a:,tj)‘ < Co~

i+
where C' depends on @ (¢;) and a bound on |wgy, (x,1;)| independent of the
patition, which indeed we can produce by the observation following Lemma

2.1.
The estimate

‘wm (@, tj41) — Waz (J;,tj+%>’ < C0
is obtained from (3) without difficulty. O

Remark 2.4. We can apply the same scheme to a problem of the form

{Ut:f<U)AU+u2 in (0,1) x (0,7)
g (0,8) =, (1,8) =0

under the assumption that f is smooth.

3 The Estimates
In order to show our first estimate, the following fact will be useful

Lemma 3.1. Let u be a solution to

Ut = Ugy in  (0,1) x (0,00)
{ ug (0,8) =uz (1,t) =0

in [0,1] x (to,t1). Let x¢ be an interior relative minimum point of u (-, t).
There is € > 0 and ¢ (€) > 0 such that u (-, T) is increasing on (x; — €, T4 + €)
for T e[t,t+9).
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Proof. Since u,, satisfies a heat equation, its zeroes are isolated. Hence,
using the fact that z; is a relative minimum of w (-,¢), we can find € > 0
and § > 0 such that if x € (2 —€,2¢+¢€) then ug, (z,t) > 0 and
Upg (T4 €,7) ,Uzg (¥ —€,7) > 0 for 0 < 7 < §. By the Maximum Princi-
ple we must have wuy, (z,t) > 0 for (z,t) € (zy — e, x4 +€) X [t, £+ ) .

O

Lemma 3.2. Let v be a solution to the problem

vy = kugy in  (0,1) x (0,00)
vy (0,8) = v, (1,8) =0 (6)
V]i=o = v9 >0

Assume vy satisfies hypothesis (i) and (i1) of Theorem 1.1, then
r(t) <1+ (rg—1)exp (—k7r2t) (7)

Proof. We will show that the time interval where (7) holds is open and closed.
Since it is valid at ¢ = 0 we get the result. Closedness is easily verified. Let
us show that this interval is also open.

Let £y be such that

r(to) = 14 (r(0) — 1) exp (—km>to)
We will show that
r(t) < 1+ (r(to) — 1) exp (—kn* (t — to))

for a short time ¢ € [tg, to + ) as this implies the result.
Let U (t) = max,ep, 1) u (v,t). Write

u(z,t) =mng+ anexp (—k‘71'2j2 (t —to)) cos (kmjz)
Jjz1

By hypothesis (ii) we have

U(t)=no+ Y njexp (—kn’j* (t — to))
i>1

and this yields,

U(t)—u(z,t)= Z (n; — ajnj) exp [—k7r2j2 (t —to)]
i>1

since |j| < 1 the previous inequality together with hypothesis (ii) shows that

(U (t) —u(z,t)) exp [—km? (t — to)]
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is decreasing.
Therefore we have the estimate

Ut)—u(z,t) < (U(to) —u(z,to))exp [—k7r2 (t —to)]
From this we get

U (t) - 1+<U(t0) B u(x,to)>exp [~k (¢ — t0)]

u (z,t) u(z,t)

which produces the inequality

u (z, o)

u(z,t)

Now we have to be a little bit careful (but not much). If = is such that
uy (x,t) > 0, then we obtain the inequality

<1+ (r (to) — ) exp [—kn? (t — to)]

ele.D <1+ (r(to) — 1) exp [—kn? (t —to)]

Let xg be such that wu (xg,tg) is the minimum of u at time ty. Let V be a
small neighborhood of xy. Define

Ms={z : u(x,t) >0 for tE€[to,to+9)}
We can choose V' such that x; € V, u(a¢,t) is the minimum of w at time ¢

and x; € Ms for § > 0 small enough (this follows from Lemma 3.1). Then we
have

sup T 1 4 (1 () — ) exp [k (¢~ 1)
M u(x7t)

But 7 (t) = supyy;, uU(T(tz), and this shows the lemma.

Lemma 3.3. Let v be a solution of
UV = U2
’U‘t:() >0
Then if Vo = Upmaqz (0), the following estimate holds,

r(t) <1+ (r(0)—1)exp(2Vot) for 0<t< —
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Proof. We can solve explicitly for vpqq (%),

67
v
Umazx (t) 0

=1 Vol where
and also,

Vo = maxw (+,0)

Vo
Umin (t) = 1— 0

Then all we must show is that

Vo (1 —wot

= — < —

r(t) % (1 — V0t> <1+ (r(0) —1)exp (2Vyt)
Let t = Wy

0 with 0 < § < 1. Then

where

vo = minw (+,0)

9_ 40

t) = 7”0

r(t) =ro ( 5 _5>
So we must verify that

9_ 96
7"0(2_:;) <14 (ro—1)exp(d)

which is equivalent to the following inequality

0<ro[(2—d)exp(6) —2](ro—1)
Everything reduces then to show that (2 —d)exp (§) —2 >0
shows that

do so, consider the function f (z) = (2 — z)exp () — 2. A simple calculation

if 6<1. To
fflx)=exp(x)(l—2)>0 if =<1
Since f (0) = 0, the proof of the lemma is complete.

Notation. We will adopt the following conventions

]
rp =1 (tx), Wi=maxW (-, t)
Remark 3.4. If wqy satisfies conditions (i) and (i) in Theorem 1.1, then
(z,t) the solution to

Wt = w2
w(+,0) = wo

continues to satisfy these conditions for all ¢ > 0 (as long as the solution
exists).

(8)

Lemma 3.5. There is € > 0 such that if r (0) <1+ ¢€ then r(t) <1+e¢
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Proof. Let {to,...,tr} be the partition of the approximation. Assume that
up to time ¢; it holds that

Wmaz (t)

<l+e
wmin(t

Since in the interval [t;,¢ w satisfies

j+%)

{ wg =W (t]) Way
wy (0) =w, (1) =0

then, Lemma 3.2 yields for ¢ € {t, tj+%}

Wmazx (t)
Wmin (t)

71,2
L (ry = D exp (— W (¢ — 1))

<
< 1+e€

On the other hand, on the interval [tj+%vtj+1)a w satisfies (8). Since by the

Maximum Principle Wj+% < W;, we obtain for ¢ € [tﬂé,tﬁl]

ma:c(t)
e < 1 (g = 1) e 20 (0 04
< 1+ ((rj—1)exp —%Wj (thr% —tj)D exp [QWJ' (t —tj+%>}
< 1—|—(rj—1)exp[2—1%26)Wj(t—tj+%)]
< 1+e€

Hence, for any t € [tj,t;41] we have the estimate
r(t) <1+e, (9)

as long as 1L+25 > 2. This finishes the proof of the lemma.

As a corollary from the previous proof, we get the following estimate

Corollary 3.6. There is 6 > 0

r(t) <1+ (r(0)—1)exp <—5 /Ot Umaz (T) d7>

Proof. Fix t € [0,T), and pick a partition {¢o,...,tm+1} of [0,¢]. Then,
iterating inequality (9) yields
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where At is the size of the partition, i.e., At =t;41 —t;.
Since as At — 0

Z Wi (tj1 —tj) — 2/0 Umaz (T) dT

J=0

the estimate follows.

O
We have the following simple fact
Proposition 3.7. We have
T
/ Umnaz AT = 00
0
Proof. Let f (t) be a function equal to Upmqs at t = 0, and solving
% = 2Umaz f
Then we have
{ g (u = ) WA (0= )+ 2t (= )
an (u—f)=0
Since Upmqr — 00 as t — T', we have f — oco. But
logJJ:(((t))) = Q/Otumax (r) dr
and the statement of the proposition follows.
O

Finally, Corollary 3.6 and Proposition 3.7 imply Theorem 1.1.

4 Miscellaneous Results
In this section we illustrate another type of result that can be obtained by
the methods introduced before.

Proposition 4.1. Let

ug () = M + Z Ak cos (kmx)
k=1

Assume that we can find 8 > 0 and o > 0 such that
(i) [Ae| < Bab~!
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(ii) £+ 2% < M (n? - 1)

1—a?2
Then for o solution of (1) we have
im ufx,t) =1.
t—T u(t)

We call conditions (i) and (ii) pinching conditions.

Proof. The idea of the proof is as follows: Consider a small interval of time
[0, At] Then, on the interval [0, %] we find an approximate equation satisfied
by the Fourier coefficients of the solution of the equation

Ut:’U2
v (z,0) = ug

The explicit solution of this equation (up to first order in t) is given by,
ug (x)
1—wug(z)t

From this, and the first pinching hypothesis, we get the following estimate
for the Fourier coefficients of wu,

»(3)

For a solution of

2

v(z,t) = ~ug (x) +ug (x)7t

g

1_a2+pﬂ+M

(0%

2

< Bar~! 4 Bar~! [ ] Al
up = ulAu

Uy (O7t) = Uy (Ovt) =0

u(z,3) =v(e, 3

the Fourier coefficients are given by the formula

A A A A
Ap (At) =), <2t> exp (up27r22t> <X <2t> exp <Mp27r22t>

Now, combining these results, we obtain the formula for the Fourier coef-
ficients of a solution to (1) using the approximation scheme for ¢ small

At
Ay (At) < BaPexp ([1 ?22 + % + M — MpQWQ} 2>

From this, using a limiting process as before, we conclude that the pinching

conditions are satisfied for all time. Since @ — oo the proposition follows.
O

Remark 4.2. Notice that from the previous proof we can conclude that
limy 7 ||lu — @|| o = 0.

An example of a ug satisfying the pinching conditions of Proposition 4.1
is

[e%e] 1 k
up () =2+ Z €k (2> cos (nmz) , e = £1
n=1
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4.1 An Equation with memory

To exemplify our methods we work with a type equation that has been seldom
treated. Consider the following problem

U = exp (2 fotﬂ(r) dT) Au+ u?
ug (0,t) = ug (1,¢) =0
u(x,0) =up >0

One can show the following fact about solutions to this equation

Proposition 4.3. Under the pinching conditions of Proposition 4.1 plus ug <
1, there is an € > 0 such that if

Umax (0)

then ZLI(? — 1 whent — T.

n(t)

Proof. Assuming that a splitting up method works for this equation (and
indeed, it can be proved it does), then one can show that (and here is where
we use the hypothesis ug < 1),

exp <2/0tu(7') dr) >u(t).

The proposition follows, for conveniently chosen pinching conditions as
proposition 4.1.

<l+e

O

4.2 More General Estimates

So far our estimates on the diffusion rates for the nonlinear problem, need
some technical hypothesis. The following estimate is always true.

Proposition 4.4. A solution of (1) satisfies

r®) < 1+ (0) - Dexp (Jfy —m*4T +20 (7) dr)

+r? g [r]((:)) (1) (r(7) —1)exp (ff —m ({((j)) +2U (o) da) dr

where U = max,¢o, 1 u (v, 1).

The previous proposition is just a curious estimate. The method of proof
is the same as before. However, this estimate is not very useful. Indeed, the
righthand side of the inequality is nondecreasing, so it doesn’t show whether
the ratio improves or does not improve with time, and the reason for this is
the 72 in the second integral. Would it be possible under certain hypothesis
to improve the value of that constant?
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5 Some Heuristics

The scheme proposed to solve equations with a diffusion term plus a nonlinear
term, reduces the study of the uniformization properties of such equation to
the study of two separate problems. We can then say that there is a conflict
between two operators, one the diffusion term which tries to uniformize, and
the nonlinear term which tries to concentrate. What we did in our previous
arguments was to quantify this uniformization and concentration rates with
some technical assumptions (these are the two main estimates in the proof),
and then “compare” these rates so that we are able to decide which operator
wins the conflict. To set some terminology for the upcoming digression, we
set the following notation

Definition 5.1. Given u (z,t), let

M (t) = max u(z,t) m(t) = min u(x,t).
®) z€[0,1] (@,1) ®) z€[0,1] (@)

As we have seen before, the delicate part of our proof, and the one that
requires those frustrating and technical assumptions, is to estimate the rate
of uniformization of a solution of the heat equation. More specifically, let u
be a solution of

w = f(u,t) Au
ug (0,8) = uy (1,8) =0
w(z,0) =wug (z) >0,

if the following estimate were true without any assumptions on ug,
M (t) —m (t) < (M (0) —m (0)) exp(=11 F (to) t) (10)

where v is the first nonzero eigenvalue of the operator A with Neumann
boundary condition and F'(to) = maxgeo,1) f (u(7,t0) ,t0), then we could
expect to show, under some hypothesis on f (-, ), uniformization results as
those shown in this note for Boundary Value Problems of the form

g = f (u,t) Au + u?
uz (0,t) =uy (1,6) =0 (11)
u(x,0) = up (z) > 0.

However estimate (10) is flatantly false. It is easy to construct counterexam-
ples to show that this is not the case when f =1 (i.e., the case of the heat
equation). for instance, let

1
u(z,t) =3 +exp (—77215) cos (mzx) — gXP (—97r2t) cos (3mx) .

But this is not the point where we want to stop. We could ask if for a
given f estimate (10) is generically true, i.e, if it is true for a “big” set of
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initial conditions. If such is the case, could then be true that under certain
hypothesis on f (say for instance f (u,t) = u), and for most positive initial
conditions, solutions of (11) uniformize? Could then a density argument
be used to prove that for any positive initial condition, solutions of (11)
uniformize? We want to add a grain of faith in our believes with the following
result, which we include without a proof, and the last remark.

Proposition 5.2. Fiz 0 < vy <wvy < ... <, Let A, ={(\;) € [-1,1]" :
32N = 0,57,v3A; > 0} Then,

,u{(/\j)jeNeAn: Zyjz)\j <V%Z)\j} —0 as n— oo

Proposition 5.2 would show that if we randomly pick A1, ..., A,, and then
consider the function

u(z,t) = Z ALexp (—I/]%t) cos (vgx)
k=1

then with high probability, for a short time,
M (t) —m (t) < (M (0) —m (0)) exp (—w1t).
Remark 5.3. Consider the boundary value problem

ug = ulAu + u? in (0,1) x (0,7
ug (0,) =uy (1,8) =0 (12)
w(z,0) =ug(z) >0

We can study problem (12) using the methods in [1] (or in [{]). In par-
ticular, if Aug 4+ ug > C for a constant C, then it holds for the solution of
(12),i.e., for all time. Then we can show that the measure of the blow up set
has positive measure. Finally one can show that for any ty, — T the blow-up
time, there is a subsequence of times such that the profiles of the solution con-
verge in L? to a solution of the equation Au+u = 1 with Neumann boundary
conditions. Since we are working on the interval [0,1], then the only possible
profile is the constant function 1.
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