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Abstract
The methods employed by Martin [1971] and Chandna et al. [1982] to steady plane flows have
been applied to the plane viscous flows in a porous medium using the Darcy - Brinkman -
Lapwood equation. Various flows and corresponding geometries have been investigated.

Keywords: Plane flows, viscous flows, porous medium, Darcy - Brinkman - Lapood Equation.

MSC(2000): Primary 76S05, Secondary 76F10.

1 Introduction

We can divide the study of plane viscous flows in to two categories. Basically both
follow Martin’s [1] approach. The first set of problems are studied using curvilinear
co-ordinates (¢,1), where ¢» = constant, are taken to be the streamlines and ¢
= constant, are taken to be the isobars or the orthogonal trajectories of the
streamlines, as used by Martin [1] whereas the second set of problems are studied
using (u,v) - the velocity components as the independent variables, as used by
Chandna et al. [2].

One can refer to Govindaraju [3], Nath and Chandna [4], Chandna and Kaloni
[5] and Kaloni and Siddiqui [6] for the first set of problems whereas Barron and
Chandna [7], Siddiqui et al. [8] and Bhatt [9] for the second set of problems.
Recently Labropulu and Chandna [10, 11| have found some more exact solutions
using the similar technique.

In the present paper we have extended the analysis Martin [1] and Chandna
et al. 2] to plane viscous flows in a porous medium. Firstly we study the plane
viscous flows in a porous medium by writing the equations of motion and con-
tinuity in terms of curvilinear coordinates (¢, 1) and then establish interesting
results corresponding to

o=9(), v=1(n), (1)
o =2om), v=1v(), (2)
for particular choice of coordinate lines. Secondly we write the equations of motion
. . . ov  Ou
in terms of a vorticity function w(z,y) = ox  oy) We transform these
0(u,v)

equations into an equivalent system in any region in which 0 < ' ’ <00,

Az, y)
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so that z,y and w are dependent variables of u,v (i.e. we use the region of a
hodograph plane as our domain). From the transformed equation of continuity,

we define L(u,v) - the Legendre transform related to the stream function ¢ (z, y)
as

L(u,v) = vz —uy + Y(z,y). (3)

As an application we discuss some forms of L(u,v) and L*(q,#) in polar coordi-
nates of (u,v) and find the flows and corresponding geometries in the physical
plane.

2 The Equations of Motion

We consider steady plane flows of an incompressible viscous fluid in porous media.
The flows are governed by Darcy - Brinkman - Lapwood equation, namely

p[%‘;Jrvvv]:—vp—Twﬁv%, v=eV , (4)
where

p - density of fluid,

€ - the porosity,

k - permeability,

i - effective viscosity,

p - dynamic viscosity and

B - binary number, B = 0 in the fluid and B = 1 in the porous media.

We have taken p = ji. For steady two dimensional motion the equations of
continuity and motion are:

ou Ov
du ~OJu  ,0p N g2 <82u 82u> e’B

Yo TVay T “ar TR \022 T a2) DR (6)

ov n ov 90p n g2 (0% n 0% e?B (7)
U—+v—=—-<€‘"—4+—|=—+-— ] ——=——v
Ox oy oy R. \0x2  0Oy? DR,
where we have non-dimensionalized the velocity by U (characteristic velocity),

L
pressure by pU?, length by L (the characteristic length), R, = pLU is the
7

k
Reynolds number, D, = 72 (k is the permeability of the porous medium) is
the Darcy number.

We introduce the vorticity function
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Eliminating p between equations (6) and (7) we obtain:

ngrgZ:(), ua—ervafw—mV%—ﬁmzw, (9)

2
where n; = %e and 12 = Do
3 Hodograph transformation (in terms of ¢, ¢)

Equation of continuity implies the existence of the stream function ¢ (z,y) such

that o0 o
= = — % 1
3y '0 " Oz (10)

We introduce a curvilinear coordinate system (¢, ¥) in place of z, y where ¢(x,y) =
constant, be the arbitrary family of curves which generates with the streamlines
¥ (x,y) = constant, a curvilinear net such that :

r=u(0,9) , y=uy(dv) (11)

which defines a curvilinear net in the (x,y) plane with the squared element of arc
length given by the well known equation

ds® = Ed¢? + 2Fdody + Gdip? (12)

where

([ 0z 2 oy 2 _ Oxdx 0Oy 0dy [ Ox 2 oy 2
e=(5) ~ () - F=orraor o= (o) (o) - 09

Equation (11) can be solved to determine ¢, as functions of x and y so that

Ox _ .04 Ox ;00 Oy O Oy .09
8¢_J8y7 o J@y’ 0o J@ac’ 0¢_J6:U’ (14)

where the Jacobian J is such that

O(x
(w

We assume 0 < |J| < oo. Denoting by 7, the local angle of inclination of the
tangent to the coordinate line 1) = constant, directed in the sense of increasing
¢, we have from the differential geometry (using Martin [1]) the following:

ox

J =

=+VEG-F?= (say).

%:Ecosy, %_Esm%
%—icosv—isin’y o _ F siny + — J Cos 7y
o  VE VE T oy VE vVE ’
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ai_i 2 @—£F2
6¢_E 117, 8¢_E 127,

_ L O (W e 0 (W o\
K_W[(?w(EFll) a¢<EF12>]_O’

(15)

where
5 —F(0E/0¢)+2E(0F/0¢) — E(OE /o)
Tu”= 2112 ’
o E(0G/0¢) — F(OE/0Y)
2" = 2112 ’

and K is the Gaussian curvature. The vorticity function w is such that (Martin

: )2 )

v, _ L [5 (G(f?w/&b)—l*ﬂ(auf/f'w))+ 9 (E(GW/M)—F(%/%))}

Y= T o6 J M J
(16)
Using the equations (9), (10) and (14), the vorticity equation can be written as
0
a—w =mJ VZw—mmpJuw. (17)

Applications

(a) Straight streamlines:

We study now plane flows with straight streamlines and assume the stream-
lines are not parallel but envelope a curve C. We assume that the tangent lines
to C and their orthogonal trajectories (involutes) determine an orthogonal curvi-
linear net as in Chandna and Kaloni [5]. Letting x denote the arc length of C, n
the angle subtend by the tangent line to C' with = axis, & the parameter constant
along each involute, we have

ds® = d&® + {& — x(n)}dn’. (18)

The curves ¢ = constant are the involutes of C' and the curves 1 = constant
its tangent lines. We proceed to determine flows for which

so that
ds? = B¢ de? + 2F ¢/ dedn + Gap*dn?. (20)

Comparing equations (20) with (18) we have
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1 s—xmq2 £—x
E=—— F=0 G=|>2"|  J= d
%(6) {wm> ov
_ K—XW»W+¢%1
o= [E) (21)
Therefore we write
e lel 3,¢}/X/ " _ 6,¢Il B 12¢/XI
R (R () L (Y R (R LI
o w/// B 2,1/}//Xl B (¢//X/+T//X”) B 3¢/X/2
T —x)? (E—x)? (€ —x)? €—x*’
" _ ’QZ}M) B 4¢},/,X/ B 2¢,/X// B 6¢//X/2 B (w///X/+2,¢)l/X//+,¢}/XIII)
T(E=x)? (E-x)? (E—-x)P  (E—x)* (€—x)3
CBWI AN BWIXT AN 12X o
(€ —x)* (€ —x)* (€—x)?° "
Using equations (21) and (22) in (16) and (17) we obtain
a{%”@—Xf+3W%@—XVT+MW“%WW@—XP+
(5 _ X)2[9wlxl + 6X’¢”’ + 4w//X// + ¢,X///] + (g _ X)[15¢”X/2 + 10¢/X/X”]+
15¢0'X"° — ma[(€ — x)°¢" +¥'X (€ — )] = 0. (23)

For £ = x(n) the equation (23) is satisfied provided x’ = 0 , which means that C
has zero radius of curvature. Therefore we have the following theorem:
Theorem 1: In a steady plane flows in porous media the streamlines are straight
lines, then these are concurrent or parallel.
(b) Streamlines are involute of a curve:

Here we consider the involute of curve C' as the streamlines and the tangents
to curve C as the orthogonal trajectories. As in (a) we have

2 /
E:[ﬂﬁwm],Gzl,ng_dew:—W— Ld

g P 'Y E—x
Therefore we write o o
we — — w/// _ + :
¢ R
X
wy = — 5
(5 B X)w/// 21/]// 2w/
wee = =P — + — and

E—x (E—x)?2 (£—x)?
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T w/X// - 21/’/)(/2
e x? (E-x)?
Then the vorticity equation becomes

m
(€ = )WX" + 30X — (€ — x)°0" + (6 — )] = 0. (24)

12
(€= X)°Y" + (€= )" — (€= x)*¢" + (£ — x)* [w’ -~ ‘”]

Since equation (24) holds identically, it should hold along the curve & = x(7n) ,
therefore

3¢'x? = 0.

Since v’ can not vanish identically, we have x’ = 0. Thus we have the following
theorem:

Theorem?2: The streamlines in two dimensional plane flows in porous media can
be involutes of a curve C' only if C' reduces to a point and the streamlines are
circles concentric at this point.

4 Hodograph transformation (in terms of u,v)

We take the functions v = u(x,y) ,v = v(z,y) to be such that in the region of
the flow, the Jacobian

O(u,v)  Oudv  Oudv

T = Sy ~oxoy  oyor

#0,]J| < 0.

We may consider = and y as functions of u and v. By means of x = z(u,v) and
y = y(u,v), we have the following relations.

ou Jdy  Ou or  Ov oy Ov oz
_— = —_— _—= =) — _— = = — —_— = —_— 2
ox ov’ Oy J v’ Ox 7 ou’ Oy J ou (25)

and

d(z, f)

of _olfy) _ ;olfy)  of _0(f.x)

or = 0ey) o)y ey owe) Y
where f = f(z,y) is any continuously differential function and
_ _Owv)  [O(y)] T

With the help of equations (25)-(27) and the transformation equation for the
vorticity function defined by

w(z,y) = w(x(u,v) , y(u,v)) = o(u,v) ,
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the system (8) - (9) becomes:

j <§$ - gZ) - )
and , , _
Syt ) g e
where _ _
%= = g o

5 Equation for Legendre transform function

The equation of continuity implies the existence of a stream function ¢ (x,y) such

that 3 3
dp = —vdxr+udy or —w:—v, —w:
Oz y
Likewise (28) implies the existence of a function L(u,v) called the Legendre trans-
form function of stream function v (z,y), such that

u. (32)

oL oL
L - — _ = — _— =
d y du+x dv or o Y gy =T (33)

and the two functions ¥ (z,y) , L(u,v) are related by
L(u,v):vx—uy—i—w(x,y). (34)

Introducing L(u,v) in (28) - (31) , we see that (28) is identically satisfied and the
remaining equations are :

0’L 0L
J <3u2 + 81}2> =w, (35)
and 5 5
o <8L7JQ2> 0 ((ﬁj@) )
U v B w 36)
m Bu.0) + D) N2 7 u@Q2 + vQ1, (
where
o(B)  a(the
Ql(ua U) = Wa QQ(ua U) = 8(11, U) s (37)
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and

-1

- [9PLoL ([ PL (38)
T 0w 902 dudv '

Summing up we have the following theorem:

Theorem 3: If L(u,v) is the Legendre transform of a stream function of the equa-
tions of motion (4)-(7) governing the plane steady flow of a viscous incompressible
fluid then L(u,v) must satisfy (36).

We now define the polar coordinates (g, ) in (u,v) plane given by

qg=+(u?+v?), H:tan_1<%>, oru=gqcos, v=gqsinf (39)

so that we have

0 0 sinf 0 15) . 0 cosf 0
— =cosf— — — =sinf— + =

ou 0q g 00 v 0q qg 00 (40)

Define L*(q,0),w*(q,0),j*(q,0) to be the Legendre transform, vorticity function,
Jacobian function in (g,0) of (u,v) coordinates and using

AF,G)  O(F*,G")d(g,0) 10(F*,G")
(u,v) — A(q,0) O(u,v) g 9(q,0)

(41)

where F(u,v) = F*(q,6) and G(u,v) = G*(q,0) are continuously differential
functions, we get the following corollary from theorem 1:
Corollary: If L*(q,0) is the Legendre transform function of a stream function

of the equations of motion (4) - (7) governing the plane steady viscous flow then
L*(q,0) must satisfy

5 (SmeaL N coqsﬂﬁalé ,j*Q2*> 9 <cos98L B sinf 0L ,j*QQ*)

dq Jq g 06
+
" 9(q,0) 9(q,0)
W*q 2/ * *
— M7 o q“(sin Q1™ + cos 0Q2*) (42)

where @17, Q2*,7* and w* are same as obtained by Chandna et al. (2). Once
L*(q,0) of (41) is obtained, we employ

v — sin 98L* n cosf OL* _ sinf OL* ~ cos 98L*
N dq q 00’ v= q 00 dq

(43)

and (39) to get u(z,y),v(zr,y) in the physical plane.
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Applications

Application 1. Let
L(u,v) = F(u) + G(v) , (44)

such that first and second derivatives of F(u) and G(v) are not zero. Then (29)
to (31) give

1 1 1 F"(u)G" (v)

=P T T P YT T ) (45)
Q2 _ F/,(U)G/”(U)
G2 (v)
Also (36) with the help of (43) and (44) give
1 el ! 1 J2AN (G" + F") Jall el
m\ G <G//2> + <F,,z> e Vs T s =0 (40)

If (44) defines the Legendre transformation such that F"”'(u) = 0 or G (v) =
0, then (46) is satisfied only when 72 = 0 or when G”(v) + F”(u) = 0. The
case 12 = 0 is considered in Chandna et al. [2]. F"'(u) = G"(v) = 0 requires
that F”(u) = K; and G”(v) = K for arbitrary constants K; and K. Then
G"(v) + F"(u) = 0 implies K1 = —K5. In this case we can take

L(u,v) = C1u® + Cou + C3 + Dyv? + Dyv + Dy

for arbitrary constants C1, Co, Cs, D1, Dy, D3 with Dy = —C.
Then (33) gives

1 1
u-—ﬁ(y—i—C’g),v——TCI(fL‘—Dg). (47)
Now (32) implies
_ (@=Ds)* (y+Co)?
Y= 1C, T constant or (48)
(z — D3)? — (y + C3)? = constant (49)

We then calculate pressure and vorticity.

1 B 1 1
= — Dyy) — —(z*+4*) - D
P 2C DaRe(xy—Fng 2Y) 20,22 <2(35 +y°) 2x+02y>]

+ N1, (50)

w=0 (51)
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The above result can be summed up in the next theorem:
Theorem 4: If L(u,v) = F(u) + G(v) is the Legendre transform of a stream
function of the equations of motion (4)-(7) such that F"(u) =0 = G"(v) (which
is satisfied only if ny =0 or F"(u) + G"(v) = 0) gives u and v which are given by
(47) where as pressure and vorticity are given by (50) and (51) respectively and
the streamlines are the curves given by (49).
Application 2. Let

L(u,v) =u™v" (52)

be the Legendre transform function such that m # 0, n # 0 and m +n # 1.
Substituting (52) in (35)-(38) yields

. u272m,0272n - (m_l) 2 (n_l) 2 -m, —n
] = , W = v+ urlu v,
mn(l —m —n) n(l —m —n) m(l —m —n)
1 _ _
0 = m(m )u_l_n(n 1)(2n 2+m)uv_2 and
l—-m-—-n m(l—m —n)
—1)(2m —2 —1
Qp = m(m —1)(2m +n)vu_2— n(n—1) o1 (53)
n(l —m —n) l—-m-—n

Employing (52) and (53) in (36) shows that m and n must satisfy the equation

2(m—1)(1— n)u%2 n(n—1)2n+m —2)(3n+2m — 3)u4—|—

n (1 —-m—mn)? m2(1 —m —n)?
m(m—1)2m+n —2)(3m + 2n — 3)1)4

2

n?(1 —m —n)
mm[m(m _ 1)u2mv2n+2 + n(n _ 1)U2m+2u2n]+

(1 =) iz gnr | 200 D) g ngs (54)
m n

The above equation is satisfied for m = n = 1, which gives

1
u=z, v=-y, @=0, p:—g(xz—i—yQ)—i— (xz—yQ)—i—Ng (55)

2Dy R,

Theorem 5: If the Legendre transformation of a stream function for the equations
of motion (4) -(7) has the form L(u,v) = u™n",m # 0,n # 0,m +n # 1, then
the velocity components, vorticity and pressure are given by (55), respectively and
the stream lines are the curves xy = M, M 1is constant.

Application 3: Let

L*(q,0) = F(q) such that F'(q) # 0 and F"(q) # 0. (56)
Using (56) in (42) and (43), we evaluate j*, w*, Q7, @3, x,y to obtain

— q S 4 1
T T PP Filq) " F(q)’

x = F'(q)sinf, y = —F'(q) cos¥,
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Q1 = _F';q) w*(q)cost , Qo = —F/q(q) w*(q)sind , (57)

Eliminating j*,w*, Q7, Q5 and L* from (42) by using (56) and (57) we obtain

(it 7t 7| (- ) [Fla 7 |-

P @F" @) (s + s ) =0 69

This will be satisfied when w* =

= 0. Which implies that

F'"(q) 1 y S1 S1
=—=, In|F'(¢)|=—Inlg| +InS; , F'(¢) = — and F(q) = —— + S

i =5 WP =g (@) = = and Flg) =~

* Sl .
where S and Ss are constants. Therefore L™ = —— + So gives
q
Sly Sll'
:_m2+y2’vzx2+y2’w:0’ (59)
51 Sl 62B 1 X

== |- t — Ns. 60
p e2 2($2+y2) + D,R, an y + N3 ( )

Theorem 6: Let the Legendre transformation of a stream function for the equa-
tions of motion (4) - (7) has the form L*(q,0) = F(q) such that F'(q) # 0 and
F"(q) # 0. Then the velocity components, vorticity and pressure are given by (59)
and (60) respectively.

Application 4: Let

L* = ¢°G(9). (61)
Then following Chandna et al. [2| , we have
4G+ G"
ko 2 1" 121-1 * _

’ ’
*
w

Q1" = % (2Gsin 6 4+ G’ cos§) and Qy* = . (2G cos 6 — G'sin b)) (62)

where the prime denotes differentiation with respect to 6. Substituting (61) and
(62) into (42) we obtain

m [(4G% + 6%)jw | = 2Gw¥'¢? = g™ = 0. (63)

The above equation (63) is satisfied when w* = 0 . Therefore 4G + G’ = 0, and
the general solution of this equation is

G(0) = Ay cos20 + Aysin26 (64)
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where A; and Ag are arbitrary constants. Equations (61) and (57) give

Asx — Ary (—Ajz — Ay) (22 +y?)
_ L v = e =0, p= N;s— 65
“ 2(A12 + A22) Y 2(A12 + A22) “ P > 862(A12 + A22) ( )
Y = Mizy + My(z? — y°) + M3, (66)

where M, My and M3 are arbitrary constants.

Theorem 7: Let the Legendre transformation of a stream function for the equa-
tions of motion (4) - (7) has the form L*(q,0) = ¢*G(0). Then the velocity
components. vorticity and pressure are given by (65), respectively and the stream
lines are given by (66).
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