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Abstract
We discuss Dirichlet eigenvalue problems for powers of the Laplace operator on a Rieman-
nian manifold.
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1 Introduction

In this paper we discuss Dirichlet eigenvalue problems for the operator ∆m

on a (connected, oriented, C∞) Riemannian manifold. Here m is a positive
integer; and ∆ is the Laplace operator acting on C∞ functions, de�ned in
local coordinates (x1, . . . , xn) by

∆ = − 1√
g

n∑

i,j=1

∂

∂xi

(
gij

∂

∂xj

)
,

where
(
gij
)
is the inverse of the matrix (gij) that de�nes the metric, and g

is the determinant of (gij). All manifolds in the paper are assumed to have
dimension at least 2.

We �rst recall that if M is a compact Riemannian manifold without
boundary, then L2(M) has an orthonormal basis consisting of functions
e0, e1, e2, . . . in C∞(M) such that

∆mej = λ
(m)
j ej for m = 1, 2, 3, . . . and j = 0, 1, 2, 3, . . . , (1)

where λ(m)
0 = 0 and

λ
(m)
j =

(
λ

(1)
j

)m
for j = 0, 1, 2, 3, . . . . (2)

In fact, the case m = 1 is a standard result, and the case m > 1 follows.
If Ω is a nonempty precompact open subset of a noncompact Riemannian

manifold, the �Dirichlet spectrum� of ∆m on Ω consists of a certain sequence
of positive �eigenvalues listed by multiplicity�

λ
(m)
1 (Ω) ≤ λ(m)

2 (Ω) ≤ λ(m)
3 (Ω) ≤ λ(m)

4 (Ω) ≤ . . . , (3)
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but in this case there are no equalities analogous to (2), and it is of interest to

investigate the size of the eigenvalues λ(m)
j (Ω). In the present paper we study

the principal eigenvalues λ(m)(Ω) = λ
(m)
1 (Ω); these will be de�ned directly

in terms of the Rayleigh principle in Section 2, in order to keep the paper
reasonably self-contained. We remark that in the classical case of bounded
open sets Ω in the �at plane R2, the Dirichlet eigenvalue λ(1)(Ω) represents
the principal frequency of a drum with uniform density on the region Ω; and
the Dirchlet eigenvalue λ(2)(Ω) is the principal frequency of a �clamped plate�
with uniform density on Ω.

In Corollary 3.3 we prove that under the assumptions for Ω given above
we have

λ(m)(Ω) ≥
(
λ(1)(Ω)

)m
for m = 1, 2, 3, . . . . (4)

At the end of Section 3 we state some applications of these inequalities. For
example, Corollary 3.4 includes the statement that for nonempty, connected,
simply connected, bounded open sets in the ordinary �at plane R2, the lowest
eigenvalue λ(m)(Ω) is essentially controlled by the inradius of Ω, a result which
extends theorems of Makai [12] and Hayman [9] for λ(1)(Ω); in particular,
under these topological conditions a 2-dimensional clamped plate with a low
principal frequency must have a large inradius.

If M is a noncompact Riemannian manifold we de�ne

λ(m)(M) = inf
Ω
λ(m)(Ω), (5)

where the in�mum is taken over all nonempty precompact open sets Ω ⊆M .
If M is complete and has non-negative curvature, then Cheng [6] proved that
λ(1)(M) = 0, and it is natural to conjecture that λ(2)(M) = 0; this conjecture
is true in dimension 2 by work of Cheng and Yau [7] and Palmer [15], and in
Sections 4 and 5 we will prove that this conjecture is also true in dimensions
3 and 4.

Part of the work on this paper was done while the second author was
on Sabbatical leave at Indiana University from Central Connecticut State
University, and he is very grateful to Indiana University for its hospitality
and support.

2 Basic De�nitions

We begin with an intuitive summary of the Dirichlet spectrum of ∆m on a
precompact open subset Ω of a noncompact manifold. If Ω is su�ciently
�nice�, we expect this spectrum to consist of every real number λ such that
there exists a function u 6≡ 0 satisfying ∆mu = λu on Ω, with u and its par-
tial derivatives of all orders ≤ m− 1 vanishing on ∂Ω in some sense. We also
expect this spectrum to be countably in�nite with no point of accumulation
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in R, to satisfy the Rayleigh and minimax principles, and to lead to an or-
thogonal direct-sum decomposition of L2(Ω). In fact, a rigorous development
of these topics can be given for any nonempty precompact open subset Ω of a
noncompact Riemannian manifold, with the boundary conditions treated in
an appropriate weak sense.

In the case m = 1, discussion of these topics can be found in [2, Section
5], [4, Chapter I], [19, Chapter III], and the references given there; and the
development in the case m ≥ 2 follows similar lines. For the purposes of the
present paper we will de�ne the lowest Dirichlet eigenvalue directly by means
of the Rayleigh formula. We �rst give some standard remarks.

Remarks 2.1. Let M be a noncompact Riemannian manifold with volume
element dV , and m a positive integer. We let 〈·, ·〉 denote the usual inner
product on L2(M) = L2(M,dV ).

(a) If u, v ∈ C∞0 (M), then

〈u,∆mv〉 = 〈∆mu, v〉 =
{ ∫

(∆m/2u)(∆m/2v) dV if m is even,∫
(∇∆(m−1)/2u) · (∇∆(m−1)/2v) dV if m is odd.

(b) If u ∈ C∞0 (M) satis�es ∇u = 0 on M , then u ≡ 0 on M .
(c) If u ∈ C∞0 (M) satis�es ∆mu = 0 on M , then u ≡ 0 on M .

Part (a) follows from the Green formulas. Part (b) is well known. Part
(c) for m = 1 is a well-known consequence of the maximum principle for
harmonic functions; and the general assertion of part (c) follows from the
case m = 1 by induction.

If m is a positive integer, then we see from Remarks 2.1 that the vector
space C∞0 (M) carries an inner product

[u, v]m = 〈u,∆mv〉 for u, v ∈ C∞0 (M).

De�nition 2.2. If Ω is a nonempty open subset of a noncompact Riemannian
manifold, we de�ne

λ(m)(Ω) ≡ inf
{

[u, u]m
〈u, u〉 : u ∈ C∞0 (Ω), u 6≡ 0

}
.

This de�nition is consistent with the formula (5) stated earlier.
If a is a point of a manifoldM and r > 0, we will use the notation B(a, r)

for the open geodesic ball {x ∈M : distance(x, a) < r}.
In case M = Rn with the usual �at metric, we see from the use of homo-

theties that

λ(m)(B(a, r)) =
C

r2m
(6)

for some constant C = C(n,m).
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3 Eigenvalue Estimates

We begin our discussion of the inequalities (4) by stating the following version
of the classical Poincaré inequality (see [2, Theorem 2.26] and the references
given there).

Lemma 3.1. Let Ω be a nonempty precompact open subset of a noncompact
Riemannian manifold M . Then there is a positive constant C = C(Ω) such
that

〈u, u〉 ≤ C[u, u]1 for all u ∈ C∞0 (Ω).

From Lemma 3.1 we see that λ(1)(Ω) > 0 if Ω satis�es the hypotheses of
the lemma. We now state the basic estimate for this section.

Theorem 3.2. Let Ω be a nonempty precompact open subset of a noncompact
Riemannian manifold, and m a positive integer. Then

[u, u]m+1 ≥ [u, u]m · λ(1)(Ω) for all u ∈ C∞0 (Ω). (7)

Proof. If m is even, then (7) follows immediately from noting that for each
u ∈ C∞0 (Ω) we have

[u, u]m+1 =
∫ ∣∣∣∇

(
∆m/2u

)∣∣∣
2
dV

≥
[∫ (

∆m/2u
)2

dV

]
λ(1)(Ω)

= [u, u]m · λ(1)(Ω),

where the inequality follows from the de�nition of λ(1)(Ω) in Section 2.
We turn next to the proof of (7) when m = 1. To begin this proof, we

note that for each w ∈ C∞0 (Ω) we have
∫
|∇w|2 dV =

∫
(∇w) · (∇w) dV (8)

=
∫
w∆w dV

≤
(∫

w2 dV

)1/2(∫
(∆w)2 dV

)1/2

≤
(

1
λ(1)(Ω)

∫
|∇w|2 dV

)1/2(∫
(∆w)2 dV

)1/2

,

where the �rst inequality follows from the Cauchy-Schwarz inequality, and the
second inequality follows from the de�nition of λ(1)(Ω) in Section 2. From
(8) we conclude that

∫
(∆w)2 dV ≥

[∫
|∇w|2 dV

]
λ(1)(Ω) if w ∈ C∞0 (Ω), (9)
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which completes the proof of (7) for m = 1.
Finally, we prove (7) when m ≥ 3 is odd by noting that for each u ∈

C∞0 (Ω) we have

[u, u]m+1 =
∫ (

∆(m+1)/2u
)2

dV

≥
[∫ ∣∣∣∇

(
∆(m−1)/2u

)∣∣∣
2
dV

]
λ(1)(Ω)

= [u, u]m · λ(1)(Ω),

where the inequality follows from applying (9) with w = ∆(m−1)/2u. This
completes the proof of (7) for all positive integers m, so Theorem 3.2 is
proved.

In view of the de�nitions in Section 2, we may apply Theorem 3.2 repeat-
edly to obtain the following corollary, stated as (4) in Section 1.

Corollary 3.3. Let Ω be a nonempty precompact open subset of a noncompact
Riemannian manifold, and m a positive integer. Then

λ(m)(Ω) ≥
(
λ(1)(Ω)

)m
for m = 1, 2, 3, . . . .

The following Corollary 3.4 follows from Corollary 3.3 and (6), together
with the theorems of Makai [12] and Hayman [9]; it could be sharpened by
using further results of Hayman [9], Osserman [14], Taylor [20], and Bañuelos
and Carroll [3]. It is understood that Euclidean space Rn carries the usual
�at metric.

Corollary 3.4. There exist positive constants C = C(n) and D = D(n,m)
with the following property. Let Ω be a bounded connected open set in Rn with
inradius R > 0. If n = 2, suppose Ω is simply connected; if n ≥ 3, suppose
Ω is convex. Then

Cm

R2m
≤ λ(m)(Ω) ≤ D

R2m
.

The following Corollary 3.5 follows from Corollary 3.3 and a theorem of
McKean [11].

Corollary 3.5. Let M be a complete, noncompact, simply connected Rie-
mannian n-manifold such that all sectional curvatures are ≤ k, where k < 0
is a constant. Then

λ(m)(M) ≥ Cm,

where C is a positive constant depending only on n and k.
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4 Capacities

If K is a compact subset of a noncompact Riemannian manifoldM , we de�ne
the capacity

cap(m)(K) = inf
u

[u, u]m

where the in�mum is taken over all functions u ∈ C∞0 (M) which are identi-
cally equal to one on an open neighborhood of K. We refer to the books of
Adams and Hedberg [1] and Maz'ya [13] for discussion of capacities used by
various authors to study properties of elliptic partial di�erential operators; a
recent result of Palmer [15] concerning the capacity cap(2)(K) will be stated
in Remark 5.4(b) below.

For Euclidean space Rn with the usual �at metric, we may distinguish
two types of behavior for these capacities: we have

cap(m)(K) = 0 for every compact set K ⊆ Rn, if n ≤ 2m,

and we have
sup
K

cap(m)(K) =∞, if n > 2m,

where the supremum is taken over all compact sets K ⊆ Rn. We next show
that every noncompact Riemannian manifold has one of these two types of
behavior.

Theorem 4.1. Let M be a noncompact Riemannian manifold such that

sup
K

cap(m)(K) <∞, (10)

where the supremum is taken over all compact sets K ⊆M . Then

cap(m)(K) = 0 for every compact set K ⊆M. (11)

Proof. We use an argument concerning the weak topology on a Hilbert space
(compare to the proof of [16, Theorem 2.9]). We let

K1 ⊆ K2 ⊆ · · ·

be compact subsets of M such that M is the union of the interiors of the sets
Ki. For each i we select a function ui ∈ C∞0 (M) which is identically equal to
one in a neighborhood of Ki, and satis�es

[ui, ui]m < sup
K

cap(m)(K) + 1 <∞. (12)

We now prove Theorem 4.1 in case m is even. Regarding the real-valued
functions ∆m/2ui as elements of the separable Hilbert space H = L2(dV ), we
see from (12) and [18, The Banach-Alaoglu theorem 3.15 and Theorem 3.16]
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that there are positive integers i1 < i2 < · · · , and an element h ∈ H, such
that

uij ≡ 1 on Kij , for each positive integer j (13)

and

∆m/2uij → h weakly in H, as j →∞. (14)

Now for each integer J > 0 there is a function vJ ∈ C∞0 (M) which is a
linear combination of �nitely many functions from the sequence {uij}∞j=J ,
with positive weights adding to one, such that

||h−∆m/2vJ ||H <
1
J

; (15)

this follows from (14), the linearity of the operator ∆m/2, and [18, Theorem
3.13]. From (13) we see that these functions vJ satisfy

vJ ≡ 1 on KJ , for each J = 1, 2, 3, . . . (16)

From [17, Theorem 3.12] we see that there is a strictly increasing sequence
of positive integers {J`}∞`=1 such that lim`→∞∆m/2vJ`(x) = h(x) at dV al-
most every point x ∈M . From this and (16) we see that h is the zero element
of L2(dV ), and thus we obtain

[vJ , vJ ]m =
∫

M
|∆m/2vJ |2 dV → 0 as J →∞. (17)

IfK is any compact subset ofM thenK ⊆ KJ for all positive J su�ciently
large. It then follows from (16), (17), and the de�nition of capacity that
cap(m)(K) = 0. This completes the proof of Theorem 4.1 for even m.

In case m is odd, Theorem 4.1 follows from repeating the proof given
above for m even, with small changes: the space L2(M,dV ) is replaced by the
separable Hilbert space of vector �elds X on M , with Lebesgue-measurable
components in local coordinates, such that

∫
X · X dV < ∞ (identifying

vector �elds which agree dV almost everywhere); and the operator ∆m/2 is
replaced by ∇∆(m−1)/2.

5 Dirichlet Eigenvalues and Ricci Curvature

The main results of this section are the following.

Theorem 5.1. Let M be a complete noncompact Riemannian manifold with
non-negative Ricci curvature. If the dimension of M is 3 or 4, then

λ(2)(M) = 0.
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Theorem 5.2. Let M be a complete noncompact Riemannian manifold with
non-negative Ricci curvature. If the dimension of M is 3 or 4, then

cap(2)(K) = 0 for every compact set K ⊆M.

Note that Theorem 5.1 follows immediately from Theorem 5.2. Theorems
5.1 and 5.2 are also true in dimension 2, in which case they follow from work
of Cheng, Yau, and Palmer, as explained in Remarks 5.4 below.

We remark that Theorem 5.2 is not true for manifolds M of dimension
n ≥ 5, and in fact counterexamples are given by the Euclidean spaces Rn with
the ordinary �at metric. On the other hand, we conjecture that Theorem 5.1
is true for all dimensions n ≥ 2; as we mentioned in Section 1, a theorem
analogous to Theorem 5.1 for λ(1)(M) is well known in all dimensions n ≥ 2
[6, Theorem 4.2] [5].

The proof of Theorems 5.1 and 5.2 will depend on the results concerning
manifolds with non-negative Ricci curvature given in the following Lemma
5.3 due to Cheng and Yau [7].

Lemma 5.3. For each integer n ≥ 2 there is a positive constant C = C(n)
with the following property. If M is a complete noncompact Riemannian n-
manifold with non-negative Ricci curvature, and if u is a positive harmonic
function de�ned on an open geodesic ball B(a, r) in M , then

|∇u(a)|
u(a)

≤ C

r
.

Our proofs will also depend on the concept of a �parabolic� manifold.
There are several equivalent de�nitions for a �parabolic� manifold, and an
excellent exposition of this topic is given in [8, Sections 4 and 5]. In particu-
lar, we recall that every non-parabolic Riemannian manifold M has a Green
function G(·, ·); when y ∈ M is �xed, G(·, y) is positive and harmonic on
M \ {y} and satis�es limx→y G(x, y) = +∞; moreover, G(x, y) = G(y, x) for
y 6= x. In this paper we will use the normalization

∫

∂Ω

∂G(x, a)
∂ν

dS = 1 (18)

if a ∈M and Ω is any nonempty, precompact, smoothly bounded, connected
open set containing a; here ν is the inward unit normal vector and dS is
surface-area measure.

Remarks 5.4. Theorems 5.1 and 5.2 in dimension 2 follow from the following
two results.

(a) Cheng and Yau [7] proved that any complete 2-dimensional Riemannian
manifold with non-negative Ricci curvature must be parabolic.
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(b) If M is a complete noncompact parabolic Riemannian manifold, Palmer
proved that cap(2)(K) = 0 for every compact set K ⊆ M , and hence
λ(2)(M) = 0 (see the proofs of [15, Theorem 1.1 and Proposition 3.1]).

In the following Lemma 5.5, part (a) is an important estimate of Li and
Yau [10, Theorem 5.2], and the other statements follow immediately from this
estimate. We use the notation V (a, r) for the volume of the open geodesic
ball B(a, r).

Lemma 5.5. LetM be a complete non-parabolic n-manifold with Green func-
tion G, and suppose M has non-negative Ricci curvature.

(a) There is a positive constant C = C(n) such that

1
C
G(x, a) ≤

∫ ∞

distance(x,a)

r dr

V (a, r)
≤ CG(x, a) for x, a ∈M.

(b) If a ∈M , then limx→∞G(x, a) = 0 ,

that is, for every ε > 0 there exists a compact set K ⊆ M such that
supx∈M\K G(x, a) < ε.

(c) If a ∈M and 0 < c < d, then

∫

{c<G(·,a)<d}
|∇G(·, a)|2 dV = d− c.

(d) If n ≥ 3, then there is a positive constant C = C(n) such that

G(x, a) ≥ C

[distance(x, a)]n−2
for x, a ∈M.

Proof. As noted above, part (a) is due to Li and Yau [10, Theorem 5.2]. To
prove part (b), we let ε > 0 be arbitrary. We then have

∫ ∞

1

r dr

V (a, r)
<∞

from part (a), or from earlier theorems of Grigor'yan, Karp, and Varopoulos
(see [8, Theorem 7.3 and Section 11] and the references given there). From
this we see that there is a positive number R such that

∫ ∞

R

r dr

V (a, r)
<

ε

C
.

We then conclude from part (a) that G(x, a) < ε if distance(x, a) > R, which
completes the proof of (b).
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Part (c) follows from part (b) and the normalization (18), since Sard's
theorem implies that the open set {c < G(·, a) < d} can be exhausted by
an increasing sequence of precompact sets {cj < G(·, a) < dj}∞j=1, each of
which is a �nite union of smoothly bounded connected open sets on which
the divergence theorem can be applied to the vector �eld G(·, a)∇G(·, a).

Part (d) follows from part (a) and the Bishop volume comparison theorem.

We now give the proof of Theorem 5.2. If M is parabolic, then the con-
clusion of the theorem follows from the theorem of Palmer cited in Remark
5.4(b). Thus we assume that M is a non-parabolic manifold of dimension n
with Green function G(·, ·); We �x a point a ∈M , and write G = G(·, a).

For each ε > 0 we de�ne d(ε) to be the distance from the point a to the
closed set {G ≤ ε}, so that

B
(
a, d(ε)

)
⊆ {G > ε} for each ε > 0. (19)

We see from Lemma 5.3 that

|∇G| ≤ C1 · ε
d(ε)

on {G ≤ ε}, (20)

where C1 is a positive constant depending only on n; and we see from Lemma
5.5(d) that

[d(ε)]n−2 ≥ C2

ε
, (21)

where C2 is a positive constant depending only on n.
We next remark that for each positive number ε we can construct a C∞

function
Ψε : (0,∞)→ R

such that
Ψε = 0 in an open neighborhood of (0, ε],
Ψε = 1 in an open neighborhood of [2ε,∞), and
|Ψ′′ε | ≤ C3/ε

2 for some positive constant C3 independent of ε.
We may then de�ne uε = Ψε ◦ G, where it is understood that uε(a) = 1,
and from Lemma 5.5(b) we see that uε ∈ C∞0 (M).

For each ε > 0 we have∫

M
|∆uε|2 dV =

∫

{ε<G<2ε}
|∆uε|2 dV (22)

=
∫

{ε<G<2ε}
[Ψ′′ε ◦G]2|∇G|2|∇G|2 dV

≤ C2
3

ε4

C2
1 (2ε)2

[d(2ε)]2
ε

≤ 4(n−1)/(n−2)C2
1C

2
3ε

(4−n)/(n−2)

C
2/(n−2)
2

,
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where the �rst inequality follows from (20), Lemma 5.5(c), and the de�ning
properties of Ψε; and the second inequality follows from (21). By hypothesis
we have 3 ≤ n ≤ 4, so from (22) we see that

sup
0<ε<1

∫

M
|∆uε|2 dV <∞. (23)

Now if K is any compact subset ofM then K ⊆ {G > 2ε} for some ε ∈ (0, 1),
so that

cap(2)(K) ≤
∫

M
|∆uε|2 dV,

and hence Theorem 5.2 follows from (23) and Theorem 4.1
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