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67! 18(&9&:07#;9 <:&80; &= "&901"(  #!9133 ;8:=1"!; &= <!38; , 13% 4 71>! $!!3 ;(8%#!%

!?(!3;#>!@A) B!:! 1 :!1@#C1(#&3 =&: !1"7 18(&9&:07#;9 <:&80 #; ;7&D3+ 1  #!9133 ;8:=1"!
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H&; <:80&; %! 18(&9&:I;9&; %! ;80!:I"#!; %!  #!9133 "&901"(1; %! <J3!:&; , A 4 713 ;#%&

!;(8%#1%&; 190@#19!3(!) /K8L ;! %1 831 :!1@#C1"#M3 01:1 "1%1 <:80& %! 18(&9&:I;9&;+ ;! :!0:!N

;!3(1 831 ;80!:I"#! %!  #!9133 "&901"(1 >L1 "8:>1; 1@<!$:1#"1; A ;! 98!;(:13 !?0@L"#(19!3(!

@&; <!3!:1%&:!; %! "1%1 <:80& %! 18(&9&:I;9&;)

9%:%!$%" ) ;$%"(" &:%<("- O80!:I"#!; %!  #!9133+ 18(&9&:I;9&;)

 !"#$%&'(()*"

/, '(0, 1&, &2 3"&4* 52(#* G !0#6! ,2 372,"* g .( G ,. (.*+*"8* ! &2 3"&4*

', !&#*+*"5.+*. ', !93&2! .&4,"50(, ', )(,+!22 0*+4!0#! W ', 372,"* g.
:.#&'(*. .*;", 09!.,. ,.4,0(!9,. ', 3"&4*. 1&, !0#&!2 ,2 .&4,"50(,. ', )(,+!22

0*+4!0#!. $!2 .('* ",!9(<!'*. 4*" =!"(*. !&#*",. > ., 0*2*0,2 (2#,",.!2#,. ",.&9?

#!'*.@ 4*" ,-,+49* 4!"! 3"&4*. .(+49,.@ 3"&4*. 0A09(0*.@ .&4,".*9&;9,.@ 2(94*#,2#,.

> !;,9(!2*.@ =," ',#!99,. B,2#", *#"*.C ,2 DEF@ DGF@ DHF@ DIF@ DJKF > DJLFM

/,! W &2! .&4,"50(, ', )(,+!22 0*+4!0#! ', 372,"* g > .,! G
&2 .&;3"&4* 2*?#"(=(!9 ',9 3"&4* ', !&#*+*"5.+*. ', W, Aut(W). N!"!

0!'! =!9*" 5-* ', g, ,O(.#, .*9!+,2#, &2 26+,"* 52(#* ', 3"&4*. G 9*.

0&!9,. !0#&!2 ,2 W, ',;('* ! ,.#&'(*. ",!9(<!'*. .*;", 3"&4*. 52(#*. > ! &2
0*2*0('* ",.&9#!'* ', P&"Q(#< DRF 1&, ,.#!;9,0, 1&, ,9 *"',2 ', G ,. 9(+(#!'*

.&4,"(*"+,2#, 4*" 84(g − 1), =7!., #!+;(72 DJFM N!"! =!9*",. 4,1&,S*. ', g,

., 0*2*0, 9! 9(.#! 0*+49,#! ', #*'*. 9*. 3"&4*. ', !&#*+*"5.+*. ', .&4,"50(,.

', )(,+!22 0*+4!0#!.@ ',#!99,. ', 7.#! 4&,',2 .," =(.#*. ,2 DKF@ DJTF@ DJEF@ DJGF@

DJHF > DJRFM U2 (+4*"#!2#, #"!;!-* ', V$*+!. W",&," DTF@ 4&;9(0!'* ,2 ,9 !S*

TXXX@ 4",.,2#! &2! 09!.(50!0(Y2 ', #*'*. 9*. 3"&4*. 1&, !0#&!2 ,2 .&4,"50(,. ',

)(,+!22 0*+4!0#!. ', 372,"* g, 0*2 2 ≤ g ≤ 48M
N!"! g ≥ 2, .,! N(g) ,9 *"',2 ',9 +!>*" 3"&4* ', !&#*+*"5.+*. ',

W. :O(.#,2 =!"(*. #"!;!-*. .*;", ,9 4"*;9,+! ', $!99!" 3"&4*. G #!9,. 1&, .&



 !  ! "#$%&#

"#$%& |G| = N(g) = 84(g − 1), '(#)*"+ $% ,)#-./012 3" %4.+/%& +)*%#56.%+ $%

(7&%#"+ 2, 4, 5 8 6 6"& /9: *#"*.%$9$2 ;& <=>?@ A:%.& B)%+/#9 C)% %4.+/% )&9 D&.69

+)*%#56.% $% (7&%#" 3 +"E#% :9 6)9: 96/)9 G = PSL(2, 7), %: (#)*" *#"8%6/.F"

:.&%9: +"E#% %: 6)%#*" $% G %:%B%&/"+ '&H/%+% C)% |PSL(2, 7)| = 168 = 84(3−1)12
I. N(g) < 84(g − 1), %&/"&6%+ :9 $%/%#B.&96.H& $% N(g) 6"&6.%#&% 9 $"+

*#"E:%B9+J %:  !"#$%&' (% %)*+,%-.*'J K"+/#9# C)% %4.+/% )&9 +)*%#56.% $% L.%M

B9&& $% (7&%#" g 9$B./.%&$" )& (#)*" $% 9)/"B"#5+B"+ $% "#$%& N(g) 8 %:

 !"#$%&' (% %$*&*-'.*/-J K"+/#9# C)% /9: +)*%#56.% &" 9$B./% BN+ 9)/"B"#5+M

B"+2

O9 %+/#)6/)#9 9:(%E#9.69 $% )& (#)*" G $9$" P)%(9 )& *9*%: .B*"#/9&/% %&

:9 $%/%#B.&96.H& $%: (7&%#" $% )&9 +)*%#56.% $% L.%B9&& 9$B./.%&$" G. Q+R@

%: *#"E:%B9 $% S9::9# +)*%#56.%+ 9$B./.%&$" (#)*"+ $% 9)/"B"#5+B"+ $% "#$%&

B94.B9: *)%$% +%# F.+/" 6"B" )& *#"E:%B9 (#)*"M/%H#.6"2

;& %+/% 9#/R6):"@ +% #%*#%+%&/9 )&9 +)*%#56.% $% L.%B9&& 6"B*96/9@ FR9 6)#F9+

9:(%E#9.69+2 T9#9 %+/"@ +% *9#/% $% )&9 +)*%#56.% $% L.%B9&& 6"&/%&.$9 %& CP
2
@

$%5&.$9 *"# )&9 6)#F9 9:(%E#9.69 .##%$)6.E:% 8 %::9 B.+B9 " +) &"#B9:.096.H& %+

)&9 +)*%#56.% $% L.%B9&& 6"B*96/9@ *9#9 :9 6)9: +% *#%+%&/9& %4*:R6./9B%&/%

:"+ (%&%#9$"#%+ $%: (#)*" $% 9)/"B"#5+B"+2 T9#9 :9 "E/%&6.H& $% :"+ #%+):/9$"+

.&6:).$"+ %& %+/% /#9E9P" +% )+9#"& 9:()&"+ #%6)#+"+ 6"B*)/96."&9:%+J ;& %: +.+M

/%B9 9:(%E#9.6" 6"B*)/96."&9: UQT 'U#)*"+@ Q:("#./B"+ 8 T#"(#9B96.H&1@ C)%

S96% 7&V9+.+ %& /%"#R9 $% (#)*"+@ +% .B*:%B%&/9#"& #)/.&9+ *9#9 S9::9# %: (7&%#"

$% )&9 +)*%#56.% 6"6.%&/% .&/%#B%$.9 8 *9#9 %&6"&/#9# :9 5#B9 6"& :9 C)% 96/)9

)& (#)*"@ $9$" %: (7&%#" $% :9 +)*%#56.% 8 %: "#$%& $%: (#)*"2 Q$%BN+ +% )/.:.0H

%: *#"(#9B9 B9/%BN/.6" K9*:%@ %: 6)9: 6"&/.%&% )& *9C)%/% $% 6)#F9+ 9:(%E#9.69+

C)% *%#B./% $%/%#B.&9# %: (7&%#" $% )&9 6)#F9 9:(%E#9.692 ;& %+/% *#"(#9B9 +%

.B*:%B%&/H )&9 #)/.&9 *9#9 #%9:.09# :"+ 6N:6):"+ #%C)%#.$"+ 6"& :"+ 9)/"B"#5+B"+

%&6"&/#9$"+2

 !"#$%&%'("#)

*#+'%,%-'  ./. 0- 1!23" G 96/)9 %& (7&%#" g +* G %+ &/(2$" *+"&"!4+&"+ 2-

1!23" (% '2,"&"!4+&"+ (% '$12-' +23%!4.*% (% 5*%&'-- ."&3'.,'W (% 16-%!" g7

8% (*.% 92% G 96/)9 6"B" (#)*" 6"B*:%/" %& (7&%#" g +* G %+ %$ 1!23" :."&3$%,";

(% '2,"&"!4+&"+ (% '$12-' +23%!4.*% (% 5*%&'-- ."&3'.,' W (% 16-%!" g7

I)*H&(9+% C)% G 96/)9 %& (7&%#" g 8 +%9 W )&9 +)*%#56.% $% L.%B9&& 6"BM

*96/9 $% (7&%#" g@ *9#9 :9 6)9: G ⊆ Aut(W)2 I% %+6#.E% G = Γ/Λ $"&$% Γ 8 Λ
+"& (#)*"+ W)6S+.9&"+ 8 Λ %+ +)E(#)*" &"#B9: $% Γ@ 6"& +.(&9/)#9 (g;−)2 I. Γ
/.%&% +.(&9/)#9 (γ;m1, m2, ...,mr)@ +% $.6% C)% G 96/)9 %& (7&%#" g 6"& +.(&9/)#9

(γ;m1, m2, ...,mr) 8 +. G = Aut(W)@ +% $.6% C)% G 96/)9@ 6"B" (#)*" 6"B*:%/"

$% 9)/"B"#5+B"+ %& (7&%#" g 6"& +.(&9/)#9 (γ;m1, m2, ...,mr12 I% *)%$% $9# C)%

G 96/)H 6"& $.V%#%&/%+ +.(&9/)#9+ %& (7&%#" g2

3H/%+% C)% %& %: 69+" $% :9 +.(&9/)#9@ (γ; m1, m2, ...,mr)@ :9 +)*%#56.% 6"M

6.%&/%@ /.%&% %+/#)6/)#9 $% +)*%#56.% $% L.%B9&& 6"B*96/9 $% (7&%#" γ 8 W →



 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

WG "# $% &$'()*)"%+, (-*).&-/,0 1$" 2$"/" #"( &-(-&+"()3-/, 2,( 4- #)5%-+$(-

, .(*- (γ; m1, m2, ...,mr)6 7,# "%+"(,# m1, m2, ...,mr )%8,4$&(-/,# #-+)#9-&"% 4-

9:(*$4- /" ;)"*-%%<=$(>)+3?

2g− 2 = | G |
[
2γ − 2 +

r∑

i=1

(
1− 1

mi

)]

/" 4- &$-4 #" ,'+)"%" 4- &,+- /" =$(>)+3?

| G |≤ 84(g− 1).

 !"#$%$&# '('(  ! 2γ + r "##$%&'(

(a1, a2, ..., aγ , b1, b2, ..., bγ , c1, c2, ..., cr)

)$ $&$*$!+', )$ G ,$ )-.$ /! (γ; m1, m2, ...,mr)01$.+'# %$!$#")'# ,- ,"+-,2".$(

• G = 〈a1, a2, ..., aγ , b1, b2, ..., bγ , c1, c2, ..., cr〉

• '#)$! (ci) = mi 3

•
γ∏

i=1
[ai, bi]

r∏
j=1

cj = 14

)!*+!,- '(. @A",("*- /" ;)"*-%% /" "B)#+"%&)-C(  ! %#/5' 6!-+' G ".+/"

$! &" ,/5$#6.-$ W, )$ %7!$#' g, .'! 6#*" (γ; m1, m2, ...,mr) ,- 3 ,8&' ,-(

• 9" $./".-8! )$ :-$*"!!0;/#<-+= ,$ ,"+-,2".$> 3

• G +-$!$ /! (γ; m1, m2, ...,mr)01$.+'# %$!$#")'#4

. /%%$*#!0 1! 2+34*0 !# 034!+"%$!0 1! 5$!,-## %*,4-%6-0

D% "#+- #"&&):% #" )%&4$)(E 4- &4-#).&-&):% &,*24"+- /" 4- -&&):% /" 5($2,# .%)+,#0

*:/$4, "1$)8-4"%&)- +,2,4:5)&-0 "% #$2"(.&)"# /" ;)"*-%% &,*2-&+-# /" 5F%"(,

G H  6 I)&J- &4-#).&-&):% ("1$)"(" -45$%,# ("#$4+-/,# 1$" #" 2("#"%+-% - &,%+)%$-<

&):%6

/%%$*#!0 !73$8-9!#6!0

D4 +",("*- G6 5-(-%+)3-0 '-K, &)"(+-# &,%/)&),%"#0 4- "B)#+"%&)- /" $%- #$2"(.&)"

/" ;)"*-%% &,*2-&+- &,% -&&):% /" $% 5($2, .%)+, G0 #)% "*'-(5, #" ("1$)"("

#-'"( &$-%/, "#+-# -&&),%"# #,% "1$)8-4"%+"#6 D% "#+" #"%+)/, #" 2("#"%+- 4- /".%)<

&):% /" -&&),%"# "1$)8-4"%+"#?



 !  ! "#$%&#

 !"#$%$&# '()(  !!"#$%& '()"*+,%$-%&  !" W #$" %#&!'()*! +'*!$,"-.!

/! 01$!'+ g2 Hom+(W) %# 0'#&+ /! 3+4!+4+'(%4+% &'!%!'5"$/+ +'*!$,")*6$

7 G #$ 0'#&+ ($*,+8  ! /*)! 9#! G "),#" :!;!),*5"4!$,!< !$ W %* !=*%,! #$

4+$+4+'(%4+ ε : G → Hom+(W)8

 * ε′ : G → Hom+(W) !% +,'" "))*6$2 !$,+$)!% %! /*)! 9#! ε, ε′ %+$ :,+&+.60*>

)"4!$,!< !9#*5".!$,!% %* !=*%,! #$ ω ∈ Aut(G) 7 #$ h ∈ Hom+(W) ,". 9#!?

ε′(g) = hε(ω(g))h−1
"#$

%&'( ())*+, '- G -, W ./-'- 0-1 )&,021/*'( .&1 3-'*& '- /, .(1 '- 41/.&0

5/)60*(,&0 K � G∗ ⊂ PSL(2, R) ()2/(,'& '*0)&,2*,/(3-,2- -, -7 0-3*.7(,& 0/8

.-1*&1 )&3.7-9& H "-7 )/:1*3*-,2& /,*;-10(7 '- W, g(W) ≥ 2$ < /, -.*3&1=03&

η : G∗ → G )&, ,>)7-& K? @7 41/.& K -0 7*:1- '- 2&10*+, - *0&3&1A& ( π1(W)?
B( A/,)*+, η 0- )&,021/<- ( .(12*1 '- ε < /, 6&3-&3&1=03& '- H/K → W. C-

0(:- D/- G∗ 2*-,- 7( .1-0-,2()*+,E

G∗ ∼=

〈
αi, βi, ρj : 1 ≤ i ≤ γ, 1 ≤ j ≤ r,

γ∏

i=1

[αi, βi]

r∏

j=1

ρj = ρm1
1 = ... = ρmr

r = 1

〉

"F$

*'-,2*=)(,'& 7&0 αiG βiG γj )&, 0/0 *3H4-,-0 -, G∗G 0- 0(:- D/-E

|ρj | = mj . " $

C* '-=,*3&0 7&0 -7-3-,2&0E

ai = η(αi), bi = η(βi), 1 ≤ i ≤ γ, cj = η(ρj), 1 ≤ j ≤ r.

@02&0 -7-3-,2&0 4-,-1(, GG

γ∏

i=1

[ai, bi]

r∏

j=1

cj = 1

<

|cj | = mj ,

'('& D/- Ker(η) -0 7*:1- '- 2&10*+, < 0- 0(2*0A()-, 7(0 A+13/7(0 F <  ?

B( 1-7()*+, '- -D/*;(7-,)*( '- ())*&,-0 *,'/)- /,( 1-7()*+, '- -D/*;(7-,)*(

-,21- ;-)2&1-0 4-,-1('&1-0?

C-(, εG ε′G ωG hG )&3& -, "#$G η, η′ : G∗ → G 7(0 A/,)*&,-0 '-0)1*2(0 (,2-1*&18

3-,2-? B( A/,)*+, h 0- 7-;(,2( ( /, (/2&3&1=03& .1-0-1;(,'& &1*-,2()*+, h∗

'- H 2(7 D/- h∗G(h∗)−1
G .1&'/)*-,'& /, (/2&3&1=03& φ : G∗ → G∗ '-=,*'&

.&1E

φ(g) = h∗g(h∗)−1. "I$



 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

"#$% #& '()*&+& &, #*-.*&+)& /*0-1020 3'+2.)0)*4'5

G∗ G

G∗ G
?

φ

-
η

?

ω

-
η′

/& /'+/& 1&#.,)05

η′ = ω ◦ η ◦ φ−1
678

9&0 B &, #.(-1.:' /& Aut(G∗) *+/.3*/' :'1 ,'# ;'2&'2'1<#2'# =.& :1&#&140+

'1*&+)03*>+ 3'2' &+ ,0 ?>12.,0 @A B, -1.:' Aut(G) × B 03).0 &+ &, 3'+C.+)'5

{η : G∗ → G, η sobreyectiva , Ker(η) libre de torsion}

:'1 ,0 ?>12.,0 7 D &+)'+3&# 03).0 &+ &, 4&3)'1 -&+&10/'1 /& G, (γ;m1, m2, ...,mr)A
E& /'+/& #& '()*&+&5

 !"#!$% &'('  !" #$%&!'$" ($)$'*+!'$" +$, ('-.! /)0&! G +$/)$) ,* 10"1*

%,*"$ +$ $2-0#*,$)%0* +$ G3*%%0!)$" "0 4 "5,! "0 $, #$%&!' ($)$'*+!' .$'&$)$%$ * ,*
10"1* %,*"$ Aut(G) × B.

",-.+'# 1&#.,)0/'# *2:'1)0+)&# :010 ,0 3,0#*<303*>+ /& 033*'+&# /& -1.:'# &+

#.:&1<3*&# /& F*&20++ #'+ 3*)0/'# 0 3'+)*+.03*>+5

 !"#!$% &'&' 6$* p -) )71$'! .'01!8 p > 39 :, )71$'! +$ "-.$'/%0$" +$
;0$1*)) %!1.*%&*"8 )! $2-0#*,$)&$" &!.!,5(0%*1$)&$ %!) *%%05) +$ Zp8 .'01!

%!) %!%0$)&$ +$ "0()*&-'* (0; p, p, p) $"<

p+ 5

6
 ! p ≡ 1(3)

!

p+ 1

6
 ! p ≡ −1(3)

B#)& 1&#.,)0/' /*3& =.& :010 p ≥ 7% ;0D 0, 2&+'# /'# #.:&1<3*& /& F*&20++

3'2:03)0# 6+' &=.*40,&+)&#8 3'+ 033*>+ /& Zp D <120 (0; p, p, p). B#)0# #.:&1<3*&#
#& /&+'2*+0+ 6-.$'/%0$" +$ =$>"%?$&@A

G'# 1&#.,)0/'# :1&3&/&+)&# #'+ .#0/'# :010 /&)&12*+01 ,'# -1.:'# =.& 03).0+

&+ #.:&1<3*&# /& F*&20++ 3'2:03)0# /& -H+&1'# I D  A J'1 &C&2:,'5

KA )* +,*!#" -".A 9&0 G, )0, =.& |G| = 6. L#0+/' ,0 &3.03*>+ /& F*&20++M

N.1O*)P #& 3'+#*-.&+% :010 ,0 <120% ,0# :'#*(*,*/0/&# ,*#)0/0# &+ ,0 )0(,0A

B+ &#)& 30#' #& /0 )02(*H+ &, -1.:' 3'11&#:'+/*&+)&A



 !  ! "#$%&#

 !"#$ %"&'(

(0 3, 6, 6) Z6

(0 2, 2, 2, 6) no

(0 2, 2, 3, 3) )3,Z6

"# $% &'()$' *+,-. %+ /')+ (0 3, 6, 6). $, '$+%(0+1+ &-' %+ +**(2# 1$% 3'4&-

Z6 = < x >. 5 ,$ 6($#$# 1-, &-,(7(%(1+1$, &+'+ $%$3(' $% 8$*6-' 3$#$'+1-'9

(x4, x, x) 5 (x2, x−1, x−1): ; 1+1- <4$ $% 3'4&- 1$ +46-)-'/,)-, 1$ Z6. $,

(,-)-'=- + Z2. 5 ,4, $%$)$#6-, ,-# 1$ %+ =-')+ Φi(x) = xi
. i = 1, 5. $, *%+'-

<4$9

(x4, x, x)
Φ5−−−→ (x2, x−1, x−1),

1$ 6+% =-')+ <4$ %+, +**(-#$, ,-# $<4(8+%$#6$,:

>+ ,$34#1+ /')+ $, ()&-,(7%$ 1$ ,$' '$+%(0+1+ &-' 4# 3'4&- 1$ -'1$# ,$(,:

"# $% 6$'*$' *+,-. ,$ 6($#$ %+ /')+ ?! @.@.A.AB. <4$ $, '$+%(0+1+ &-' %+ +**(2#

1$ %-, 1-, 3'4&-, 1$ -'1$# C. Z6 = < x > 5 )3: "# $=$*6-9 D$+ G = Z6 =
< x > ,$ 6($#$ $% 8$*6-' 3$#$'+1-' (x3, x3, x2, x4). <4$ $, %+ E#(*+ &-,(7(%(1+1

&+'+ $%$3(' $% 8$*6-' 3$#$'+1-':

D$+ G = )3 =< x, y : x3 = y2 = 1, xyxy = 1 >: ,$ 6($#$# %+, ,(34($#6$,

&-,(7(%(1+1$, &+'+ 8$*6-'$, 3$#$'+1-'$,9

$ * + ,

xy, y x, x
y, x2y x, x
y, xy, x−1, x−1

y, x2y, x−1, x−1

y, y, x, x−1

xy, xy, x, x−1

x2y, x2y, x, x−1

,(# $)7+'3-. ,$ &4$1$# '$14*(' +%34#+, 1$ 1(*F+, &-,(7(%(1+1$, &4$,6- <4$

,-# $<4(8+%$#6$,. $,6- $,. $G(,6$ 4# +46-)-'/,)- 1$ )3. <4$ %%$8+ 4# 8$*6-'

$# -6'-: "# &+'6(*4%+' ,$ 4,+'+# +46-)-'/,)-, (#6$'#-,. <4$ ,$'H# 1$#-6+I

1-, &-' Φg. g ∈ )3. + ,+7$'9 Φg(x) = gxg−1
. &+'+ 6-1- x ∈ )3: J,K9

(xy, y, x, x)





Φx−−−→ (y, x2y, x, x)
Φ

x2y−−−−−→ (y, xy, x−1, x−1)
Φy−−−→ (y, x2y, x−1, x−1)

(y, y, x, x−1)





Φ
x2−−−−→ (xy, xy, x, x−1)

Φx−−−→ (x2y, x2y, x, x−1)



 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

"#$%&'($)(* +( )#($($ ,-+ .-+#/#&#,%,(+* (xy, y, x, x) 0 (y, y, x, x−1) 0 .1(,(

+(2 .2-/%,- 31( +-$ (31#4%&($)(+5

65  ! "#!$%& '

7%8 9(% G = Z7 * |G| = 75 :-2 &% ;<2'1&% ,( =#('%$$>?12@#)A* +( -/)#($(

&% B2'% (0; 7, 7, 7) 0 +# +( C-$+#,(2% G = < x > +( )#($($ (6 ∗ 5 = 30)
.-+#/#&#,%,(+ .%2% (&(D#2 (& 4(C)-2 D($(2%,-2* %1$31( ($ 4%2#-+ C%+-+ +(

-/)#($($ 4(C)-2(+ (31#4%&($)(+* .%2% +#'.&#BC%2* C-$+#,E2(+( (& D21.- ,(

%1)-'-2B+'-+ ,( Z7* Aut(Z7) ≃ Z6* C10-+ (&('($)-+ +-$ Φi(x) = xi
*

.%2% i = 1, 2, 3, 4, 5, 6* %+F* +# +( (&#D($ C-'- 4(C)-2(+ D($(2%,-2(+G

(x, x, x5)





Φ2−−−→ (x2, x2, x3)
Φ3−−−→ (x3, x3, x)
Φ4−−−→ (x4, x4, x6)
Φ5−−−→ (x5, x5, x4)
Φ6−−−→ (x6, x6, x2)

(x, x2, x4)
{

Φ3−−−→ (x3, x6, x5)

H<,1&- %1)-'-2B+'-+ +( )#($($ ,-+ 4(C)-2(+ D($(2%,-2(+ (x, x, x5) 0
(x, x2, x4), &-+ C1%&(+ C-22(+.-$,($ % ,-+ +1.(2BC#(+ 31( $- +-$ )-.-&<D#>

C%'($)( (31#4%&($)(+* +(DI$ (& )(-2('% J5J5

7/8 9(% G * )%& 31( |G| = 245 K$%&#A%$,- &%+ +-&1C#-$(+ ,( &% ;<2'1&% ,(

=#('%$$>?12@#)A 0 1+%$,- &% (+)21C)12% ,( &-+ D21.-+ ,( -2,($ 24
+( -/)#($( &% +#D1#($)( )%/&%G

()%*+ ,%-.&

(0 3, 4, 4) /4

(0 3, 3, 6) SL(2, 3)

(0 2, 4, 12) D12

(0 2, 2, 2, 3) /4

.%2% &% B2'% 7LMJ* * 85 =(C1E2,(+( 31( ($ (+)( C%+-* +( (+)N .($+%$,-

($ 1$ 4(C)-2 D($(2%,-2 (a, b, c)* )%& 31( |a | = 3* |b | = 4* |c | = 4*
|abc | = 15 :%2)#C1&%2'($)( (& D21.- G ∼= 〈a, b, c〉 $- )#($( +1/D21.-

,( 90&-@ S $-2'%& .%2% (& .2#'- p = 2* .1(+)- 31( +# S � G* +( )#($(

31( b* c ∈ S* 0 |G| = 8. O- )#($( 1$ +1/D21.- ,( 90&-@ $-2'%& .%2%

(& .2#'- p = 3* .1(+ ,( &- C-$)2%2#- +( )-'% P = 〈a〉 0 +( )#($( 31(

G ∼= 〈a〉 ⋊ 〈b〉* %+F |G| = 12. P( )%& ;-2'% 31( G $- )#($( +1/D21.-+

,( 90&-@ $-2'%&(+* &1(D- (+ #+-'-2;- % /45

P( %C1(2,- %& %2)#C1&- QJR ,( 95 H5 S2-1DT)-$ &% &#+)% C-'.&()% ,( )-,-+ &-+ D21.-+

31( %C)1%$ ($ +1.(2BC#(+ ,( =#('%$$ ,( DE$(2-+ 6 0 J (+)N$ C-$+#D$%,-+ ($ &%+



 !  ! "#$%&#

 !  ! "#$%&#

 !"#! $% &''()* +, -./012 3(*(412 ,* 5/0,.6'(,2 +, 78*,.1 9:

 !"#$ | G | %&!'( )!*+*,-(.&/, 0*.-$!  *,*!(1$!

Z2 2 (26) 〈x : x2 = 1〉 (x, x, x, x, x, x)

Z2 2 (1; 22) 〈x : x2 = 1〉 (1, 1, x, x)

Z3 3 (34) 〈x : x3 = 1〉 (x, x, x−1, x−1)

Z4 4 (22, 42) 〈x : x4 = 1〉 (x2, x2, x, x−1)

Z2 × Z2 4 (25) 〈x, y : x2 = y2 = [x, y] = 1〉 (x, x, x, y, xy)

Z5 5 (5, 5, 5) 〈x : x5 = 1〉 (x, x, x3)

Z6 6 (3, 6, 6) 〈x : x6 = 1〉 (x4, x, x)

Z6 6 (22, 32) 〈x : x6 = 1〉 (x3, x3, x2, x4)

D3 6 (22, 32) 〈x, y : x2 = y3 = 1, xyx−1 = y−1〉 (x, x, y, y−1)

Z8 8 (2, 8, 8) 〈x : x8 = 1〉 (x4, x3, x)

Q8 8 (4, 4, 4) 〈x, y : x4 = y4 = 1, x2 = y2, xyx−1 = y−1〉 (x, y, xy)

D4 8 (23, 4) 〈x, y : x2 = y4 = 1, xyx−1 = y−1〉 (x, xy, y2, y)

Z10 10 (2, 5, 10) 〈x : x10 = 1〉 (x5, x4, x)

Z2 × Z6 12 (2, 6, 6) 〈x, y : x2 = y6 = [x, y] = 1〉 (x, xy, y−1)

D4,3,1 12 (3, 4, 4) 〈x, y : x4 = y3 = 1, xyx−1 = y−1〉 (y, (xy)−1, x)

D6 12 (23, 3) 〈x, y : x2 = y6 = 1, xyx−1 = y−1〉 (x, xy, y3, y2)

D2,8,3 16 (2, 4, 8) 〈x, y : x2 = y8 = 1, xyx−1 = y3〉 (x, (yx)−1, y)

Z2 ⋉ (Z2 × Z2 × Z3) 24 (2, 4, 6) 〈x, y, z, w : x2 = y2 = z2 = w3 =

[y, z] = [y, w] = [z, w] = 1, (x, (zwx)−1, zw)

xyx−1 = y, xzx−1 = zy, xwx−1 = w−1〉

SL2(3) 24 (3, 3, 4)

fi

x, y : x =

„

1 1
0 1

«

, y =

„

0 1
−1 0

«fl

(x, (yx)−1, y)

GL2(3) 48 (2, 3, 8)

fi

x, y : x =

„

1 1
0 −1

«

, y =

„

0 −1
−1 −1

«fl

(x, y, (xy)−1)

 !"#$# %&# '( )*#$#+"(,-!+ .# '/$ 0*&)/$ 1234567 8 9234567 #$":+ .(.($ ;!.&'/

6<

 !"#! $% &''()* +, -./012 3(*(412 ,* 5/0,.6'(,2 +, 78*,.1 9:

 !"#$ %&!'( )!*+*,-(.&/, 0*.-$!  *,*!(1$!

'1*4(*;!

 !"#!$ % & '( )* +$+ ,-+ +. #!  !"#! % #! /0+$+. !12*. 3+ #4$ 50-/4$ 678'9:; &

<78'9:; +$ =. 3!3!$ >*3-#4 : & +. #!  !"#! ' #!$ /0+$+. !124.+$ 3+ #4$ 50-/4$

PSL(2, 7) & SL(2, 3) +$ =. 3!3!$ >*3-#4 7 & >*3-#4 39 0+$/+1 2?!>+. +( @40

14.?+.2+.12! +. #! .4 !12*. 1-!.34 +# 5A.+04 3+ #! $-/+0B12+ 1412+. + +$ 1+049 $+

+$102"20= #! B0>!C (m1, m2, ...,mr) +. #-5!0 3+ (0;m1, m2, ...,mr) &  !>"2A. B0>!$

 !#+$ 14>4 (2, 2, 2, 3, 3) $+ !"0+?2!0=. +$102"2+.34 (23, 32)( 7! /0*D2>! $+112*. $+0=

3+321!3! ! #! 0+!#2E!12*. 3+ #4$ 50-/4$ ,-+ !/!0+1+. +. 321F!$  !"#!$(

 !"#$%&#'%() *" #''%+)", *" -./0+, 1)%2+, ") ,/0".1'%", *" -3)".+

0"4/"5+

G$ ! $+112*. +>/+E!0= 14. #! /0+$+. !12*. 3+ -. /!0 3+ +H+>/#4$ 3+ !##!34$ 3+ #!

0+!#2E!12*. 3+ #! !112*. 3+ 50-/4 +. -.! $-/+0B12+ 3+ I2+>!.. 14>/!1 !(

 67 89":0$+,

%( 6+! W #! .40>!#2E!12*. 3+

W̃ = {[x, y, z] ∈ CP
2 : y2z3 − x(x2 − z2)(x− az)(x− a−1z) = 0},

+. 4.1+$ /!0! 1!3! a ∈ C9 a /∈ {0, 1, −1}, W +$ -.! $-/+0B12+ 3+

I2+>!.. 14>/!1 ! 3+ 5A.+04 2, +$ 4 >-+$ 0! -. +H+>/#4 3+ -.! J!>2#2!

3+ $-/+0B12+$ 3+ I2+>!.. 14>/!1 !$ 14. !112*. 3+# 50-/4 32+30!# ;4(

@!0! F!##!0 #4$ !- 4>40B$>4$ 3+ #! $-/+0B12+9 $+ 14.$23+0! +# !- 4>40B$>4

φ 3+B.234 /40C

φ([x, y, z]) = [x,−y, z]



 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

 !"#! $% &''()* +, -./012 3(*(412 ,* 5/0,.6'(,2 +, 78*,.1 9:

 !"#$ | G | %&!'( )!*+*,-(.&/, 0*.-$!  *,*!(1$!

Z2 2 (28) 〈x : x2 = 1〉 (x, x, x, x, x, x, x, x)

Z2 2 (1; 24) 〈x : x2 = 1〉 (1, 1, x, x, x, x)

Z2 2 (2;−) 〈x : x2 = 1〉 (x, 1, 1, 1)

Z3 3 (35) 〈x : x3 = 1〉 (x, x, x, x, x−1)

Z3 3 (1; 32) 〈x : x3 = 1〉 (1, 1, x, x−1)

Z4 4 (44) 〈x : x4 = 1〉 (x, x, x, x)

Z4 4 (23, 42) 〈x : x4 = 1〉 (x2, x2, x2, x, x)

Z4 4 (1; 22) 〈x : x4 = 1〉 (x, 1, x2, x2)

Z2 × Z2 4 (26) 〈x, y : x2 = y2 = [x, y] = 1〉 (x, x, y, y, xy, xy)

Z2 × Z2 4 (1; 22) 〈x, y : x2 = y2 = [x, y] = 1〉 (y, 1, x, x)

Z6 6 (22, 62) 〈x : x6 = 1〉 (x3, x3, x, x−1)

Z6 6 (2, 32, 6) 〈x : x6 = 1〉 (x3, x4, x4, x)

S3 6 (24, 3) 〈x, y : x2 = y3 = 1, xyx−1 = y−1〉 (x, x, x, xy−1, y)

S3 6 (1; 3) 〈x, y : x2 = y3 = 1, xyx−1 = y−1〉 (x, xy, y)

Z7 7 (7, 7, 7) 〈x : x7 = 1〉 (x, x, x5)

Z7 7 (7, 7, 7) 〈x : x7 = 1〉 (x, x2, x4)

Z8 8 (4, 8, 8) 〈x : x8 = 1〉 (x6, x, x)

Z8 8 (4, 8, 8) 〈x : x8 = 1〉 (x2, x, x5)

Z2 × Z4 8 (22, 42) 〈x, y : x2 = y4 = [x, y] = 1〉 (x, x, y−1, y)

Z2 × Z2 × Z2 8 (25) 〈x : x2 = 1〉 × 〈y : y2 = 1〉 × 〈z : z2 = 1〉 (x, y, z, yz)

D4 8 (22, 42) 〈x, y : x2 = y4 = 1, xyx−1 = y−1〉 (x, x, y−1, y)

D4 8 (25) 〈x, y : x2 = y4 = 1, xyx−1 = y−1〉 (x, x, xy, xy3, y2)

D4 8 (1; 2) 〈x, y : x2 = y4 = 1, xyx−1 = y−1〉 (x, xy, y2)

Q8 8 (1; 2) 〈x, y : x4 = y4 = 1, x2 = y2, xyx−1 = y−1〉 (x, y, x2)

Z9 9 (3, 9, 9) 〈x : x9 = 1〉 (x3, x5, x)

Z12 12 (2, 12, 12) 〈x, x12 = 1〉 (x6, x5, x)

Z12 12 (3, 4, 12) 〈x, x12 = 1〉 (x8, x3, x)

D4,3,1 12 (4, 4, 6) 〈x, y : x4 = y3 = 1, xyx−1 = y−1〉 (x, xy−1, x2y)

D6 12 (23, 6) 〈x, y : x2 = y6 = 1, xyx−1 = y−1〉 (x, xy2, y3, y)

A4 12 (22, 32) 〈x, y : x = (1, 2)(3, 4), y = (1, 2, 3)〉 (x, x, y, y−1)

Z14 14 (2, 7, 14) 〈x : x14 = 1〉 (x7, x6, x)

Z2 × Z8 16 (2, 8, 8) 〈x, y : x2 = y8 = [x, y] = 1〉 (x, xy−1, y)

Z4 × Z4 16 (4, 4, 4) 〈x, y : x4 = y4 = [x, y] = 1〉 (x, y, (xy)−1)

D2,8,5 16 (2, 8, 8) 〈x, y : x2 = y8 = 1, xyx−1 = y5〉 (x, xy−1, y)

D4,4,−1 16 (4, 4, 4) 〈x, y : x4 = y4 = 1, xyx−1 = y−1〉 (x, (yx)−1, y)

Z2 ×D4 16 (23, 4) 〈x : x2 = 1〉 × 〈y, z : y2 = z4 = 1, yzy−1 + z−1〉 (x, y, yxz−1, z)

Z2 ⋉ (Z2 × Z4) 16 (23, 4) 〈x, y, z : x2 = y2 = z4 = [y, z] = 1, [x, z] = 1, (x, xzy, y, z−1),

xyx−1 = yz2〉 (x, xyz, z2, z2, xy)

D3,7,2 21 (3, 3, 7) 〈x, y : x3 = y7 = 1, xyx−1 = y2〉 (x, (yx)−1, y)

D2,12,5 24 (2, 4, 12) 〈x, y : x2 = y12 = 1, xyx−1 = y5〉 (x, (yx)−1, y)

Z2 × A4 24 (2, 6, 6) 〈x : x2 = 1〉 × 〈x, y : x = (1, 2)(3, 4), y = (1, 2, 3)〉 (y, xz, x(yz)−1)

SL2(3) 24 (3, 3, 6)

fi

x, y : x =

„

1 1
0 1

«

, y =

„

0 1
−1 0

«fl

(x, y, (xy)−1)

S4 24 (3, 4, 4) 〈x, y : x = (1, 2, 3, 4), y = (1, 4, 3, 2)〉 ((xy)−1, x, y)

S4 24 (23, 3) 〈x, y, z : x = (1, 2), y = (2, 3), z = (3, 4)〉 (x, y, yxzy, yz)

Z2 ⋉ (Z2 × Z8) 32 (2, 4, 8) 〈x, y, z : x2 = y2 = z8 = [y, z] = 1, [x, y] = 1, (x, xz, z−1)

xzx−1 = yz3〉

Z2 ⋉ D2,8,5 32 (2, 4, 8) 〈x, y, z : x2 = y2 = z8yzy−1 = z5, (x, xz, z−1)

xyx−1 = yz4 = xzx−1 = yz3〉

Z2 × S4 48 (2, 4, 6) 〈x : x2 = 1〉 × 〈y, z : y = (1, 2), z = (2, 3, 4)〉 (xy, (zy)−1, xz)

Z3 ⋉ (Z4 × Z4) 48 (3, 3, 4) 〈x, y, z : x3 = y4 = z4 = [y, z] = 1, xyx−1 = z, (x, (xy)−1, y)

xzx−1 = (yz)−1〉

S3 ⋉ (Z4 × Z4) 96 (2, 3, 8) 〈x, y, z, w : x3 = y4 = z4 = w4 = 1, [y, z] = 1xyx−1 = y−1, (xy−1, yw, xz−1)

xzx−1 = w, xwx−1 = z, yzy−1 = w, ywy−1 = (zw)−1〉

PSL2(7) 168 (2, 3, 7)

fi

x, y : x =

„

0 1
−1 0

«

, y =

„

1 1
−1 0

«fl

(x, y, (xy)−1)

 !"!#!$%&'(

"#$ %&&'()* +,- ./ 012 /34526 '7 )30'4'6819:4: '7 ) &(':2; +924)// <367)&2*

=6)/:)&09'/: '7 012 %4269&)/ >)0124)09&)( <'&920?* #!# @#ABCD* 88, !ACEFGC,

"# $%&#' "( "# $&)* +" #&) )%,"-.$/") 0/,"-"#1,2/$&) ") %( "#"3"(2* +"# $"(2-*

+"# 4-%,* +" &%2*3*-.)3*)' 5"- 67' ,&48 9:;<' &)1 N = 〈φ〉 ⊳ Aut(W) = )"

$*()/+"-& #& &$$/>( +" N "( W, #& $%&# ,-*+%$" %(& )%,"-.$/" $*$/"(2"

WN /)*3*-?& & Ĉ $*( &#4%(*) ,%(2*) +/)2/(4%/+*)' & )&@"- −1' 1' a' 1
a ' 0'∞'

2&#") A%" $%&#A%/"- &%2*3*-.)3* +" Ĉ ##"5& &# $*(B%(2* +" ")2*) ,%(2*) )*@-"

)/ 3/)3*' ")2* ,"-3/2" "($*(2-&- "# 4-%,* +" &%2*3*-.)3*) +" #& )%,"-.$/"

$*$/"(2"' "# $%&# ")' "( ")2" $&)*' /)*3*-?* & Z2 ×Z2' "C,#1$/2&3"(2"D

Aut(WN ) =

〈
T1(x) =

1

x
, T2(x) =

x− a

ax− 1

〉



   ! "#$%&#

!"#$ %"#&'(%)% &  4 )$*$ +,-.$ /% &-#$*$,0"*$" /% W1 2% 3%)3$4

Aut(W) = 〈φ1, φ2 : φ
4
1 = φ2

2 = 1, φ2φ1φ2 = φ−1
1 〉,

/$5/%6

φ1(x, y, z) = (zx2, iyz2, x3),

φ2(x, y, z) = ((x− az)(ax− z)2, (1− a2)3/2yz2, (ax− z)3).

73$,&4 .&,& a = 24 "% #8%5% 9-% (& 5$,*&(8:&)8;5 /% W̃ = {[x, y, z] ∈ CP
2 :

y2z3−x(x2−z2)(x−2z)(x− 1
2z) = 0} %" (& "-.%,0)8% /% <8%*&55 )$*.&)#&

W = 5-%>&*%5#% "% )$5"8/%,& (& "-.%,0)8% )$)8%5#% WN 8"$*$,?& & Ĉ

)$5 ($" .-5#$" /8"#85+-8/$"6 −14 14 24 1
2 04 ∞4 /% %"#& ?$,*& %( +,-.$ /%

&-#$*$,0"*$" /% (& "-.%,0)8% )$)8%5#% %" 8"$*$,?$ &  64 %@.(A)8#&*%5#%6

Aut(WN ) =

fi

T1(x) =
1

x
, T2(x) =

x + 1

2− x
: T

2
1 = T

6
2 = 1, T1T2T1 = T

−1
2

fl

!5#$5)%" %( +,-.$ /% &-#$*$,0"*$" /% (& "-.%,0)8% #8%5% B %(%*%5#$"4

*C" &D56

Aut(W) ≃ (Z2 ×Z2 ×Z3)⋊ Z2 = 〈φ1, φ2, φ3, φ4〉,

/$5/%6

φ1(x, y, z) = (−(−2z + x)(x+ z)2,−3
√
3yz2, (x+ z)3),

φ2(x, y, z) = (x,−y, z),

φ3(x, y, z) = ((2x− z)2(x− 2z), 3i
√
3yz2, (2x− z)3),

φ4(x, y, z) = ((x− z)2z,−yz2,−(x− z)3).

7"A4 "% #8%5% (& 0,*& EFGB4 4HI4 #$*&5/$ %( >%)#$, (φ1, φ5, φ6)4 /$5/%6

φ5(x, y, z) = (zx2, iyz2, x3)

φ6(x, y, z) = ((2z − x)2(x+ z), 3
√
3iyz2, (2z − x)3).

J85&(*%5#%4 "8 a = i4 "% #8%5% 9-% (& 5$,*&(8:&)8;5 /% W̃ = {[x, y, z] ∈ CP
2 :

y2z3 − x(x4 − z4) = 0} %" (& "-.%,0)8% /% <8%*&55 )$*.&)#& W = 5-%>&K

*%5#% "% )$5"8/%,& (& "-.%,0)8% )$)8%5#% WN 8"$*$,?& & Ĉ )$5 ($" .-5#$"

%".%)8&(%"6 −14 14 i4 −i4 04 ∞4 /% %"#& ?$,*& %( +,-.$ /% &-#$*$,0"*$" /%

(& "-.%,0)8% )$)8%5#% %" 8"$*$,?$ & !44 %@.(A)8#&*%5#%6

Aut(WN ) =

〈
T1(x) = ix, T2(x) =

i(ix+ i+ x− 1)

ix+ i− x+ 1
, T3(x) =

i(ix+ i− x− 1)

ix+ i− x+ 1

〉

!5#$5)%" %( +,-.$ /% &-#$*$,0"*$" /% (& "-.%,0)8% #8%5%  L %(%*%5#$"4

*C" &D56

Aut(W ) ≃ GL(2, 3) = 〈φ1, φ2, φ3〉,



 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

"#$%&'#(

φ1(x, y, z) = (ix, ξ8y, z),

φ2(x, y, z) = (i(ix + iz + x− z)(ix + iz − x + z)2, 8iyz
2
, (ix + iz − x + z)2),

φ3(x, y, z) = (i(−x + iz + ix− z)(x− iz + ix− z)2, (−4 + 4i)
√

2yz
2
,−(x− iz + ix− z)3),

 !" # ξ8  #"!$% &% '%() !*$%+% ,'-.-$-+%  # &% /"- % 0 12$!2 %/$!.!'32.!2

'#%&-)%" &% 3'.% 45676896 $!.%" ! (φ3, φ2, φ1)0

50 1" :5;6 ,%<0 =7>6 ?#'.#/&#" &-2$% &!2 ,!2-@&#2 <'/,!2  # %/$!.!'32.!2  #

*/'+%2 ,&%"%2 2/%+#20 A!2 $'#2 <'/,!2  # .%B!' !' #" !*/''#" ,%'% #C%*D

$%.#"$# /"% */'+%6 .E /&! -2!.!'32.!20 12$%2 7 */'+%2 2!"6 &% */'+%  #

F&#-"6 x3z + yz3 + y3x = 06 *!" G=8 %/$!.!'32.!26 &% */'+%  # H#'.%$6

x4+y4+z4 = 0, *!" I= %/$!.!'32.!2 B &% */'+% x4
v+y4

v+2
√
−3x2

vy
2
v+z4

v =
0, *!" J8 %/$!.!'32.!20

K#% W = {[x, y, z] ∈ CP
2 : y3z + z4 = x4}6 W #2 /"% 2/,#'3*-#  # L-#D

.%"" *!.,%*$%  # <M"#'! 3 B &%2 */'+%2 x4
v + y4

v + 2
√
−3x2

vy
2
v + z4

v = 0 B
y3z + z4 = x4

2!" -2!.!'N%2 +-%O




x
y
z


 =




0 0 1
−1+

√
3

4
√

9−6
√

3

−1−
√

3
4
√

9+6
√

3
0

1
4
√

9−6
√

3

1
4
√

9+6
√

3
0







xv

yv

zv


 .

P2(6 Aut(W) $-#"# 48 #&#.#"$!2 B #2 -2!.!'N! % SL(2, 3)⋊Z2 = 〈a, b, c〉⋊
〈d〉6  !" #O

a =

(
−ξ3 ξ3

2

ξ3
2 ξ3

)
6 b =

(
0 −1
1 0

)
6

c =

(
1 −ξ3

0 ξ3
2

)
6 d =

(
iξ3

2 iξ3

iξ3 −iξ3
2

)

*/B!2 E' #"#2 2!"6 '#2,#*$-+%.#"$# 4, 4, 3, 2, Q# #2$# .! ! 2# $-#"#6

|cd| = 126 G = 〈c, d〉 B #& +#*$!' (d, c2, cd) #2 /" 4;R 5676G59 +#*$!' <#"#'% !'0

K#% G = SL(2, 3) ⋊ Z20 1"$!"*#2 G $-#"# 7 *&%2#2  # *!"S/<%*-E"  # #&#D

.#"$!2  # !' #" J6 &%2 */%&#2 $-#"#" =6 G6 G #&#.#"$!2 '#2,#*$-+%.#"$#0 1&

*#"$'!  # #2$# <'/,! Z(G) #2 -2!.!'N! % Z4 B $! ! 2/@<'/,! *(*&-*!  # !' #"

J #2 "!'.%&6 2#'% /"!  # #2$!2 2/@<'/,!2 #& T/# 2# /2# ,%'% *!"2$'/-' &!2

%/$!.!'32.!20

U@2#'+# T/# Φ : W → W,  #3"- ! ,!' Φ([x, y, z]) = [−ix, y, z] #2 /"%

%/$!.!'32.!  # !' #" J  # W, &/#<! N = 〈Φ〉 � G0 V!"2- M'#2# &%

2/,#'3*-# *!*-#"$# WN
∼= Ĉ *!" &!2 ,/"$!2 #2,#*-%&#2O

1
2 + i

√
3

2 6

−1
2 + i

√
3

2



 !  ! "#$%&#

"

−1
2 − i

√
3

2 # $%& '$() *%+$ ,)-./,/0-# %* +/*-* Aut(WN ) ∼= A4# ,)- 123$

4567# # 89 :;$,+$3*-+*<

Aut(WN ) = 〈T1, T2, T3 : T3T2T1〉,

.)-.*<

T1(y) =

(
−1
2
+ i

√
3

2

)
y, T2(y) =

(
1
2 + i

√
3

2

)
y − (1 + i

√
3)

y + 1
,

T3(y) =

(
1+i

√
3

2

)
y − 1 + i

√
3

y −
(

1+i
√

3
2

)

=>)2$# .$.) ?@* G/N ∼= A4# %* A@*.* *%+$'B*,*2 *B C2@A) .* $@+)3)21%3)%

.* W. :% $%& ,)3) %* )'+/*-* ?@*<

Aut(W) = 〈φ1, φ2, φ3 : φ
2
1, φ3

2, φ12
3 φ1φ2φ3〉,

.)-.*<

φ1([x, y, z]) = [i
√
3x,−iy + 2iz, i(y + z)],

φ2([x, y, z]) = [−3x,
−3y
2
− iy

√
3

2
− 2iz

√
3, 2iz

√
3],

φ3([x, y, z]) = [i
√
3x,−iy + 2iz, i(y + z)].

 !" #$%&'(%)'*+$, $+ -.+$/* "

D$% %@A*21,/*% .* CE-*2) 2 %)- >/A*2*B&A+/,$% " A@*.*- %*2 2*$B/F$.$% ,)3) @-

,@'2/3/*-+) .)'B* .* B$ *%G*2$ .* H/*3$-- ,)- B)% A@-+)% .* I*/*2%+2$%% %*J$B$.)%

,)3) %*/% K$B)2*% .* 2$3/1,$,/0-# /3LC*-*% .* A@-+)% .* 2$3/1,$,/0- .* )2.*- M9

:B ,)-(@-+) W .* A@-+)% .* I*/*2%+2$%% *- @-$ %@A*21,/* .* H/*3$-- ,)3N

A$,+$ W .* CE-*2) g ≥ 2 *%+L G)23$.) A)2 +).)% B)% A@-+)% p ∈ W +$B*% ?@*

W $.3/+* @-$ G@-,/0- 3*2)3)2G$ ,)- @- O-/,) A)B) .* )2.*- 3*-)2 ?@*  + 1
*- p9 P)2 @- 2*%@B+$.) ,BL%/,) .* Q@2R/+F .* ST# ALC9 M MU @-$ %@A*21,/* ,*22$.$

.* CE-*2)  ≥ 2 +/*-* A)2 B) 3*-)% 2 +2 A@-+)% .* I*/*2%+2$%%# .)-.* *B 3*-)2

K$B)2 A$2$ B$ ,)+$ *% $B,$-F$.$ %/ " %0B) %/ W *% >/A*2*B&A+/,$9 :- *%+* ,$%) *B

,@*2A) .* G@-,/)-*% 3*2)3)2G$% .* W *% C*-*2$.) A)2 .)% G@-,/)-*% y " x ?@*

%$+/%G$,*- *,@$,/0- $BC*'2$/,$<

y2 = (x− e1)(x− e2)(x− e3)...(x− e2 +2)

D$ G@-,/0- >/A*2*B&A+/,$# /-.@,/.$ A)2 B$ K$2/$'B* x .*+*23/-$ B$ %@A*21,/* W
,)3) @- ,@'2/3/*-+) .)'B* .* B$ *%G*2$ .* H/*3$-- Ĉ# B)% ./%+/-+)% K$B)2*% .*

2$3/1,$,/0- e1, e2, ..., e2 +1 .* x %)- B$% /3LC*-*% .* B)% A@-+)% .* I*/*2%+2$%% .*

W.



 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

 !"#$ !%&"'(&$ &% )"*$+$!,-+$-

"#$ %& '%#$%() *% +,$-.'/0 %& 1$,2# Aut(W) *% ,3) 4,2%$56.% *% 7.%()33 6#(8

2)6') W *% 193%$#  ≥ 2 %4 53.'#: ")$) ,3) 4,2%$56.% ;.2%$%&<2'.6)0 ,3 &%() *%

+,$-.'/0 =%$ >!0 2?1: @ABC0 # ')(D.93 >EC0 %4')D&%6% F,% 4. φ ∈ Aut(W) '.%3% (?4

*%  2,3'#4 5G#40 %3'#36%4 φ %4 &) .3=#&,6.H3 ;.2%$%&<2'.6) P # &) .*%3'.*)*: I;#8

$)0 4. φ ∈ Aut(W) %4 6,)&F,.%$ ),'#(#$54(# *% &) 4,2%$56.% ;.2%$%&<2'.6) W,
%3'#36%4 φ◦P ◦φ−1

'.%3% )& (%3#4 2 +2 ≥ 6 2,3'#4 5G#40 &,%1# φ◦P ◦φ−1 = P :

I4<0 P 6#3(,') 6#3 φ0 *% (#*# F,% 6,)&F,.%$ ),'#(#$54(# φ ∈ Aut(W) 4%

2$#J%6') %3 ,3) '$)34K#$()6.H3 *% LMD.,4 φ
Ĉ
: Ĉ → Ĉ *% &) %4K%$) *% 7.%()33

Ĉ ≃ W <P>: N)*) ),'#(#$54(# $%*,6.*# φ
Ĉ
&&%=) %& 6#3G,3'# W *% 2,3'#4 *%

O%.%$4'$)44 4#D$% 4. (.4(#0 &,%1# %& 1$,2# $%*,6.*# *% ),'#(#$54(#4 Aut(W〈P 〉)
′,

2,%*% 4%$ 2%34)*# 6#(# %& 1$,2# *% 4.(%'$<)4 *% &) %4K%$) *% 7.%()33 6#3 2,3'#4

*.4'.31,.*#40 &#4 2,3'#4 *% O%.%$4'$)44:

N#(# 4% 4)D%0 '#*) 4,2%$56.% *% 7.%()33 6#(2)6') *% 193%$# B %4 ;.2%$%&<28

'.6)0 %3'#36%4 &)4 6#34.*%$)6.#3%4 )3'%4 %P2,%4')4 6#3*,6%30 %3 %4'% 6)4#0 ) ,3)

*%'%$(.3)6.H3 6#(2&%') *% &#4 1$,2#4 *% ),'#(#$54(#4: QD49$=%4% F,% 4. ,3

1$,2# *% $#')6.H3 *% W〈P 〉 3# 2$%4%$=) 3.31R3 %G% *% $#')6.H30 ,3) H$D.') *%

&)$1# S 6#34.4'% %3 &#4 =9$'.6%4 *% ,3 #6')%*$# $%1,&)$: I4<0 )*%(?4 *% 1$,2#4

6<6&.6#4 J 1$,2#4 *.%*$)&%40 &) R3.6) #26.H3 $%4')3'% 2)$) %& 1$,2# $%*,6.*# *%

),'#(#$54(#4 Aut(W〈P 〉) %4 %& 1$,2# 4.(9'$.6# .4:

")$) 6#(%3/)$0 4% 6&)4.56)$?3 &#4 1$,2#4 6<6&.6#4 ()P.()&%4 〈φbC〉 *%& 1$,2#
$%*,6.*# *% ),'#(#$54(#4 Aut(W〈P 〉). T)*# F,% φbC &&%=) %& 6#3G,3'# *% 2,3'#4

*% O%.%$4'$)44 4#D$% 4< (.4(#0 %& #$*%3 *% 〈φbC〉 %4 &) &#31.',* *% ,3 6.6&# *% S60

%4'# %4 B0 U0  0 V # S0 &,%1# &#4 2#4.D&%4 1$,2#4 6<6&.6#4 ()P.()&%4 4#3 .4#(#$K#4 )

Zn0 6#3 n = 2, 3, 4, 5, 6.
I 6#3'.3,)6.H30 %3 &) ')D&) U 4% *) ,3) %6,)6.H3 )&1%D$).6) $%2$%4%3')3*# )

,3) 4,2%$56.% ;.2%$%&<2'.6) W. W4') 4,2%$56.% *% 7.%()33 6#(2)6') *% 193%$#

B %4 &) 3#$()&./)6.H3 *% W̃, *#3*% W̃ = {[x, y, z] ∈ CP
2 : F (x, y, z) = 0}0

2)$) F K,36.H3 ;#(#193%) 6#$$%42#3*.%3'% ) 6)*) %6,)6.H3 *% &) &.4'): W3 6)*)

6)4#0 %& ),'#(#$54(# φ .3*,6.*# 2#$ φbC %4 *% #$*%3 ()P.()&0 %3'#36%4 4% 2,%*%

%36#3'$)$ %3 &) K#$()X

(x, y) 7→ (φbC(x), y
′).

 !"#! $% &'()!* +, -./,(0 1

 !"# $%&!%'() φ : (x, y) 7→ (φbC
(x), y′)

1 y2 = x(x− 1)(x− a)(x− b)
“
x− b(1−a)

1−b

”
(x, y) 7→

„
b(x−a)

x−b
,
(b(b−a))

3

2 y

(x−b)3

«

2 y2 = x(x2 − 1)(x− a)(x− a−1) (x, y) 7→ (x, iy

x3
)

3 y2 = (x3 − a)(x3 − a−1) (x, y) 7→ (ξ3x,−y)
4 y2 = x5 − 1 (x, y) 7→ (ξ5x,−y)
5 y2 = x6 − 1 (x, y) 7→ (ξ6x, y)
6 y2 = x(x4 − 1) (x, y) 7→ (ix, ξ8y)



 !  ! "#$%&#

"#$ %&'()&*&+,+- ),% .*/,*&#0.% %#0 0#$',)&1,+,%- .%2# .%- )#% (/02#% 34#% φbC(x)
%#0 0 . &030&2# (∞) 5 ),% $,6*.% %. /7&*,0 %&'82$&*,'.02. *#0 $.%(.*2# ,) .*/,+#$

.0 ), .%9.$, +. :&.',00; <%2# .% (#%&7). .=*.(2# .0 .) *,%# >; ",$, .) *,%# 1, %.

%/(#0. ?/. a /∈ {0, 1} 5 b /∈ {0, 1} 5 (,$, )#% *,%#% 2 5 3- a /∈ {0, 1, −1}.
<0 ), 2,7),  %. +.%*$&7.0 )#% @$/(#% ',=&',).% ?/. ,*2/,0 .0 ),% */$A,%

*#$$.%(#0+&.02.% .0 *,+, *,%#; BC2.%. ?/. .0 .) *,%# 6 ), ($.%.02,*&C0 +.) @$/(#

.%2D +,+, 'C+/)# 3;
E#0%&+8$.%. .) *,%# (,$2&*/),$ +. ), %/(.$3*&. +.30&+, (#$ ), */$A, y2 = x6−1-

*/5# @$/(# +. ,/2#'#$3%'#% .%F (Z2 ×Z2 ×Z3)⋊ Z2- +#0+. F

a =

(
0 1
1 0

)
- b =

(
1 0
0 −1

)
- c =

(
ξ3 0
0 ξ3

2

)

*/5#% C$+.0.% %#0 $.%(.*2&A,'.02. G- G- H; I%6 %. 2&.0.- | bc | = 6- | abc | = 4- )/.@#
.) A.*2#$ (a, abc, bc) .% /0 (0; 2, 4, 6)JA.*2#$ @.0.$,+#$; "#$ #2$, (,$2.- %. (/.+.

*#0%&+.$,$ ), ,**&C0 +. Z2 = 〈a〉 5 ), 9C$'/),F

g(WH) = |G : H|(g(;WG )− 1) + 1 +
1

2

r∑

i=1

(|G : H| − |H\G/Gj |)

?/. $.),*&#0, .) @80.$# +. WG 5 WH , +#0+. H ≤ G- (,$, #72.0.$ .) @80.$#

+. ), %/(.$3*&. *#*&.02. W〈a〉. I%6- 2#',0+# H = 〈a〉 5 +,+# ?/.F

|〈a〉\G/〈a〉| = 7- |〈a〉\G/〈bc〉| = 2 5 |〈a〉\G/〈abc〉 > | = 3

%. 2&.0.F g(W〈a〉) = 12(−1) + 1

2
(12− 7 + 12− 2 + 12− 3) = 1, .% +.*&$- 〈a〉 ,*2/,

.0 ), %/(.$3*&. +.30&+, (#$ ), */$A, y2 = x6− 1- %.@K0 ), 3$', L>MG-GN- 〈c〉 ,*2/,

.0 .%2, '&%', */$A, %.@K0 ), 3$', (34);
O. ), '&%', 9#$',- (,$, ), */$A, y = x(x4 − 1)- .0 ), */,) ,*2/, GL(2, 3) %.

#72&.0. ), 3$', *#0 ), ?/. %/% %/7@$/(#%-&%#'#$9#% , D6- Z8-Z2- SL(2, 3)- Z6- S3-

D4- Z8- Q8- Z2 ×Z2 .02$. #2$#%- ,*2/,0 .0 ), '&%', %/(.$3*&.; I%6- *#0%&+.$,0+#

 !  ! "#$%&#

"#$ %&'()&*&+,+- ),% .*/,*&#0.% %#0 0#$',)&1,+,%- .%2# .%- )#% (/02#% 34#%

%#0 . &030&2# 5 ),% $,6*.% %. /7&*,0 %&'82$&*,'.02. *#0 $.%(.*2# ,) .*/,+#$

.0 ), .%9.$, +. :&.',00; <%2# .% (#%&7). .=*.(2# .0 .) *,%# >; ",$, .) *,%#

%. %/(#0. ?/. 5 5 (,$, )#% *,%#% 5 -

<0 ), %&@/&.02. 2,7), %. +.%*$&7.0 )#% @$/(#% ',=&',).% ?/. ,*2/,0 .0 ),% */$A,%

*#$$.%(#0+&.02.% .0 *,+, *,%#; BC2.%. ?/. .0 .) *,%# ), ($.%.02,*&C0 +.) @$/(#

.%2D +,+, 'C+/)# ;

 !"#! $% &'()*+ ,- .(/*0*'1+0*+

 !"# $%&'# (%)")*+!,-.*

1 Z2 ×Z2 〈x, y : x2 = y2 = [x, y] = 1〉

2 D4 〈x, y : x2 = y4 = 1, xyx−1 = y−1〉

3 D6 〈x, y : x2 = y6 = 1, xyx−1 = y−1〉

4 Z10 〈x : x10 = 1〉

5 (Z2 ×Z2 ×Z3) ⋊ Z2

*

a, b, c : a =

„

0 1
1 0

«

2 b =

„

1 0
0 −1

«

2 c =

„

ξ3 0
0 ξ3

2

«

+

6 GL(2, 3)

*

x, y : x =

„

1 1
0 1

«

, y =

„

0 1
−1 0

«

+

E#0%&+8$.%. .0 (,$2&*/),$ .) *,%# +. ), %/(.$3*&. +.30&+, (#$ ), */$A, -

*/5# @$/(# +. ,/2#'#$3%'#% .%F  !"#!$ %

  

&'(") *+!$#$) )"# +$),$&-./01$#-$ 2 2 34 5)6 )$ -.$#$   7'$8"

$7 /$&-"+ $) '# 9/$&-"+ 8$#$+0!"+4 :"+ "-+0 ,0+-$ )$ ,'$!$

&"#).!$+0+ 70 0&&.*# !$ ( 70 ;*+1'70%

<'$ +$70&."#0 $7 8=#$+" !$ ( !"#!$  ,0+0 ">-$#$+ $7 8=#$+"

!$ 70 )',$+?&.$ &"&.$#-$ 5)6 -"10#!" ( !0!" <'$%

 (

)$ -.$#$% $) !$&.+ 0&-'0

$# 70 )',$+?&.$ !$?#.!0 ,"+ 70 &'+/0  )$8@# 70 ?+10 ABC2 2D 0&-'0

$# $)-0 1.)10 &'+/0 )$8@# 70 ?+10 4



 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

"# $% &'(&% )*+&%, -%+% $% ./+0% , #1 $% ./%$ %.2/% (#

*32'#1# $% 4+&% .*1 $% 5/# (/( (/36+/-*(,'(*&*+)*( % , , , , , ,

, , , #12+# *2+*(, %.2/%1 #1 $% &'(&% (/-#+4.'#7 8(9, .*1(':#+%1:*

$% 2%3$% ;, < ('6/'#1:* /1 -+*.#:'&'#12* ('&'$%+ %$ :#(.+'2* %12#+'*+&#12#, (# -/#:#

*32#1#+ $% 4+&% .*1 $% ./%$ %.2/% .%:% (/36+/-* :#$ 6+/-* :# %/2*&*+4(&*( :#

$% ./+0% < .*1(#6/'+ %(9, /1% $'(2% :# 6+/-*( :# %/2*&*+4(&*( -%+% (/-#+4.'#( :#

6=1#+* $% ./%$ (# +#(/&# #1 $% ('6/'#12# 2%3$%>

 !"#! $% &'()*+ ,- .(/*0*'1+0*+

 !"# $%&!%'() *'+,! -+&.#" /+01) 012 3+&.#

1 y2 = y2 = x(x− 1)(x− a)(x− b)
“

x−
b(1−a)
1−b

”

(25) Z2 × Z2 4

2 y2 = x(x2
− 1)(x− a)(x− a−1) (23, 4) D4 8

3 y2 = (x3
− a)(x3

− a−1) (23, 3) D6 12

4 y2 = x5
− 1 (2, 5, 10) Z10 10

(5, 5, 5) Z5 5

5 y2 = x6
− 1 (2, 4, 6) (Z2 × Z2 × Z3) ⋊ Z2 24

(2, 6, 6) Z2 × Z6 12
(3, 6, 6) Z6 6
(3, 4, 4) Z3 ⋊ Z4 12

6 y2 = x(x4
− 1) (2, 3, 8) GL(2, 3) ∼= Q8 ⋊ S3 48

(3, 3, 4) SL(2, 3) ∼= Q8 ⋊ Z3 24
(2, 4, 8) Z8 ⋊ Z2 16

(23, 3) D6 12

(23, 4) D4 8
(2, 8, 8) Z8 8
(4, 4, 4) Q8 8

(22, 33) Z6 6

(22, 32) S3 6

(25) Z2 ⋊ Z2 4

(22, 42) Z4 4

(1; 22) Z2 2

(26) Z2 2

8 .*12'1/%.'?1 (# :%1 #@-$9.'2%&#12# $*( 6#1#+%:*+#( :# .%:% (/36+/-* 5/#

%-%+#.# #1 $% 2%3$% %12#+'*+7 85/9, :#1*2% $% +%9A B=('&% -+'&'2'0% :# 7 C#B

./=+:#(# 5/# #( $% 1*+&%$'A%.'?1 :# ,

#( :#.'+, #@'(2# /1% )/1.'?1 %1%$92'.% 2%$ 5/# < 2%$

5/# #( /1* % /1* #1 $% '&%6#1 '10#+(% :#$ .*1D/12* :# -/12*( $'(*( :# "# $*

%12#+'*+, (# 2'#1# 5/#, 3E('.%&#12#, $*( %/2*&*+4(&*( (# :#41#1 #1

.*1 $% .*1(':#+%.'?1 :#$ .*1D/12* 41'2* :# -/12*( #(-#.'%$#(, 5/# (*1 -+#'&E6#1#(,

&#:'%12# , :# -/12*( ('16/$%+#(7 8(9 (# *32'#1#, -%+% $% ('6/'#12# 2%3$% :#

%/2*&*+4(&*(>

 !"#! $% &'()*)+,-*)-

 !"# $%&'! ()*#'#&+"'#"

.)/(,/0!

"# $#%"# &' ( )*+,*-./0 ,. 1203-/*4*-.$0 )*4*"#2 #" /-)32*$0 #.$-2*024-.$-' )- 1,-/-

0%$-.-2 "# 524# 30. "# 3,#" #3$,# 3#/# ),%+2,10 /-" +2,10 /- #,$04025)40) /-

"# 3,26# ( 30.)-+,*2 #)7' ,.# "*)$# /- +2,10) /- #,$04025)40) 1#2# ),1-253*-) /-

+8.-20 2, "# 3,#" )- 2-),4- -. "# $#%"# 9:

; 30.$*.,#3*<. )- /#. -=1"73*$#4-.$- "0) +-.-2#/02-) /- 3#/# ),%+2,10 >,-

#1#2-3- -. "# $#%"# 9: ;>,7' ξn /-.0$# "# 2#7? n@8)*4# 12*4*$*6# /- 1: A-3,82/-)-
>,- W -) "# .024#"*?#3*<. /- W̃ = {[x, y, z] ∈ CP

2 : F (x, y, z) = 0}' -) /-3*2'
-=*)$- ,.# B,.3*<. #.#"7$*3# σ : W → P2(C) $#" >,- σ(W) = W̃ ( $#" >,-

σ -) ,.0 # ,.0 -. "# *4#+-. *.6-2)# /-" 30.C,.$0 /- 1,.$0) "*)0) /- W̃. D- "0

#.$-2*02' )- $*-.- >,-' %E)*3#4-.$-' "0) #,$04025)40) )- /-5.-. -. σ(W) = W̃,
30. "# 30.)*/-2#3*<. /-" 30.C,.$0 5.*$0 /- 1,.$0) -)1-3*#"-)' >,- )0. 12-*4E+-.-)'

4-/*#.$- σ' /- 1,.$0) )*.+,"#2-): ;)7 )- 0%$*-.-' "# $#%"# F /- #,$04025)40) /-

W̃ :

 !"#! $% &'()*)+,-*)-

 !"# $%&'! ()*#'#&+"'#"

1 (25) φ1(x, y, z) = (x,−y, z)
φ2(x, y, z) = (x,−y, z)
φ3(x, y, z) = (x,−y, z)

φ4(x, y, z) = (b(x− az)(x− bz)2, yb
3

2 (b− a)
3

2 z2, (x− bz)3)

φ5(x, y, z) = (−b(−x + az)(x− bz)2,−yb
3

2 (b− a)
3

2 z2, (x− bz)3)

2 (23, 4) φ1(x, y, z) = ((x− az)(ax− z)2,
p

(1− a2)3yz2), (ax− z)3)

φ2(x, y, z) = (−(xa− z)(−x + az)2, i
p

(1− a2)3yz2, (−x + az)3)
φ3(x, y, z) = (x,−y, z)

φ4(x, y, z) = (zx2, iyz2, x3)
3 (2, 2, 2, 3) φ1(x, y, z) = (zx2, yz2, x3)

φ2(x, y, z) = (ξ3
2zx2,−yz2, x3)

φ3(x, y, z) = (x,−y, z)
φ4(x, y, z) = (ξ3

2x, y, z)
4 (2, 5, 10) φ1(x, y, z) = (x,−y, z)
.)/(,/0!. . .
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 !"# $%&'! ()*#'#&+"'#"

φ2(x, y, z) = (ξ5
4x, y, z)

φ3(x, y, z) = (ξ5x,−y, z)
(5, 5, 5) φ1(x, y, z) = (ξ5x, y, z)

φ2(x, y, z) = (ξ5x, y, z)
φ3(x, y, z) = (ξ5

3x, y, z)
5 (2, 4, 6) φ1(x, y, z) = (ξ6x2z, iz2y, x3)

φ2(x, y, z) = (x2z, iz2y, x3)
φ1(x, y, z) = (ξ6x,−y, z)

(2, 6, 6) φ1(x, y, z) = (x,−y, z)
φ2(x, y, z) = (ξ6

5x, y, z)
φ3(x, y, z) = (ξ6

5x,−y, z)
(3, 6, 6) φ1(x, y, z) = (ξ6

2x, y, z)
φ2(x, y, z) = (ξ6

5x,−y, z)
φ3(x, y, z) = (ξ6x,−y, z)

(3, 4, 4) φ1(x, y, z) = (ξ6
2x, y, z)

φ2(x, y, z) = (x2z, iz2y, x3)
φ3(x, y, z) = (ξ6

2x2z, iz2y, x3)
6 (2, 3, 8) φ1(x, y, z) = (i(−x− z + ix + iz)(x− z + ix− iz)2,

8ξ8
3yz2,−(x− z + ix− iz)3)

φ2(x, y, z) = (i(ix + iz + x− z)(ix + iz − x + z)2,
8iyz2, (ix + iz − x + z)3)
φ3(x, y, z) = (x, ξ8y, iz)

(3, 3, 4) φ1(x, y, z) = (−i(ix + iz + x− z)(ix + iz − x + z)2,
−8yz2, (ix + iz − x + z)3)

φ2(x, y, z) = (i(ix + iz + x− z)(ix + iz − x + z)2,
8iyz2, (ix + iz − x + z)3)

φ3(x, y, z) = (−(ix + iz − x− z)(ix− iz + x− z)2,
−8iyz2,−(ix− iz + x− z)3)

(2, 4, 8) φ1(x, y, z) = (i(−x− z + ix + iz)(x− z + ix− iz)2,
−8ξ8

3yz2,−(x− z + ix− iz)3)
φ2(x, y, z) = (−(ix + iz − x− z)(ix− iz + x− z)2,

−8iyz2,−(ix− iz + x− z)3)
φ3(x, y, z) = (−(ix + iz − x− z)(ix− iz − x− z)2,

−8ξ8
3yz2,−(ix− iz − x− z)3)

(2, 8, 8) φ1(x, y, z) = (i(ix + iz − x + z)(−x− z + ix− iz)2,
−8yz2, (−z + ix− iz − x)3)

φ2(x, y, z) = (ix, ξ8y, z)
φ3(x, y, z) = (−(ix− iz + x− z)(x + z + ix + iz)2,

8ξ8yz2,−(x + z + ix + iz)3)
(4, 4, 4) φ1(x, y, z) = (zx2, yz2,−x3)

φ2(x, y, z) = (−x, iy, z)
φ3(x, y, z) = (zx2, iyz2, x3)

"#$# %&'&$ ()* #+%),)$-*,)* .&-'/.)* &' %).# (# *+0&$-1/& W $&*%# .&-'/$()*

&' (# 0$&/,#2&' .& ()* 0+'%)* */'2+(#$&* &' 1#.# 1#*)3 #*43 0)$ &5&,0() &' &( 1#*)

 3 W̃ = {[x, y, z] ∈ CP
2 : y2z3 − x5 − z5 = 0}3 %/&'& +' 0+'%) */'2+(#$3 &( 0+'%)

p = [0, 1, 0]3 6 0#$# *+ ')$,#(/7#1/8' *& 9#' #2$&2#.) .)* 0+'%)* p̃3 ˜̃p :9)$#3 */ *&

1)'*/.&$# &( #+%),)$-*,) φ1([x, y, z]) = (x,−y, z)3 *& %/&'& ;+&<





x = λx

−y = λy

z = λz



 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

"# "$%"#& '( xz 6= 0& λ = 1 ) *+#,$ y = 0& -'.& *$' /+%0$' (ξj
6, 0, 1) /-1- j = 0, 1..., 6

'$% 23$' /$1 φ& "# 0-* 4$15- 6+# '# 0(#%# )- #* 578(5$ /$'(9*# "# /+%0$' 23$'& /$1

*$ 6+# φ(p̃) = ˜̃p ) φ(˜̃p) = p̃: ;( '# 0$5- -<$1- φ2(x, y, z) = (ξ5
4x, y, z)& #%0$%=#'

'+' /+%0$' 23$' '$%> (0,−1, 1)& (0, 1, 1)& ?!&!&!@ A% #'0# =-'$& #%0$%=#' 0$"$' *$'

-+0$5$12'5$' "# "(=<- '+/#12=(# '# "#'=1(9#% =$% *$' )- "#'=1(0$' #% *- 0-9*- B>

φ1(x, y, z) = (x,−y, z), φ1(p̃) = ˜̃p φ1(˜̃p) = p̃

φ2(x, y, z) = (ξ5
4x, y, z), φ2(p̃) = ˜̃p φ2(˜̃p) = p̃

φ3(x, y, z) = (ξ5x,−y, z), φ1(p̃) = p̃ φ1(˜̃p) = ˜̃p .

 !" #$%&'(%)'*+$, $+ -.+$/* "

;#- W̃ = {[x, y, z] ∈ CP
2 : F (x, y, z) = 0}& "$%"# F #'07 "-"- /$1 -*,+%-

4+%=(C% "# *- 0-9*- D& #%0$%=#' W = W̃, #% *$' =-'$' 1, 2, 3, 8, 9, ) 10
$ W, *- %$15-*(E-=(C% "# W̃, #% *$' $01$' =-'$'& #' +%- '+/#12=(# "# F(#5-%%

G$5/-=0- "# ,H%#1$ 3 =$% ,1+/$ "# -+0$5$12'5$' Aut(W) =$5$ '# (%"(=- #%

*- 0-9*- I: J-1- #* =-'$ !& '# '+/$%# 6+# a, b 6= 0, 1& /-1- #* =-'$ K& a 6= 1, 0, 1
2 :

L-' '+/#12=(#' "# ,H%#1$ 3 6+# '# #'07% =$%'("#1-%"$ #% #'0# 01-9-3$& =$M

11#'/$%"(#%0#' - *-' =+1N-' *('0-"-' #% *- 0-9*- D& '$% #% *$' =-'$' O&  & B ) D

<(/#1#*./0(=-'& *+#,$ /-1- #%=$%01-1 '+ ,1+/$ "# -+0$5$12'5$' '# '(,+(7 #* 5('5$

/1$=#"(5(#%0$ 6+# #% #* =-'$ "# *-' '+/#12=(#' "# ,H%#1$ 2. A' "#=(1 '# #%=$%01C

#* ,1+/$ "# -+0$5$12'5$' Aut(W), - /-10(1 "#* ,1+/$ "# -+0$5$12'5$' "# *-

'+/#12=(# =$=(#%0# W〈p〉, "$%"# P #' *- (%N$*+=(C% <(/#1#*./0(=-:

J-1- 01-0-1 *-' '+/#12=(#' -'$=(-"-' - *-' =+1N-' -*,#91-(=-' =$11#'/$%"(#%0#'

- *$' =-'$' 1#'0-%0#'& '# +'-1$% 1#'+*0-"$' "# PKQR ) P!IR 6+# "-% +% *('0-"$ "#

-*,+%-' =+1N-' -*,#91-(=-' '+-N#' =$% ,1+/$ "# -+0$5$12'5$': S%- N#E =$%$=(M

"$ #* ,1+/$ "# -+0$5$12'5$' =$% #* =+-* '# N- - 01-9-3-1& '# /+#"# #'0-9*#=#1&

#8=#/0$ #% #* =-'$ "# PSL(2, 7)& 6+# =-"- ,1+/$ =$%0(#%# +% '+9,1+/$ %$15-*&

N & =+)$' ,#%#1-"$1#' '# /+#"#% #%=$%01-1 "# 4$15- '#%=(**- ) =$5$ #% #* =-'$

"# ,H%#1$ 2& #'0# ,1+/$ -=0+- #% *- '+/#12=(# "-"-& /1$"+=(#%"$ +%- '+/#12=(#

=$=(#%0# WN "# ,H%#1$ =#1$: T# #'0- 4$15-& %+#N-5#%0# '# "#9#% #%=$%01-1 *$'

-+0$5$12'5$' "# *- #'4#1- =$% -*,+%$' /+%0$' #'/#=(-*#' ) =$%'("#1-%"$ #* ,1+/$

=$=(#%0# Aut(WN ), '# $90(#%# 0$"$ #* ,1+/$ "# -+0$5$12'5$' Aut(W).
L- 0-9*- D *('0- *-' '+/#12=(#' "# ,H%#1$ 3 6+# '$% *- 1#-*(E-=(C% "# *-'

-==($%#' *('0-"-' #% *- 0-9*- K>

U-9*- D> G+1N-' "# ,H%#1$ 01#'

0%,* 1)2%)'3+

1 y3 = x(x− 1)(x− a)(x− b)

2 y3 = x(x− 1)(x− a)(x− (1− a))

=$%0(%V-. . .



 !  ! "#$%&#

. . ."#$%&$'("&)$

 !"# $%&!%'()

3 y3 = x(x3 − 1)

4 y2 = x8 − x

5 y2 = x7 − x

6 y2 = x8 − 1

7 y2 = x8 + 14x4 + 1

8 y3 = x4 − 1

9 y4 = x4 + 1

10 y3x+ y + x3 = 0

 !" #$%&!" '( )%*!+!$,"+!" -!$$("&!.'/(.*(" ) 0)" -%$1)" '( 0) *)20) 3 ("*4.

0/"*)'!" (. 0) *)20) 56

 !"#! $% &'()*+ ,- .(/*0*'1+0*+

 !"# $%&'# (%)")*+!,-.*

1 Z3 〈x, x3 = 1〉
2 Z6 〈x, x6 = 1〉
3 Z9 〈x, x9 = 1〉
4 Z14 〈x, x14 = 1〉
5 S3 ×Z4 〈x, y : x2 = y12 = 1, xyx−1 = y5〉
6 (Z8 ×Z2) ⋊Z2 〈x, y, z : x2 = y2 = z8 = 1,

[y, z] = 1, [x, y] = 1, xzx−1 = yz3〉
7 S4 ×Z2 〈x : x2 = 1〉× < y, z : y = (1, 2), z = (2, 3, 4) >

8 SL(2, 3) ⋊Z2

*
a =

„
−ξ3 ξ3

2

ξ3
2 ξ3

«
, b =

„
0 −1
1 0

«
,

c =

„
1 −ξ3
0 ξ3

2

«
, d =

„
iξ3

2 iξ3
iξ3 −iξ3

2

« +

9 (Z4 ×Z4) ⋊ S3 〈x, y, z, w : x3 = y4 = z4 = w4 = 1, [y, z] = 1, xyx−1 = y−1,
xzx−1 = w, xwx−1 = z, yzy−1 = w, ywy−1 = (zw)−1〉

10 PSL(2, 7)

fi
x, y : x =

„
0 1

−1 0

«
, y =

„
1 1

−1 0

«fl

 ) *)20) 7 -!.*/(.( 0)" ,$+)" -!. 0)" -%)0(" )-*%). 0!" "%2#$%&!" '( -)')

#$%&! '( )%*!+!$,"+!"8 /.-0%/'! (. 0) *)20) ).*($/!$8 &)$) !2*(.($ 0) 0/"*) '(

#$%&!" 9%( )-*%). (. #:.($! 3, -!. "%" $("&(-*/1)" ,$+)";

 !"#! 2% .(/*0*'1+0*+

 !"# /,&!,-.* 0-%1! $%&'#" 2%3)* 3)4 5%&'#

1 y3 = x(x− 1)(x− a)(x− b) (35) Z3 3
2 y3 = x(x− 1)(x− a)(x− (1− a)) (2, 3, 3, 6) Z6 6
3 y3 = x(x3 − 1) (3, 3, 9) Z9 9

3*4/546!. . .



 !"#$%"&$'( )! "&&$*(!+ )! ,-./*  !

. . . !"#$"%& $'"
 !"# $%&!%'() *'+,! -&.#,#+/",#" 0+12) 123 4+&5#

4 y2 = x8 − x (2, 7, 14) Z14 14
(7, 7, 7) Z7 7

5 y2 = x7 − x (2, 4, 12) S3 ×Z4 24
(2, 12, 12) Z12 12
(4, 4, 6) Z4 ⋊Z4 12

6 y2 = x8 − 1 (2, 4, 8) (Z8 ×Z2) ⋊Z2 32
(2, 8, 8) Z8×Z2

16
(4, 8, 8) Z8 8
(4, 4, 4) Z4 ⋊Z4 16

7 y2 = x8 + 14x4 + 1 (2, 4, 6) S4 ×Z2 48
(2, 6, 6) A4 ×Z2 24
(3, 4, 4) Z12 12

8 y3 = x4 − 1 (2, 3, 12) SL(2, 3) ⋊Z2 48
(3, 3, 6) SL(2, 3) 24
(3, 4, 12) Z12 12

9 y4 = x4 + 1 (2, 3, 8) (Z4 ×Z4) ⋊ S3 96
(3, 3, 4) (Z4 ×Z4) ⋊Z3 48
(2, 4, 8) (Z4 ×Z4) ⋊Z2 32
(4, 4, 4) Z4 ×Z4 16
(2, 8, 8) Z8 ⋊Z2 16
(4, 8, 8) Z8 8

10 y3x + y + x3 = 0 (2, 3, 7) PSL(2, 7) 168
(3, 3, 7) Z7 ⋊Z3 21
(7, 7, 7) Z7 7

"#$%&'($)(* +( ,-(+($)%$ (.,&/0#)%'($)( &1+ 2($(-%31-(+ 3( 0%3% +452-4,1 64(

%,%-(0( ($ &% )%5&% 78 94(:%'($)(* ξn 3($1)% &% -%/; n<=+#'% ,-#'#)#:% 3( 18
>(04=-3(+( 64( ($ &1+ 0%+1+ 4, 5, 6, 7, W (+ &% $1-'%&#;%0#?$ 3( W̃ =
{[x, y, z] ∈ CP

2 : F (x, y, z) = 0}* (+ 3(0#-* (.#+)( 4$% @4$0#?$ %$%&/)#0% σ : W →
P2(C) )%& 64( σ(W) = W̃ A )%& 64( σ (+ 4$1 % 4$1 ($ &% #'%2($ #$:(-+% 3(&

01$B4$)1 3( ,4$)1+ &#+1+ 3( W̃. C( &1 %$)(-#1-* +( )#($( 64(* 5D+#0%'($)( &1+

%4)1'1-E+'1+ +( 3(E$($ ($ σ(W) = W̃, 01$ &% 01$+#3(-%0#?$ 3(& 01$B4$)1 E$#)1

3( ,4$)1+ (+,(0#%&(+* 64( +1$ ,-(#'D2($(+* '(3#%$)( σ* 3( ,4$)1+ +#$24&%-(+8 F$

&1+ 1)-1+ 0%+1+* &1+ %4)1'1-E+'1+ +1$ &1+ 64( %,%-(0($ ($ &% )%5&% GHI

(&)*& +,- .%#!/!012/!2

 !"# *'+,! -&.#,#+/",#"

1 (35) φ1(x, y, z) = (x, ξ3y, z)
φ2(x, y, z) = (x, ξ3y, z)
φ3(x, y, z) = (x, ξ3y, z)
φ4(x, y, z) = (x, ξ3y, z)
φ5(x, y, z) = (x, ξ2

3y, z)
2 (2, 32, 6) φ1(x, y, z) = (z − x, y, z)

φ2(x, y, z) = (x, ξ3y, z)
φ3(x, y, z) = (x, ξ3y, z)

φ4(x, y, z) = (z − x, ξ3y, z)
3 (3, 9, 9) φ1(x, y, z) = (x, ξ3

9y, z)
φ2(x, y, z) = (ξ6

9x, ξ5
9y, z)

φ3(x, y, z) = (ξ3
9x, ξ9y, z)

 !"#$"3&. . .
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4 (2, 7, 14) φ1(x, y, z) = (x,−y, z)
φ2(x, y, z) = (ξ7

2x, ξ7y, z)
φ3(x, y, z) = (ξ7

2x,−ξ7y, z)
(7, 7, 7) φ1(x, y, z) = (ξ7

4x, ξ7
2y, z)

φ2(x, y, z) = (ξ7x, ξ7
4y, z)

φ3(x, y, z) = (ξ7
5x, ξ7

6y, z)
5 (2, 4, 12) φ1(x, y, z) = (−zx3, yz3, x4)

φ2(x, y, z) = (−ξ6
5zx3,−ξ12

5yz3, x4)
φ3(x, y, z) = (−ξ6x,−ξ12y, z)

(2, 12, 12) φ1(x, y, z) = (x,−y, z)
φ2(x, y, z) = (ξ6x, ξ12y, z)

φ3(x, y, z) = (ξ6x,−ξ12y, z)
(4, 4, 6) φ1(x, y, z) = (−ξ6

2zx3,−ξ12
2yz3, x4)

φ2(x, y, z) = (−zx3, Iyz3, x4)
φ3(x, y, z) = (ξ6

2x, ξ12
2y, z)

6 (2, 4, 8) φ1(x, y, z) = (zx3, yz3, x4)
φ2(x, y, z) = (ξ8zx3, yz3, x4)

φ3(x, y, z) = (ξ8
3x, y,−z)

(2, 8, 8) φ1(x, y, z) = (−x, y, z)
φ2(x, y, z) = (ξ8

3x, y,−z)
φ3(x, y, z) = (ξ8

3x,−y, z)
(4, 8, 8) φ1(x, y, z) = (ix, y, z)

φ2(x, y, z) = (ξ8x,−y, z)
φ3(x, y, z) = (ξ8

3x,−y, z)
(4, 4, 4) φ1(x, y, z) = (ξ8zx3, yz3, x4)

φ2(x, y, z) = (−ix, y, z)
φ3(x, y, z) = (ξ8

3zx3, yz3, x4)
7 (2, 4, 6) φ1(x, y, z) = (izx3,−yz3, x4)

φ2(x, y, z) = ((x− z)(x + z)3,−4yz3, (x + z)4)
φ3(x, y, z) = (i(x + z)(x− z)3, 4yz3, (x− z)4)

(2, 6, 6) φ1(x, y, z) = (−zx3, yz3, x4)
φ2(x, y, z) = ((x + iz)(x− iz)3, 4yz3, (x− iz)4)

φ3(x, y, z) = (−(x− iz)(x + iz)3, 4yz3, (x + iz)4)
(3, 4, 4) φ1(x, y, z) = (i(x + z)(x− z)3,−4yz3, (x− z)4)

φ2(x, y, z) = ((x− z)(x + z)3, 4yz3, (x + z)4)
φ3(x, y, z) = (−ix,−y, z)

8 (2, 3, 12) φ1(x, y, z) = (i
√

3x,−iy + 2iz, i(y + z))

φ2(x, y, z) = (−3x,−3/2y − 1/2iy
√

3− 2iz
√

3,

3/2y + 1/2iy
√

3− iz
√

3)

φ3(x, y, z) = (i
√

3x,−iy + 2iz, i(y + z))

(3, 3, 6) φ1(x, y, z) = (−3x, 1/2iy
√

3− 3/2y − 3z − iz
√

3,

−3/2y − 1/2iy
√

3 + iz
√

3)

φ2(x, y, z) = (i
√

3x,−ξ3
2y + 2ξ3

2z, y + z)
φ3(x, y, z) = (x,−ξ3y,−z)

(3, 4, 12) φ1(x, y, z) = (x, ξ3y, z)
φ2(x, y, z) = (ix, y, z)

φ3(x, y, z) = (ix, ξ3y, z)
9 (2, 3, 8) φ1(x, y, z) = (z, y, x)

φ2(x, y, z) = (z, ξ8x, ξ8y)
φ3(x, y, z) = (y, x, ξ8

7z)
(3, 3, 4) φ1(x, y, z) = (ξ8z, x,−y)

φ2(x, y, z) = (y, z, ξ8x)
φ3(x, y, z) = (ix, y,−z)

(2, 4, 8) φ1(x, y, z) = (z, y, x)
φ2(x, y, z) = (ix, y, z)
φ3(x, y, z) = (z, y, ix)

(4, 4, 4) φ1(x, y, z) = (x, iy, z)
 !"#$"(&. . .
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φ2(x, y, z) = (ix, y, z)
φ3(x, y, z) = (i, iy, z)

(2, 8, 8) φ1(x, y, z) = (−x, y, z)
φ2(x, y, z) = (y, x, ξ8z)

φ3(x, y, z) = (−y, x, ξ8z)
(4, 8, 8) φ1(x, y, z) = (ix, iy, z)

φ2(x, y, z) = (y, x, ξ8z)
φ3(x, y, z) = (ix, iy, ξ8z)

10 (2, 3, 7) φ1(x, y, z) = (ax + by + cz, bx + cy + az, cx + ay + bz)
φ2(x, y, z) = (ζ7y, ζ7

2z, ξ7
3x)

φ3(x, y, z) = (y − ξ7
3y + zζ7

2 − zξ7
3 + xζ7 − xζ7

2,
ζ7y − ζ7

3y + zξ7 − z + xζ7
3 − x,

ξ7
2y − ξ7y + zζ7 − zξ7

2 + xξ7
3 − ξ7x)

(3, 3, 7) φ1(x, y, z) = (y, z, x)
φ2(x, y, z) = (z, ξ7x, ξ7

3y)
φ3(x, y, z) = (ξ7x, ξ7

3y, z)
(7, 7, 7) φ1(x, y, z) = (x, ξ7y, ξ7

3z)
φ2(x, y, z) = (ξ7x, ξ7

3y, z)
φ3(x, y, z) = (ξ7x, ζ7

3y, ξ7
3z)

!" #$ %$&'() *+,)- a = ξ7 − ξ7
4
- b = 1− ξ7

5
- c = ξ7

3 − ξ7
2
. ζ7 = ξ7/
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012 3**)$+- 4/5 6" &7# "8(9#: ); +8&)():<7',(, ); + *$),#= 4'#(+"" >8:;+*#-

?:+",+*&')", ); &7# 3(#:'*+" @+&7#(+&'*+$ >)*'#&.- 1A1 B1CDEF- <</ ACEGHIE/

0J2 K:#8#:- ?/5 L7+:+*&#:, +" 38&)():<7',( M:)8<, ); L)(<+*& 4'#(+"" >8:G

;+*#,- L+(9:'=N# O"'P#:,'&. Q:#,,- JIII/

0A2 K:)8N7&)"- >/3/5 L$+,,';.'"N R"'&# N:)8< +*&')", )" ,8:;+*#, ); $)S N#"8,-

T)8:"+$ ); Q8:# +"= 3<$'#= 3$N#9:+- DC B1CCIF- <</ JAAGJUI/

0H2 K:)8N7&)"- >/ K8V+$+"*#- !/ L),&+- 3/ M+(9)+- T/ +"= M:)(+=WX'- M/5 >'(G

(#&:'#, ); 4'#(+"" ,8:;+*#, )" S7'*7 PSL(2, q) +*&, +, + Y8:S'&W +8&)():G

<7',(, N:)8<,- T)8:"+$ Q8:# +"= 3<<$'#= 3$N#9:+- 1ID B1CCDF- <</ 11AG1JD/

0 2 L)7#"- T/5 6" Y8:S'&W #Z&#",')", ); PSL(2, 7) - @+&7#(+&'*+$ Q:)*##='"N,

); &7# L+(9:'=N# Q7'$),)<7'*+$ >)*'#&. -ED B1CE F- <</ AC GHII/

0D2 M:)(+=WX'- M/ +"= @+*$+*7$+"- L/5 >8<#:,)$89$# N:)8<, ); *)(<+*& 4'#(+""

,8:;+*#,-M$+,N)S @+&7#(+&'*+$ T)8:"+$- A1 B1CECF- <</ AJ1GAJU/

0U2 [+:X+,- Y/ +"= \:+- ]/5 4'#(+"" >8:;+*#,- M:+=8+&# ?#Z& '" @+&7#(+&7'*,-

^/UJ- ><:'"N#: 1CCD/

0E2 Y+:P#.- _/5 L.*$'* N:)8<, ); +8&)():<7',(, ); *)(<+*& 4'#(+"" >8:;+*#,-

?7# `8+:&#:$. T)8:"+$ ); @+&7#(+&'*,- 1U B1CCDF- <</ ED G CU/



 !  ! "#$%&#

"#$ %&'()*+, -./ 012' 34521'3)672 821)492 :)* 2);92&*)52; <'3;6=>':3*)>;2; );

6)?7, @3*72:3*)6?72 -;;342;, AB CBD#EF, GG. AHEIAAJ.

"BH$ K42);, L./ 012' 9)2 <'3;6=>':*)>;2; 6)212;*2' M'9;&;592' 244)G*)6?72; L&;?I

*)>;2;, @3*72:3*7)6?72 -;;342;, BA CBDN#F, GG. AJDIANB.

"BB$ K&')13O367), -./ -&*>:>'G7)6: 5'>&G6 >= ?>:G3?* P)2:3;; 6&'=3?26 >= 52;I

2'3 *7'22 3;9 =>&', Q>&';34 R&'2 3;9 -GG4)29 -4521'3, ! CB##HF, GG. JNNIJ#J.

"BJ$ K&')13O367), -. 3;9 K):&'3, %./ M; -&*>:>'G7)6: 5'>&G6 >= P)2:3;; S&'I

=2?26 >= 52;&6 5 , R'>?229);56 >= *72 Q3G3; -?392:O, S2')26 -, @3*72:3*)?34

S?)2;?26, !E CB#DNF, BJ!IBEH.

"BE$ K&')13O367), T./ M; 3&*>:>'G7)6:6 >= G'):2 >'92' >= 3 P)2:3;; 6&'=3?2 36

:3*')?26, @3;&6?')G*3 @3*72:3*)?3. AA CB#DEF GG. BHEIBHD.

"BA$ K&')13O367), -./ - 6&'U2O >= P)2:3;; S&'=3?26 >= 52;&6 3 *7'>&7 *72

V)?742' <'3?2 =>':&43, V663O6 ); W2421'3*)>; >= BHHX*7 -;;)U2'63'O >= W7&>

0;)U2'6)*O, W5&> 0;)U2'6)*O, CB#D F, GG. ENI!!.

"B $ K&')13O367), -. 3;9 K&')13O367) T./ M; -&*>:>'G7)6: 8'>&G6 >= W>:G3?*

P)2:3;; S&'=3?26 >= 82;&6 A, R'>?229);56 >= *72 Q3G3; -?392:O, S2')26 -,

@3*72:3*)?34 S?)2;?26,!J CB#D!F, ! I!D.

"B!$ @3?123*7, -./ M; 3 ?&'U2 >= 52;&6 7 , R'>?229);56 >= *72 Y>;9>; @3*72I

:3*)?34 S>?)2*O, E CB#! F, GG.  JNI AJ.

"BN$ @3?Z43?743;, W. 3;9 <34&, [./ pI5'>&G6 >= 6O::2*')26 >= 6&'=3?26, @)?7)53;

@3*72:3*)?34 Q>&';34, A CB##DF, GG. EB IEEH.

"BD$ @3533'9, K., S736\3 K., S7G2?*>'>U, S. 3;9 ]>4\42);, %./ <72 4>?&6 >= ?&'U26

()*7 G'26?')129 3&*>:>'G7)6: 5'>&G, W>::&;)?3*)>;6 ); 3')*7:2*)? =&;93I

:2;*34 5'>&G6,BJ!N CJHHJF, BBJIBAB.

"B#$ <&?\2', <./ L);)*2 5'>&G6 3?*);5 >; 6&'=3?26 3;9 *72 52;&6 >= 3 5'>&G, Q>&';34

>= W>:1);3*>')34 <72>'O, EH! CB#DEF, GG. DJI#D.

"JH$ ]2':2&42;, -. @./ 2̂)2'6*'366 G>);*6 >= (2)57* *(> >; ?&'U26 >= 52;&6 *7'22,

R7._. <726)6, 0;)U2'6)*O >= -:6*2'93:, B#DE.
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 '&()' *+,-() "#$%&# "#.'/ 0 1%2'&('$%3(# ,%  '(%$4(-5'/6 73-8%&/-,', ,%9 :'+5'6

;#2'<43=:#9#$>-'

%=$'-9?  !"# $"#%&'()*&)*+$,&+)#


