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Abstract
In this paper we discuss the relation between the existence of L2 harmonic one-forms on
a complete noncompact manifold and its structure. In particular, we prove an improved
Bochner inequality for L2 harmonic one-forms and demonstrate that in the equality case
the set of L2 harmonic one-forms spans a totally geodesic submanifold.
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1 Introduction

There is a strong relationship between the Ricci curvature of a noncompact
complete manifold Mn and the spectrum of the Dirichlet Laplacian on it. S.
Y. Cheng has proved that if the Ricci curvature of the manifold is bounded
below, RicM ≥ −(n − 1), then the lower bound of the essential spectrum of

the Dirichlet Laplacian λ1(M) satis�es λ1(M) ≤ (n−1)2

4 [1]. A restatement
of his Theorem says that there are no noncompact manifolds that satisfy the
properties RicM ≥ −4λ1(M)

n−1 + ε for some ε > 0 and λ1(M) > 0.
P. Li, J. Wang and X. Wang have investigated the case of manifolds for

which λ1(M) attains an optimal positive value. We include a brief survey of
such results:

Theorem 1.1. [6] Let Mn (n ≥ 3) be a complete conformally compact man-
ifold with RicM ≥ −(n− 1). If λ1(M) ≥ n− 2, then either

(i) H1(L2(M)) = 0, or

(ii) M splits into a warped product M = R × N, where N is a compact
manifold.

Theorem 1.2. [4] Let Mn (n ≥ 3) be a complete Riemannian manifold with

RicM ≥ −nλ1(M)
n−1 + ε for some ε > 0. If λ1(M) ≥ 0, then the �rst cohomology

group of M satis�es H1(L2(M)) = 0.

In a restatement of Theorem 1.2 one could replace the assumptions on the

manifold as RicM ≥ −(n− 1) and λ1(M) = (n−1)2

n + ε for some ε > 0.

Theorem 1.3. [5] Let Mn (n ≥ 3) be a complete Riemannian manifold with
RicM ≥ −(n− 1). If λ1(M) ≥ n− 2, then either
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(i) M has only one end with in�nite volume, or

(ii) M splits into a warped product M = R × N, where N is a compact
manifold. In this case λ1(M) = n− 2.

Their results are based on �nding optimal Bochner-type of inequalities for
harmonic functions and one-forms on the manifold. In this paper we continue
to investigate the implications of such optimal Bochner inequalities and their
relationship to the structure of the manifold.

The author would like to thank Professor Peter Li, for bringing this topic
to my attention and for the many useful discussions.

2 Main Results

We will be considering the Hodge Laplacian on smooth di�erential k-forms
on a complete noncompact manifold Mn with n ≥ 3. It is given by

∆k = δd+ dδ

where d is covariant di�erentiation and δ is the adjoint operator in the L2

pairing.
For ω, η C∞ k-forms with compact support:

∫
(∆kω, η) =

∫
(dω, dη) +

∫
(δω, δη)

So ∆ can be extended to a positive de�nite, self-adjoint operator on the space
L2(Λk), of k-forms with bounded L2 norm.

Note that in this context the Laplacian ∆ on functions has the oppo-
site sign of the standard Dirichlet Laplacian. We keep this sign in order to
maintain a consistency between the Laplacians on functions and forms even
if this is not the one usually used by geometers. We denote by λ1(M) the
lower bound of the essential spectrum of the Dirichlet Laplacian. Recall that
the essential spectrum consists of the points in the spectrum that are either
accumulation points or have in�nite multiplicity.

We begin by stating the standard Bochner Weitzenböck formula for a
harmonic form ω. For a coordinate orthonormal frame �eld {Vi}i with dual
coframe {dxj}j

−∆|ω|2 = 2
∑

i

|DViω|2 − 2(ω , Wω) (1)

where W = −∑i,j dx
i ∧ i(Vj)RViVj is the Weitzenböck tensor [7].

We have used the notation D2
XY = DXDY − DDXY , whereas RXY =

DXDY −DYDX −D[X,Y ] is the curvature tensor. The Ricci curvature of the
manifold is given by Ric(X,Y ) =

∑
i(RViXY, Vi).
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The tensor W is zero on functions and the Ricci curvature on one-forms,
as (Wω, η) = Ric(ω∗, η∗), where ω∗, η∗ are the pointwise dual vectors
corresponding to the one-forms ω, η.

If the curvature operator ρ(X,Y ) = (RXY Y,X)xo ≥ λ |X∗∧ Y ∗|2 then,
(Wη, η)xo ≥ k(N − k)λ|η|2 for any k-form η . For a proof of this relationship
and for a further exploration of the Weitzenböck tensor we refer the interested
reader to [3].

In previous literature, inequality (1) was combined with the standard
Kato's inequality ∑

i

|DVi |ω||2 ≤
∑

i

|DViω|2 (2)

to prove vanishing theorems for harmonic forms on compact and noncompact
manifolds, depending on λ1(M) (see for example [2], [7]). The computation
of stronger Bochner inequalities has allowed for the proof of the Theorems we
mentioned in the introduction.

We �rst prove an improved Bochner inequality for L2 harmonic one-forms.

Lemma 2.1. If ω is an L2 harmonic one-form on a complete manifold, then
the Bochner-type inequality

−∆|ω| ≥ 1
|ω| Ric(ω, ω) +

1
n− 1

|∇|ω||2
|ω| (3)

is true pointwise.

Proof. We now assume that the coordinate frame {Vi}i is normal at a �xed
point p. In these normal coordinates DViω = (DViωj)dx

j at p. Then,

−∆|ω|2 =
∑

i

DViVi |ω|2 = −2|ω| ∆|ω|+ 2
∑

i

∣∣DVi |ω|
∣∣2

at p. Combining this equality with the original Bochner-Weitzenböck formula
(1) we obtain

−|ω|∆|ω| =
∑

i

[ |DViω|2 −
∣∣DVi |ω|

∣∣2 ]− (ω , Wω). (4)

If we use Kato's inequality,
∑

i |DViω|2 ≥
∑

i

∣∣DVi |ω|
∣∣2, then we get the usual

Bochner formula, which allows us to conclude that the norm |ω| of a har-
monic k-form is a subharmonic function whenever the Weitzenböck tensor
is nonnegative. For L2 harmonic one-forms however, this inequality can be
improved. We use the known fact due to S. T. Yau, which states that any
L2 harmonic form ω on a complete manifold is both closed and co-closed, in
other words dω = δω = 0.
The one-form ω is given locally by ω = ωi dx

i, with the summation index
suppressed. Since δω

∣∣
p

= 0, it follows that
∑n

i=1DViωi
∣∣
p

= 0. Furthermore,
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|∑n
i=2DViωi|2 ≤ (n − 1)

∑n
i=2 |DViωi|2. Combining these two results we

obtain |DV1ω1|2 ≤ (n− 1)
∑n

i=2 |DViωi|2 and

n∑

i=1

|DViωi|2 = |DV1ω1|2 +
n∑

i=2

|DViωi|2 ≥ (1 +
1

n− 1
)|DV1ω1|2.

It follows that

∑

i

|DViω|2 =
∑

i,j

(DViωj , DViωj) =
∑

i

|DViωi|2 +
∑

i 6=j
(DViωj , DViωj)

≥ (1 +
1

n− 1
)|DV1ω1|2 + 2

∑

i>j

|DViωj |2

≥ n

n− 1
[
|DV1ω1|2 +

∑

i>1

|DViω1|2
]

=
n

n− 1

∑

i

|DViω1|2 (5)

since n
n−1 ≤ 1, for n ≥ 2.

Without loss of generality we may choose the local frame such that ω(p) =
|ω|dx1(p), i.e. ωj(p) = 0 for j 6= 1. Then, for each i

DVi |ω| =
∑

j,k

DVi(ωjdx
j , ωkdx

k)1/2 =
∑

j,k

((DViωj)dx
j ,
ωkdx

k

|ω| ) =

=
∑

j

(DViωj) δj1 = DViω1 (6)

at p.
Inequalities (5) and (6) yield the improved Kato's inequality

∑

i

|DViω|2 ≥
n

n− 1

∑

i

∣∣DVi |ω|
∣∣2. (7)

The computations we made were for the normal coordinates at p, but (7)
holds at every point of the manifold for a general coordinate frame {Vi},
since it is independent of the coordinate system used.
The Lemma follows by combining inequalities (4) and (7), and noting that
the Weitzenböck tensor is the Ricci curvature on one-forms.

The proof of Theorem 1.2 strongly relies on the above Lemma (see [4]). If
RicM ≥ −(n−1) and ω is an L2 harmonic one-form onM , then by inequality
(3)

−∆|ω| ≥ −(n− 1)|ω|+ 1
n− 1

|∇|ω||2
|ω| .
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By slightly modifying the argument in Theorem 1.2 one can get that for a
cut-o� function φ which is constant on Bp(R) and vanishes outside Bp(2R):

(λ1 − Cα)
∫

M
φ2|ω|2 ≤ C ′

∫

M
|∇φ|2|ω|2

for Cα = (1+α)(n−1)2

n−1+αn and for all α ∈ (0,∞). Observe that the right-hand-side
of the above inequality goes to zero as R → ∞, whereas the left-hand-side

converges to the L2 norm of ω. Furthermore, Cα <
(n−1)2

n and limα→∞Cα =
(n−1)2

n . If λ1 >
(n−1)2

n we conclude that
∫
M |ω|2 = 0, in other words, ω = 0

everywhere on the manifold. Conversely, if we know that there exists a non-

zero L2 harmonic one-form on the manifold, then λ1 ≤ (n−1)2

n .
It would be interesting to see what happens in the borderline case when

there exists a harmonic L2 one-form for which we have an equality in the

improved Bochner inequality (3). Note that λ1 = (n−1)2

n does not necessarily
imply such an equality in (3).

Lemma 2.2. LetMn be a complete manifold with RicM ≥ −(n−1). Suppose
that ω is a harmonic one-form on M with bounded L2 norm such that

−∆|ω| = −(n− 1)|ω|+ 1
n− 1

|∇|ω||2
|ω| (8)

at a point p.
Then the gradient of ω has the following representation at p in normal coor-
dinates:

DViωk =




−(n− 1)µ 0 0
0 µ 0

. . .

0 0 µ


 (9)

Proof. As in the proof of Lemma 2.1, we use normal coordinates {Vi} at a
point p with dual coframe {dxj}.
The improved Bochner inequality (3) in Lemma 2.1 implies that ω must in
general satisfy the inequality

−∆|ω| ≥ −(n− 1)|ω|+ 1
n− 1

|∇|ω||2
|ω|

at p, but which needs to be an equality under our assumptions. From the
proof of Lemma 2.1, it follows that the improved Kato's inequality (7) should
also be an equality at p for ω. In fact,

n∑

i=2

∣∣DViωi
∣∣2 =

1
n− 1

n∑

i=2

∣∣DViωi
∣∣2,
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which is true if and only if

DViωi = DVjωj , ∀i, j > 1 (10)

at p.
Since ω is an L2 harmonic form it follows that dω = δω = 0 everywhere on
the manifold [8].
Combining the fact that δω = 0 and equation (10) we obtain

DV1ω1 = −(n− 1)DViωi ∀i > 1

at p. The Lemma follows by denoting DViωi for i > 1 by µ.

The above Lemma is of similar nature to what happens in the equality
case of the more familiar Kato's inequality (2). It is a well known fact that if
ω is an L2 harmonic form such that

∑

i

|DVi |ω||2 =
∑

i

|DViω|2 (11)

on M , then ω is parallel and |ω| =constant.
The Theorem below gives a geometric description of the equality case in

our improved Bochner inequality.

Theorem 2.3. Let Mn be a complete manifold with RicM ≥ −(n− 1). Sup-
pose that ω is a harmonic one-form on M with bounded L2 norm such that

−∆|ω| = −(n− 1)|ω|+ 1
n− 1

|∇|ω||2
|ω| (12)

on M . Then ω spans a totally geodesic submanifold on M whose smoothness
depends on the smoothness of ω.

Proof. We again consider normal coordinates at a point p of M and assume
that ω = |ω|dx1 = ω1dx

1 at p as in the proof of Lemma 2.1.
From the computation in (6) and Lemma 2.2 we obtain

DVi |ω| = DViω1 = −(n− 1)µ δi1

Let ω∗ be the well-de�ned vector �eld dual to ω on M, such that ı(ω∗)ω =
(ω∗, ω) = 1 where ı is convolution. This de�nition implies that |ω∗| = 1

|ω|
whenever |ω| 6= 0.
Choosing p such that |ω| 6= 0 at p, we may choose V1(p) = |ω|ω∗(p).
Wherever |ω| 6= 0 we de�ne the unit vector �eld W = |ω|ω∗. In a coordinate
neighborhood of p as above W =

∑
i

1
|ω|ωi Vi.
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Furthermore, in the coordinate system with ω(p) = |ω| dx1(p)

DWW
∣∣∣
p

= DV1 [
∑

i

1
|ω|ωi Vi] =

=
∑

i

[
(DV1(

1
|ω|))ωi Vi +

1
|ω| (DV1ωi)Vi +

ωi
|ω| DV1Vi

]∣∣∣
p

=

= −
∑

i

[(DV1ω, ω)
ωi
|ω|3 Vi]p − (n− 1)µ

1
|ω|(p) V1 =

= (n− 1)µω1
ω1

|ω|3 V1

∣∣∣
p
− (n− 1)µ

1
|ω| V1

∣∣∣
p

= 0

In other words W is a geodesic vector �eld in M . By the existence and
uniqueness theorem of geodesics, the �eld can be extended inde�nitely if ω is
continuous. The Theorem follows.
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