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Dynamics of perturbations of the Rossby-Haurwitz wave
and the Verkley modon

Y. N. SKIBA

Tastitede of Namerical Mathematics, Rusnion Academy of Scoences, 380, Leninaky praspect, Moseow,
11788, Russio

(Manuscript received Oct. 17, 1991; sceepled in final form July 3, 1992)

RESUMEN

La estabilidad de 1a onda de Fosshy=1Taurwity del subespacio Iy &y y dos tipos de modones de Verkley se analizan
a travée de la ecuscidn de verticidad para un flubde ideal incompresibile en una esfera en rotacidn. Agqui Ha
es &l subespacio caracteristico del operadar de Laplace sobse una wafera, correspondients al valor caracteristico
nfm + 1). 3¢ demuestra que perturbacicnes arbitrarias de la onda Rossby-Haorwite s pusden dividir en tres
eonjunios invariantes, una de lea cuales contiene un subconjunto esiable invariante Hs, tres conjuntos invariantes
de pequefian perturbaciones del moden estaclomnario de Verkley también som encontrados. La separacidn de las
perturbaciones se logra con la ayuda de una bey de conservacidn para las periurbackomes.

Férmulas para la deterndinackin de s distancis entre coalquier parejs de soluciones a partir del conjonto total
de madones 6 de endas de Ressby-Haurwits se derivan a partir de la energla ¥ ensiropia de las correspondientes
perturbaciones, Se oblienen condiciones necesarias y sufickentes para que la distancia entre estas soluciones sea
constante. Se demuesira que cualquier Aujo de super-robaciin sobre la eafera [pertensciende a /)] = estable,
independientemente del eje de rofacidn escogide. Se prutha la inedtabilidad de Lispunov para cualquier omds e
sonal de Rossby-Haorwite a partir de My @ Iy donde n > 2 asl como para caalguier modon dipolar sobre bs eslera.
Se demupestra que la inestabllidad de Liapusoy es cansada por el crecimiento algebraico de la periarbacidn debido
a las cacilaciones ssineronas de las ondas y na tiene quos ver con I inestabilidad orbital. 5¢ prueba que cualquier
modon monopolar Verkley [1387) con salucidn exterior que decas phpldamente, asl coms cualquier polinomio de
Legendre som linearmente estables de acuerdo & Liapunov con respecio & subconjuntos invarianies de perturbscicnes
de una escala suflcienternente peguedfia.

ABSTRACT

Siability of the Roesby-Haurwits wave of subspace 8y & Fa and twa Lypes of Verkley's madons is analyzed within
the vorticily equation of am ideal incompressible Buid on & rotaling sphere. Here Hy is the eigen subspace of the
Laplace operator on a sphere corresponding to the eigenvalue nin + 1). 1t is shown that arbitrary perturbations of
the Roashy-Haurwite wave can be divided inte three invariant sets one of which contains a stable invariant subset
HMa. Three invariant sels of small perfurbations ol the slaticnary Yerkley modon are also found, The separation of
perturbations have been performed with the help of a conservation law for perturbations.

Formulas for determining the distance beiween any two solutions from the whole sel of modons and Rosshy-
Haorwits waves are derived through the energy and enstrophy of the corresponding perturbation. Necessary and
sulficient condithans for the distance between these solutlona te be comstant are abtained, It s shown that any
super-rotation flow on a sphere (belonging te Hy) is stable independently of chaice of the rotation axis, Liapunov
instability of any non-zomal Rosshy-THasrwits wave from My @ Fn where n > 2 as well as of any dipole moden an
& aphers 18 proved, It B ahown that the Lisponow inatability s caused by the algebraie growth of perturbations due
to asynchronous oscillations of waves and has nothing in common with the orbital instability. It is proved that any
monopale Verkley (1987) modon, as well as any Legendre polymosmial, is linearly Liapunov stable with respect o
invariant subsets of perturbations of sufficiently small scale.
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1. Introduction

As is known, the large-scale dynamics of the atmosphere can approximately be described by the
barotropic vorticity equation. A method for obtaining a series solution to this equation was given
by Adem [1956). At present, apart from the stationary zonal flows, there are known two other
elasses of periodic solutions of this equation for an incompressible ideal fluid on & rotating sphere,
namely: the Thompson (1982) waves which include all the Rossby-Haurwitz waves (henceforth,
R~H waves), and the solitary waves, or the modons, by Verkley (1984, 1987, 1990) and Tribbia
(1984) (Section 2). The stability study of these exact solutions is of considerable interest for
deeper understanding the low-frequency variability of the atmeosphere.

Many works have been devoted to the barotropic linear instability study of the Rossby wave
on the f-plane (Lorenz, 1972; Gill, 1974; Anderson, 1992) and the R-H waves on a sphere
(Hoskins, 1973; Baines, 1076; Haarsma and Opsteegh, 1988). In the first part of the present
work we summarize the results obtained by Skiba (1989, 1991, 1992) on nonlinear dynamics
of arbitrary perturbations of the R-H wave. We emphasize that any perturbation is always
the dilference of certain two solutions of the vorticity equation, and therefore the diferential
propertics of perturbations are completely determined by those of the solutions. Also, since the
system examined i conservative and hence structurally unstable, only exact analytical methods
should be used in the stability study to obtain correct results,

Using the conservation law obtained in Section 3, all the possible perturbations of the R-
H wave have been divided into three invariant, ie., independent from each other, sets. Thus
it is possible to carry out the stability study separately in each such a set. Both the kinetic
energy and the enstrophy of any R-H wave perturbation increase, conserve or decrease with time
simultaneously (Proposition 1). Also, it is proved that each non-zonal R-H wave containing the
spherical harmonics Y3™(A, u) of degree n > 2 and | m |> 1, is Liapunov unstable {Proposition
11).

The Proposition 11 does not contradict to the results obtained by Hoskins (1973) at the initial
stage of interaction of the severely truncated system containing only three waves. Indeed, the
Hoskins necessary and sufficient conditions for the linear (exponential) instability of a Rossby
wave on the S-plane states that its amplitude has to exceed the critical value. The same
statement is also true for the sphere as a sufficient condition. Unfortunately, it is not a necessary
condition for the linear instability of the R-H wave because Hoskins used the periodical functions
in both = and y directions to obtain the necessary condition on the 3-plane, and in case of &
sphere this method can not be applied. Therefore, if the R—H wave amplitude is less than the
critical value then the stability of the R=I wave is still & problem to be determined. The new
result proved here is that under the conditions of Proposition 11 any non-zonal B-H wave is
Liapunov unstable independently of its amplitude. It is shown in Section 7 that the instability
is caused by the algebraic growth of small initial perturbations. Such perturbations are always
existing and caused by the asynchronous oscillations of two R~-H waves which slightly differ from
each other only by their super-rotational components,

In the second part of our wark we examine the stability properties of Verkley’s modon. Modon
properties are mainly of meteorological interest in connection with the phenomenon of atmos-
pheric blocking (McWilliams, 1980; Haines, 1980; Nezlin and Snezhkin, 1990). The structural
stability of the modons has been numerically examined by McWilliams ef ol [1981), MeWilliams
and Zabussky (1982), Carnevale ef al (1988a, b) and others,

The proof of the linear stability of the Stern (1975) modon by Sakuma and Ghil (1990)
was refuted by Ripa [1992) and Nycander [1992). The linear stability of the f=plane modons
was studied by Gordin and Petviashvili (1985), Pierini (1985), Laedke and Spatschek (1986,
1988), Swaters (1986), Petviashvili and Pohotelov (1988). But Muzylev and Reznik (1992) and
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Nyeander (1992) have shown that the proofs by Laedke and Spatschek (1986, 1986}, Gordin and
Petviashvili (1985) and Petviashvili and Pohotelov (1983) contain serious mistakes. Further,
Carnevale ¢t al. (1988) refuted the proofs by Pierini (1985) and Swaters (1986). The reasons of
the Swaters mistakes are discussed in Section 10. Thus the problem of analytical proof of the
linear stability of the two-dimensional modens is so far unselved.

An extension to the class of barotrople modon solutions on a sphere Is offered by Verkley
(1987, 1000). Modons previously obtained by Verkley (1984) and Tribbia (1884), represent
a modification for a rotating sphere of Larichev and Reznik (1976) modons and can become
stationary only in easterly background flows. The new Verkley (1987, 1000) modons, although
much less local, can become stationary in westerly background flows that Is more realistic for
midlatitudes of the atmosphere. Note that these modons have no prototypes on the S-plane
because of the different geometrical properties of the f-plane and the sphere. Indeed, the
sphere is a closed manifold bounded in the euclidean space R*, and any two times continuously
differentiable streamfunction on the sphere has a finite energy and enstrophy. Unlike it, the
g-plane is an unbounded set and hence a modon selution of the vorticity equation must have a
rapidly decaying streamfunction ¥z, y) as | = 3-2 |-+ o0 30 as to posses finite values of the
energy and enstrophy.

In all numerical experiments carried out by Verkley (1987) using the method of normal modes
on a sphere, a stationary modon in a midlatitude westerly zonal flow was linearly unstable.
Another Verkley (1980) modon solution has an inner reglon in which the absolute vorticity is
uniform. This solution is similar to atmospheric blockings which are characterized by compa-
ratively low and uniform isentropic potential vorticity in blocking regions. Verkley has proved
that the vorticity amplitude of any growing or decaying normal mode iz zero within the region of
uniform absolute vorticity of the modon. Therefore, this modon, although alse linearly unstable
{Verkley, 1900), yet compared to the previous Verkley (1984, 1987) moden solutions has the best
prospects of survival under the influence of small perturbations.

In order to study the stability of a solution one has to introduce a metric in the phase space
for estimating the rate of convergence or divergence of the paths of the solutions. In the present
work, as a measure of the distance in phase space between any two solutions (t) and (t)
of the vorticity equation we take the square root of a linear combination of the energy and

the enstrophy of the streamfunction difference o(t) — ¢+(t). This choice of the distance is the
most natural. Indeed, first the existence and the unigueness of vorticity equation solutions were
proved with these norms (Szeptycki, 1973). And second, according to Fjgrtaft (1953), the kinetic
encrgy and the enstrophy are the main invariant functionals of this equation characterizing the
nonlinear dynamics of the system. In this connection, if a solution is Liapunov unstable in such
& norm, then there is no sense in trying to find some other norm in which the solution would be
Liapunoy stable,

Analytical formulas have been derived here for the kinetic energy and the enstrophy of the
difference botween a modon and a R-H wave (SBection 5) and between two modons (Section
6). These formulas have been applicd to obiain the necessary and sufficient conditions under
which the distance between a modon and a R-H wave or between two modons is constant in
time. Also in the case with two modons moving along the same latitude circle (Section 6], the
farmula for the enstrophy has been used in Section 8 to prove the Liapunov instability of any
Verkley dipole modon on a sphere (Proposition 12). The proof consists in constructing for the
basic modon another modon close Lo the first one at initial time sueh that the evolution of the
distance between them will contradict the definition af the Liapunov stability. We have only
examined Verkley (1984, 1987) modons, however it is casily seen that the same technique can
also be used to prove the Liapunov instability of any Verkley (1990) dipole modon. The formulas
derived here, also enable us Lo estimate the growth rate of the energy and the enstraphy of any
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unstable perturbation which represents the difference between a modon and a R-H wave (or
another madon).

We emphasize that the Liapunov instability of any non-zonal R-H wave or arbitrary dipole
modon has nothing in common with the orbital (or Poincaré) instability (for a definition of the
orbital instability see, for example, in Zubov (1957)). The main reason of the Liapunov instability
is the existence of asynchronous oscillations of waves even if their orbits are very close to each
other in the phase space. Actually, because of different phase velocities, the representative points
on the orbits of two waves which are very close to each other at initial time, will diverge from
each other.

Invariant sets of small perturbations of any stationary Verkley modon are got In Section 9.
An invariant functional for small perturbations obtained by Lasdke and Spatschek (1986) and
Swaters (1986) for the beta-plane modon with rapidly decaying exterior solution, was derived
here for more wide class of the modon solution on a sphere containing all Verkley's modons.
Note that each modon can be made stationary by choice of corresponding moving coordinate
system. Hesults obtained show that structure of the invariant sets of small perturbations of the
R-H wave and the stationary modon are similar to each other. Principal peculiarities of the
Linpunov stability analysis in an invariant set of perturbations are shortly discussed in Section
10. In particular, Zubov's eriterion of the Liapunov instability in metric space is given here. This
criterion is used in Section 11 to show that any Verkley (1887) monopole modon as well as any
Legendre polynomial are linearly Liapunov stable with respect to perturbations of sufficiently
small scale (Propositions 14 and 15). Linear Liapunov stability of a solution of a nonlinear
problem means that this solution is Liapunov stable for the case in which the original problem
linearized about such a solution is analyzed.

2. B-H waves and modons on a aphere

The non-dimensional vorticity equation deseribing the dynamics of an invicid Incompressible
fAuid on & rotating unit sphere 5 can be writlen as

Pl
SeAY+T(9, Ap+24) =0 (1)
Here w(t, A, p) is the stream function, y = sing, w and A are the latitude and longitude of
a point (A, p) on 5, Ay and Ay + 2 are the relative and absolute vorticity respectively, A is
the Laplace operator on 5 and

_ah  dydh
J(¢, k) = dA Ay Bp A

is the Jacobian. Let us introduce a Hilbert space L¥(8) of square integrable functions on § with
the inner product and the norm defined as

<, h>= [ yhds, [yl=< > @)

Here h and h are the complex conjugate functions (Marchuk, 1982). It is well-known
[(Richtmyer, 1982} that

S =HooHoHd..0He...,
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i.e., L(5) is the direct orthogonal sum of the eigen spaces

Ha = {6: —Ap = n(n+1)$) (%)
of the Laplace operator &, Each My corresponds to the cigenvalue
Xn = n(n +1} (4)
and Zn 4 1 spherical harmonics
Yar(h u) = Qi (w)e™ (5)
of the degree n {—n < m < n) form an erthonormal basis in Fa:
<Y u), Ya(A #) >= (8)
Here #,; is the Kroneker symbal,
Q:I-H“‘} — ﬂnmﬂ?{#} {ﬂ

where

_ f1- Pi}m,l'l gn+m

P ) = g g 8 = )" (8)

is the assoelated Legendre function of the first kind, and

_ |2n+1(n—m)!
Caum = I|||I 4r (n+m)! ()
is the normalizing factor.

Mote that every functionm f{A, u@) of L"'[S} can be represented by its convergent Fourier-
Laplace series,

Jw w) =3l wdm 30 30 f¥ar(A w) (10)

el w0 e

where fa(A, g) is the orthogonal projection of f(A, u) on Hs and

fa =< f(A m)y Ya'(A, p) > (11)

is the Fourier cocfficient of f. Besides, each eigen subspace Hy is invariant under the Laplace
operator and also with respect to any rotation of the sphere (Helgason, 1984). This result, as
well as the theoretical results on convergence of Fourier-Laplace series on a sphere (Skiba, 1958)
show that mathematically the triangular truncation of & series s more correct operation than
ithe rhamboidal one.

We will make use of the relations

< I ) hz=<J(f, k), ¥ >== < J(, h), [ > (12)
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< J(¥, k), F(¢) >=0 (13)

< J(¥, w), Ay >=< [y, Ag), p>=0 (14)

which are valid for arbitrary real sufficlently smooth functions &, J and h on a sphere (Skiba,
1986). Here F(y) is any continuously differentiable funetion of ¢ (for example, F(y) can be a
polynomial of 4¥). The relation (12) represents the rule of transposition of 4, f and h. Taking
in (13) F(v¥) = 1 and F(y) = ¢ successively, obtain

J‘; J(¥, h)dS =0 (15)
and

< J(w, h), ¢:=J£Jr_¢-, h)pdS = 0 (16)

Using (12)-(14) it is easy to show that the kinetic ENEEEY é [| T Ht, the enstrophy

5'. | A |I?, the integral vorticity [ AydS, the angular momentum < Ay, g >= I wlds
and [g F(Av + 2u)dS are constant in time for any solution (t, A, ) of Eq. (1). Here F iz an
arbitrary function of the absolute vorticity whose differential properties are the same as in the
identity (13).

For any constant cocfficients w and fm the B-H wave

A
flt, A p) = —wp+ E ImYs (A — Cat, #) (17}

==

consists of the solid body rotation component belonging to Hy and the homogeneous spherical
polynomial of degree n of Ha. The wave (17) of the subspace F| @ Hy is an exact solution of
Eq. (1) if

w Hw +1)
Xn
Here w is the super—rotation velocity and Cp is the speed of the R-H wave (Thompson, 1982).

Obviously in each subspace Hp the set of all R-H waves is identical to that of all Thempsos
waves, Mote that

Cn = (18)

Af+2u=-xaf — xnCnp (19)

and

H(BS, 1) = (xaCn +2) 2F (20)

for any R-H wave (17), (18).

In addition te the coordinate system (A, ), let us consider a primed coordinate system (A", u")
whose pole N' with coordinates A = Xa and # = po moves along the latitude eirele with constant
velocity C according to the law: Ay = Ct, g = const.
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In the primed coordinates the Verkley (1984, 1687) modon has the form

WA, w') = R(u)cos A + G(x') (21)

where
R(p") = A Pa(') + win/1 = wd Py ()

G(u') = BiFa(u') - wipe Py () + Dy (22)

in the inner reglon S; = {(A', u")eS : g’ > pa) and

R(p') = Ao} (=) +war/1 = w2 Pl (')
G(u') = BoFg(~p') = wono Py (') + Do (23)
in the outer region S; = {(A', u")eS : 4’ < pa}. Here I and Dy are constants, the circle

' = ug is & boundary between the regions S; and S, of the sphere, and the coefficients A;, A,
and B;, B, of the modon are defined as

Ay =(C —welay, Aa=(C —wo)as

oAy = —\1 - u3Bi,  poAo=1\/1-puiB, (24)

where the constants a; and ag depend only on the parameters o, o, pa and pg:

Ha}“'“"”" T
=1||'|.—,I.lg Hllll—ﬂ-a ﬁ [25)

We used here the YVerkley notation

bila) = xa = 2, bolo) = xe =2 (26)

Note that the Legendre functions Fp'(p) used here coineide with those of Verkley (1984)
except for the factor [—1)™. As a result, the formulas given on the second line of (24) differ by
the sign from those obtained by Verkley (1984).

We denote as yo = oo+ 1) and ye = oo + 1) the cigenvalues of the Laplace operator
corresponding to the spherical harmonics P (u) cosd and PiP(u) cos mA respectively. The
modeon (21) is the exact solution of Eq. (1) provided its angular velocity C is

2w + 1)
Xeo

C = (27)
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[Verkley, 1984). Besides, the dizpersion relation

_bolo) Py (=pa) _ bila) Falia)
P#(—pa) Pi(pa)

between three parameters a, ¢ and pg, is the necessary condition for the modon (21) to exist
[Verkley, 1984).

MNote that the degree o of the Legendre function Py (p) is real (o > 2) and ya > 0. Unlike
o, the degree & may be not only real, but also complex value: o = —i + ik where k& > 0. In the
last case the modon is localized only in a small neighbourhood of the inner region §;, besides,
e = —(k? + }} < 0, In the particular case when o = o, the modon (21) is the B-H wave. If
¥a # ¥e then the Jacobian term of Eq. (1) can be written

(28)

T(b, a9) = —r(X, w55 (29)
where
(A, B = Cxa+2, if (A, p')es; (30)

Cxe +2, if (X, g')eSs

Thus the Jacobian is continuous on § only if the modon 1 s stationary (Skiba, 1980).
Therefore the stationary modons, as well as the R-H waves, are the classical solutions of the
vorbicity equation (1), and a non-stationary modon represents the generalized solution of this
equation.

If | po |= 1 then the modon [21) has the only monepole component and respresents a zonal
flow in the unprimed coordinate system: @{u) = &) (Verkley, 1984). Modon is called dipole
if | pa |# 1. The dipole modon has the purely dipole structure

(A, 1) = R(u") cos A

if o = 0, and both the dipole and monopole components otherwise. At the boundary point
# = pg the functions K(u) and G(u) have continuous derivatives only up to the second order,

Note also that in case o = —1 4 ik, the permissible velocities (18) and (27) of R-H waves and
modons do not intersect (Verkley, 1984).

3. Conservation law and Invariant sets of perturbations of the B—-H wave

In this section, we obtain & conservation law and find invariant, independent, sets of perturba-
tions of the R-H wave (17), (18) (Skiba, 1989). Suppose (f, A, p) is a solution of Eq. (1)
different from f{f, A, g). Then their diference

Wity A, m) =ty A, 1) - f(8, 3, ) (31)
antisfies the equation

i

31O (M, av) + I, A +26) + T, A¥) =0 (32)
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with the initial condition

Ag'(0, A, ) = A¢(0, A, u) = AS(0, A, u) (33)
Thus the ﬂ.ﬂ.blli.t.y Frnh!l:m of the R—H wave f{t, l, j.l] 1= reduced Lo that of the zera solution
of (32).

Let us take the scalar product (2) of Eq. (32) with ¢’ and Ay’ successively. Using the relations
(12}, (14) and (16) we obtain

%KU} =-<J(¥, A¢), [ > (34)
d / i
Hn{'} =< J{¢, A¢), Af > (35)
where
1 r 2 1 i [ ul
K() = I9¢' (017 and  n() = S1A(0)] (38)

are respectively the kinetic energy and the enstrophy of arbitrary perturbation ¢ of the wave
I

Note that time-derivative of the energy of any perturbation which is zonal or belongs to a finite
dimensional subspace Hpy is zero. The same is true for arbitrary perturbation of the form F(f),
Le., functionally related to the basic R-H wave (17). Here F([f) is a differentiable function of f.
Therefore, such perturbations belong to a boundary separating the domains of the generation
[fl-ﬂ'{t] = ] and dissipation {EI'iEH{'} < 0) of the perturbation energy in the phase space.

Taking into account (14) and (19), (34) and (35) lead to

“n(t) = xn S K1) (s7)

where xn is defined by (4). Thus, we have (Skiba, 1980)

Proposition 1. Any perfurbation of the R-H wave [17), (18] evolves in such o way that iz
energy K(t) and enstrophy n(t) decrease, remain constant or increase simullaneously according to

(7).
As known, the perturbation enstrophy contains information not only about the amplitudes

but also about the spectral compoaition of the perturbation. Therefore, it is generally a stronger
integral characteristic than the kinetic energy. However, according to Proposition 1, for analysing

the stability of the R-H wave (17}, (18] it is sulficient to examine the tendency of the perturbation
kinetic energy only without taking into account that of the enstrophy. The funetional

Ule'(1)] = nlt) - xaK(t) (38)

where n = 1, is constant due to (37), i,

LU )] = S (Ix(e) - xal () = 0 (39)



06 YU N, SKIBA
for any perturbation ¢ of the wave f. Here yn is defined by (4), and

x(¥') = nle)/ K1) (40)

is the mean spectral number of ¥'. Eq. (39) can be written as

oo k
5 ol -xe) X WREP - Exatxn—xkl E WEEPF =

k=n+1 m=—k e =k

=Le= E xi(xk = Xn) Z 1T (o) -Exk{xn i) E l¢"% (0))?

E=n4l meE—k m=—k

In the space of the perturbation Fourier coefficients {{¢')["} (see (11)) the hypersurface defined

by the last equation does not contain coefficients (¢') where [m| < n. It means that the law
{39) describes the perturbation dynamies in the subspace orthogonal to Hy.

The property (37) was originally established by Gill (1974) for an infinitesimal disturbance
of a stationary planetary Roassby wave on the beta-plane. In ease of a sphere, the same prop-
erty for infinitesimal perturbation of a stationary solution from Hy was obtained by Diymnikev

and Filatov (1988). Proposition 1 generalizes these results to arbitrary perturbations of any
nonstationary R-H wave of Hy & .

If we introduce the notation

olt) = x(¥') - xn (41)

then Eq. (39) can be written as
pE() = Ly = p{0)K(D) = const [42)
where the constant Lo is determined by the values of x(¥') and K of an initial perturbation

¥'(0). The law (42) represents a hyperbolic interdependence between the mean spectral number
and the kinetic energy of any perturbation of the R-H wave (17), (18).

Due to (42), the whole space of perturbations of the R-H wave (17), (18) can be divided into
three invariant sets:

M3 = {¢' : x(¢') > xn}

Mg = (" x(¥') = xn}

ME = {¢': x[¢') < xn} (43)
Remember that, by definition, a set A of perturbations g&‘[!} of a salution is called invariant

if ¥'(ta)eM implies ﬁ'{t}:M for all £ = &y, Further, according to (37) and (40),

X = SO0/ KO) = g lxm - XN ZK() (44)
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and hence, the energy cascade of growing perturbations of the E-H wave has the opposite
directions in the sets M" and MT: the derivative i‘%xm'] is positive in M2 and negative in
MZ. Besides, due to (42), the closer the mean spectral number x(4") to xn, the larger is the
perturbation energy. MNote that, by definition [43), the energy cascade of perturbations in the
set M to the smaller scales is bounded.

Lt us now consider all the possible solutions + of Eq. (1) which belong to an energy surface
with the energy level Ky = L‘I:i.ﬂ"r where & > 0 and Ky is the energy of the basic R-H wave
{17). In other words, the solutions considered have the same kinetic energy o® Ky defined by the

parameter o, Then the kinetic energy of the corresponding set of the perturbations (31) may
vary within the limits (Skiba, 1989)

Kmin = (@ = 1°K; < K(t) < (a + 1)K} = Kmas (45)

I particular, the minimal level K ;. and maximal level Kmar of the perturbation energy
correspond to the R-H waves ¢y = af and Yg = —af respectively. The case & = 1 (when the
solutions f(f) and (i) belong to the same kinetic energy surface and the line K = K, = 0
eoincides with the p-axis) is presented in Figure 1, taken from Skiba (1989). During the evolution
process a point (p, K) showing the current values of the kinetic energy K(f) and the spectral
distribution x(¥') of a perturbation (see (41)) may move only along the definite hy perbola (42)
in both the directions within the limits [45]).

We now prove the next assertion (Skiba, 1982):

I

e e S =

) : G

Fig. 1. Relation bebween the kinetic energy and mean spectral wave mumber of the B-H wave perturbations [E: =1,
Kﬁ*_ = tl]-
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Proposition 2. The subspace Hy being a subset of M7, is o stable invariant subset of perfurba-
Hona of the R-H wave [17]), [18).
Indeed, using (19) we can rewrite Eq. (32) as
]

a:""""' +J{f, A+ xad') + J(¢, A — xnCap) =0 (48)

Therefore, if an initial perturbation " belongs to Hy then it will evolve according to the
equation

e M a
AR =T i =0
at ¥ = Xn rla:.lﬂ:"
Obviously, the perturbation will belong to Hy for all time and its energy K () and enstrophy

7t} will be invariant in time. QED.

4. Distance between two R-H waves

By Szeptyeki (1973) theorem on the existence and uniquencss of & generalized solution of the
viorticity equation, the most suitable norm for determining the distanee in the phase space iz

19'lls = (1K + ean)*? (47)
where ¢'(t) = f(t) = (1) is the difference between two solutions (t) and f(t) of Eq. (1), the

constants ) and 3 are non-negative, and K{t) and n(f) are defined by (36). By Proposition 1,
we will take e3 = 0 in this section. The energy K ({t) of the difference [31) can be written as

K(t) = 5191(0) - V(I = Ka- < 9{0), AS(0) > (15)

where

1 1 ,
Ka = Ky + Ky = 5990 + 51941 (49)

is the constant as a sum Ky + Ky of the kinetic energies of the solutions ¢ and [ (Fjertaft,
1953). Due to (48), the energy of the perturbation (31) is completely defined by the current
projection of the solution (1) on the R-H wave f(t]. Suppose now that (] is a B-H wave of
the subspace H; & H:

k
wit, A, p) = —dp+ 3 dm¥(A - Cut, p) (50)
m=—k
Then, by (48],
K(t) = Ka - gmﬁ — Gpgkn > VYmlm £im{Cn—Ca)ty (51)

m=-n
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where 8.5 is the Kroneker symbaol. The formulas (47) and (51) can be used for determining the
distance between any two R-H waves in the phase space, Besides, Eq. (51) leads to

Proposition 3. Let [ be a R-H wave {17} of Hy & Hn and let ¢ be a B-H wave [50) of Hy & H
where n, k > 2, Then the energy K () of the difference bedween fhese two waves is constant in
fime of and only of af least one of the Jollowing conditions i fulfilled;

1) ko n;
2) k=n and Cn = Cq (waves oscillate synchronously);
3) k=n and Y[, =0 for all m £ 0.

5. Distnnee between a B—H wave and a modon

We now derive a formula for determining at any time the distance between a modon (21) and
the R-H wave (17) in the phase space of solutions of Eq. (1) (Skiba, 1991). Let us again consider
the norm (47) under ¢) = 1 and e3 = 0. By (47) and (48] we have

9 (012 = K(t) = Ka — xa < (A, &), Flt, A, p) > (52)

for the difference ¢'(t) between the modon (21) and the R-H wave (17). Since < ¢, g >= const,
we suppose that w = 0 [i.e., the R-H wave [ belongs to the subspace Hy and Cn = —% < 0).
The case « # 0 differs from that considered here, by the constant Ky only.

Fig. 1. The fixed coordinate system (z, g, 2] and meving coordinate sysiem (z', o', ") connected with the
Rosaby-Haorwits wave (17) and moedan (21] respectively. Coordinate system (£, §, #) demonsirates a position
of syateen (=, y', #') ok initial time.
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Since the modon and the R-1 wave are written in the different coordinate systems, we rewrile
the B=H wave in the modon coordinates and then calculate the inner product < @i}, F{£) =>.
To this end, we consider two Cartesian coordinate systems (z, y, z) and (z/, §', z) whose
commen origin is in the centre of the sphere § (the point 0 in Fig. 2). Let (A, p) and (A", u")
be the geographic coordinate systems used for constructing the R-H wave (17) and the modon
{21) respectively. Suppose the axes Oz and Oz of two Cartesian systems eoincide with the
polar axes ON and ON' of the geographic systems (A, u) and (A, §') respectively, Thus the
primed system (z', ', z') rotates together with the modon whereas the system (z, y, 2) is
fixed. Denote as 4(t) the angle between the axes Oy and Oy, If originally these axes coincide,
i, (0} = 0 then

F(t) = Ct

for any { > 0 where € is the velocity (27) of the modon. Unlike 5(t), the angle & between the
axes Oz and Oz is fixed, besides cosd = .

In order to write the R=H wave (17) in the primed coordinate system [A', g'), we make a
rotation of the system (x, y, £) 80 as to bring three axes Oz, Oy and Oz into coincidence with
the axes Oz', Oy and 0z respectively. In our case total rotation consists of two successive
elementary rotations of the system (z, v, z) through the Euler angles « and o: firast about the
axis €z through the angle v(t), and then about the axis Oy through the angle ¢ [Richtmyer,
1082; Nikiforov and Uvarov, 1084). Note, that after the first rotation the axes Oy and Oy will
coineide with each other.

As a result, in each subspace Hg(n = 1), the equations

Ya'h )= 3 Dl 9, 0)¥R(N, ') (53)

k=—-mn

(|m| < n) link the spherical harmonics Y™ (A, u) and ¥¥(3’, 4"} for two geographic coordinate
systems. The generalized spherical functions

Die (7, 1, 0) = exp{imy}dlg(po),

alzo called Wigner's D-functions, form the elements of an unitary matrix D[, &, 0) of finite
rotations in the subspace Hy (Nikiforov and Uvarov, 1984). Here

() = Cpalt - ) 3 0+ S (54)

and

(-1)""™ [[{n+m)l{n- m]1
Gk = gt =\ (5 R = ) (55)

Taking account of the spatial structure of the modon (21) and the relations

I
cosdainmA di =0 foerany |m|=n [56)
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and
2x i =
le cos Acosmd dA = {;' :: : #: (57)
we will use the form
1
YA, gl = 3 Dfaly 9, 0)QR(u) conmd’ + UR(A, u') (58)

k=]

of Eq. (53) for calculating < (¢), f(t) >. Here terms Ua', u') are orthogonal to the modon
"I!'{-""1 ul.

Let us use Eq. (21) and the result obtained alter substituting Eq. (58) in (17) 50 as to
calculate the inner product < &(t), f{t) >. Several simple transformations lead to

< $(t), f(t) >=Ga Y. Tmimolpe) exp{im(Cn - C)t}

m=—n
+% i (4™ (pe) — (=10 "™ dmy (— o) f o exp{im(Cn — C)t} (59)
where
1 1
fin =f_| R(p)Qnlu)dy, Gn= J{lﬂ'lf:.:}@ﬂ[p]dp (60)

are the Fourier cocfficients of the zonal functions R(u) and G(p) which define the moden {21).
Ta derive (50) we used the relations (Nikiforov and Uvarov, 1084)

i) = (—1)™*d%,, (k)
dy _xlw) = (1) Tdgu(—u)
dal) = (=1)™ R dPn(n) (61)

Fourier coeflicients Gg defined by (60) can be excluded from (59) due to the following assertion:

Proposition 4. Let ¢ be any dipole modon (21). Then

G = —xn 1} e R (62)
1 - pd

for all Fourier coefficients (60] af v.
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Proof. Indeed, using the recurrence formulas

Qhtw) = xa /1=t L Q) (83)
and
Paln) =1 —F’%P:Efﬂ} (64)
for the associated Legendre funetions and Eqgs. (60) we obtain
R = -y f 7o (V1= 2 R()IQA () (e8)
and
AV WPY W)} = AP2() = ~xa P2(w) (66)

It is easily seen from (22)-(24) and (66) that

_ ____{,,h - piR(u)} = —AG(x) (67)

1 — gl dp

Substituting (67) in (65) we have

“1/1_po o _ -y f! o
Sy et f_inama.map

1
=xn' J|Ir Glu)AQn(p)du = —Ga
-1

QED. The next assertion follows immediately from the formula (59) and Proposition 4.

F‘rupnmtmn 5. The projection < y(t), f(t) = of the R-H wave {17) of Hn on the dipole modon
f21) is

< (), 110 >= Ba 3" {z1dlue) = (~1)™ "di (~ o))

fit=n

X 1B () o exp{im(Can — €. (68)

".u'lrl - i‘u-
In case ¥ is a purely dipole modon, ge = 0 and the formula (68) is eonsiderably simplified:

< g(t), f{t) >=Ra 3 " diny (0)F o explim(Cn — C)e} (69)
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The symbol 5! means that the summation in (69) is performed only over such m that n —m
is ocdd.

Thus Eqs. (52) and (68) (or (69)) enable us to determine at any time ¢ the distance between
the dipole modon (21) and the R-H wave (17) from the subspace Ha.

If () i= & monopole modon, then |us| = 1 and R(p) = 0. Since dmeliis) =0 for all m # 0
and d%(pa) = Pi(tte), the inner product < ¢, [ >= GnfoFa(po) does not depend on time in
this case, That is in agreement with the well-known fact that the norm (47) is constant if ¢/ is
the difference between a zonal flow and any solution of Eq. (1) which represents a fixed spatial
structure moving in the A-direction with constant velocity (Skiba, 1989). The next assertion is
a corollary of Proposition 5 (Skiba, 1901):

Proposition 6. The enstrophy and the energy of the difference between a R-H wave (17} and a
dipole modon [21) are constant if at least one of the following conditions i satisfied:

a) Ko = 0 orthogonal solutiona);

b) frm =0 if m # 0 (ronal R-H wave);

e) Cn = € (synchronous eacillations);

d) n=1 {R-H wave belongs to subspace Hy J;

e) po = 0 and simultaneously fm = 0 if n = m is odd (purely dipole modon and symmetrical
fabout the equator) R-H wave).

. Distance between dipole modons

We now derive a formula for the enstrophy and energy of the difference between two dipole
modons (Skiba, 1991). Let the centre of a dipele modon ¢ maove along the latitude circle
p = po = b and the centre of another dipole moadon,

VA1, ) = Ry )eos Ay + G m), (70)

move along the latitude eirele p = po = a. Let us link the poles N' and Ny of the geographic
coordinate systems (A", u') and (A;, py) of the modens ¢ and ¢ with Cartesian coordinate
systems (2, v/, z') and (1, w1, #;) (see Fig. 3). Denote as € and € the velocities (27) of ¢
and ¢ respectively. Suppose the longitudinal angle 5 between the poles N' and N; at initial
time f5 = 0 i5 9. Then it equals

+{t) = 7o + (C = Ot (1)
at any time t. Also denote as 3, p and ¢ the angles N{ON', ACB and BOC respectively.
The enstrophy n(t) of the difference ¢'(t) = (t) — (t) of two modons is
1 1 = .
n(t) = 18] + SlIAd - < Av(t), Ad(t) > (72)
Here the constant
1 1., =

e = Sllavi® + Sladl’ (73)

is the sum of the enstrophies of two modens,
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Fig- 3. Disposition of modana (70) and (1] writden in geographical coordimate systems [X;, i) and (A", o)
whoae poles ) and N° move along the latitude circles g = a and g = b respectively, The curve AR belomgs to
the equater gg = 0 and the curve BC is part of the squator g’ = 0. The axis Oy, is orthogonal to the axes Of
and Qey.

For caleulating the inner product in (72) let us rewrite the modon (70) in the system (A", p')
at any time £. To this end, we should make a rotation of the system (z1, ¥1, 1) 50 &s to bring
it into coincidence with the system (z', y', 2') (see Fig. 3). This rotation can be represented
by the matrix D{p, —8, d) (see Nikiforov and Uwarov, 1984) and consists of three successive
rotations through the Euler angles p, ~# and @ which depend on t. These angles are determined
in Appendix A,

The rotation Dp, — &, @) results in the relations

.
Yo' (h, m) = 3 Diile, =8, O)¥EN, ) (74)

k==n

where (Nikiforov and Uvarov, 1984)

Dhkle, =B, #) = expli(m + k) =} exp{i{mp + k) }dl (u) (75)
with u defined by (A.1). Since the solution (70) can be written as

V(A m) =Y Ra@hlu)eos A, +§:5‘n¢ﬂ{ml. (76)

we will need the formulas
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Q% () = df(u)@0 (') + 2 cos iy (u) Qn(u') cos A’

+UR(A, &) (77)
and

Q!I[Fl] tﬂd-.ﬁq - -ﬂu{“}mﬂgiﬂl']

+ha(u)@h(u') cos A’ + Un(X', &) (78)

obtained from Egs. (74) and (75). Here UJ'(X, p') (where m = 0, 1) are the functions
arthogonal to the spherical harmonics QE[#'} and QL(p')cos X' with n > 1. Besides, dgg(u) =
Pi(u), dlg(s) = xa /" Pi(u) and

(1) = cos(p -+ B)elfy (u) + (~1)" cos(p — 9)d%y (~u) (79)

Writting both modons in the form (76), using (77) and (78) and taking into account the
relations (62) for Gr and Gy, we obtain

< Sp(t), .:'.‘u.;{!‘,l o i walu, a, b}Hn.ﬁn [B0)

A=l

where
wn (s, @, B) = xn{ %2 An{u) + (cos § — cos p) Pa(w)

Wi-a)(1-8)

Substituting (#0) in (72) we arrive at the following assertion:

Pa(u)} (81)

Proposition 7. At each moment t the enatrophy of the difference between the dipole modons f21)
and [70) 1s

2(0) = & 3 lunt, a o) + wnt, b, HRL
n=|

~Zwa(u, a, b)Rnftn] (82)

It can similarly be shown that the kinetic energy between two dipole modons is
_ 1l =4 2
Kit)=3 3 xn [wm(1, a, a)Ra +wa(l, b, b},
n=1

~2wa(u, a, b)Rnitn) (83)
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Due ta (72), (t) = Const if and only if the inner product (80) is invariant. Therefore, (82)
and (83) lead to

Proposition 8. The enstrophy n(t) and the energy K(t), and hence, the norm {47) of the
difference between the dipole modons (£1) and [70) are conserved in time if and only if af least one
of the following conditions ia satisfied:

a) € = C [synchronous oscillations);

b) Ruftn = 0 for all n (the case of orthogonal modons).

We now consider the particular case when two dipole modons move along the same latitudinal
cirele po = @ = b (see Fig. 4). Then, according to (A.1)

u=cm,ﬂ=n=-!-{1—-:11]m5']-{t} (84)

Fig. 4. Special case of Fig. 3 when poles &) and N move along the same latitude elrele (s = a = b). Spherical
triangles ANE and BNC are equal to each other. Carves AB and B belong to the equators gy = 0 and u' = 0
of the systems (3y, py) and (3, §') respectively,

and p = & = 4/2. Besides, if follows from (81) and (79) that
Xn -ﬂ=
wnlu) = welu, a, “} = Iﬂ-{?hﬂ{“} + 1-a u;-P:{“n [35'}
and

hn(u) = 2{cos20(1 + ) P D) - (1 - w) P D)) (86)

where Fji(u) is the Legendre polynomial (8), and



DYNAMICE OF PERTURBATIONS OF THE ROSSEY-HAURWITE WAYE 107

ﬁn:ﬂl[u]=%ﬂfﬂqp[-n; nta+ i+l n+1-.j;T“} (87)

is the Jacobi polynomial (see, for example, Nikiforov and Uvarov, 1984) defined through the
hypergeometric funetion

Fipirisiv) = L [P:E::.;:r}n e vl <1 (88)

here I'(#) is the gamma function and (s}s = [(s + n)/T'(s) is the Pochhammer symbaol,

If poles ¥y and N' of two modons colneide then-,r p=1=0,u=1,and hence, .F'{ H[I} =
1 and hn(1) = 1. And if 4 = =/2 then u = a® and cos2p = 7% due to (A.6), (A.7). In Section
8, in order to prove the Liapunov instability of the dipole rrmdnn we will need the following
auerl.inn:

Proposition 9. Lef u = a®. Then |hn[ﬂ"}[ < 1. (B3}

In combination with (85) the strict inequality (89) will enable us to obtain the inequality
{106) and hence select the positive number £ (see (104)). The proof of Proposition 0 is given in

Appendix B.

7. Liapunov instability of non-zonal R-H wave

It is well known that the zero solution of (1) is stable in the norm (47) with respect to arbitrary
perturbations because of the existence of two conservation laws for the kinetic energy and the
enstrophy (Fjertoft, 1953) The same is also valid for arbitrary solution of the subspace H,.

Proposition 10, The kinetic energy and the enstrophy of arbitrary perturbation of any solufion
of Bg. (1) from the subspace Hy are conserved in fime.

The proof of this assertion is given in Appendix C. Proposition 10 shows that any super-
ratational flow on a sphere is Liapunov stable with respect to arbitrary perturbation. But the
stability properties of the R-H wawve (17) are quite different if n > 2 (Skiba, 1991). First we
review the concept of Liapunov stability of the solution (Liapunov, 1966; Zubov, 1957).

Definition. A solution f(t) of Eq. (1) ds Liapunov stable if for any £ > 0 and any initial time
ta there exists such a number § = 8{g, ) > 0 and such lime §) = {; that

1F(e) — wle)ils < (50}
for all t > t; and for any solution (f) of the equation (1) which satisfies af t = ty the inequality

|7 {ta) — wr(ta)lle < & 91)

The following assertion is proved in Appendix I3

Proposition 11. If n > 1 then any non-zonal R-H wave (17) from the subspace ) & Ha is
Liapunoey unstable in the norm [§ T
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As is known, there are a few mathematical definitions of the solution stability with respect
to initial perturbations. In practice, especially in numerical experiments, a concept of the linear
(or spectral) stability of a solution is the most popular because of its comparative simplicity
(Lorenz, 1972; Gill, 1974, Baines, 1976 and others). In case of a stationary basic solution, the
linear stability analysis is carried out by means of the method of normal modes. To this end,
an eigenvalue problem is solved for the linearized operator of the problem in order to find the
time-space structure of stable and unstable modes in the Reld of perturbations. There are two
main restrictions for the linear stability study, namely: all the amplitudes of perturbations are
infinitesimal and only the initial stage of the instability process can be analyzed. If the basic
solution is non-stationary then the linear stability analysis becomes more complicated,

From mathematical point of view, the stability of a solution in the Liapunov sense is the most
strict and strong concept (Liapunov, 1986). The Liapunov stability guarantees the absence of
the exponential as well as algebraic growth of perturbations. Thus a selution can be Liapunov
unstable, even if there is no exponential growth of its perturbations. The Liapunov method of
the stability study is equally applicable both to non-stationary and stationary basic solutions.
Besides, the Liapunov stability eharacterizes the behavior of perturbations over the whole infinite
time interval (fz, o) where £, is an initial time moment. Note also that the Liapunov stability
study of any non-stationary R-H wave or & modon, without loss of generality, can be reduced
to the stability study of the correspending stationary solution (see (34), (35) and Proposition
10).

Let us compare the linear stability with the Liapunov stability in the initial stage. The main
part of the method of normal modes, the eigenvalue problem, is usually solved numerically or
by another approximate method resulting in approximation errors, rounding errors and others.
Maoreover, a st of matrices whose eigenvectors are lincarly dependent, have the zero measure
in the whole space of matrices of the same size, i, the probability of mecting such & matrix is
zero. Hence, because of different errors mentioned above, the mateix of the eigenvalue problem
in the method of normal modes is always simple in structure, Le., its eigenvectors are linearly
independent. It means that the algebraic growth of perturbations is excluded from consideration,
and only the exponential growth of infinitesimal perturbations is taken into account. Therefore,
an approximate method of spectral analysis, especially in weakly unstable cases, can not give
full information about the dynamics of the perturbations, It will be shown In this section that
just such weak instability always takes place for the non-zonal R-H wave.

We now consider a very simple example so as to bring to light the mechanism of Liapunov
instability of non-zonal R-H waves and to illustrate more clearly the proof of Proposition 11.
Consider the R-H wave

fit, Ay p) = FQ:‘{F}W-‘ md — Cat) [z}

where Qg'(i) is the normalized associated Legendre funetion (7), and F is the real amplitude
(m =1, n > 2). The kinetic energy of the wave (02) is Ky= :l'an: where yq = n(m <+ 1). Let

£ = 4Ky (see (D.2)), and let § > 0 be as small as we like, As another solutlon of the vorticity
equation we take

lt, Ay ) = -grf'[m + FQ () cos m(A — Cint) (93)

where C'y is the same as in (D.3), and Gq — Cn is defined by (Dn.5).

Remember that m and n are fixed. Therefore, € — Cq is a very small number. The corre-
sponding perturbation ¢’ of the wave (82) is
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Wit A, p) =t A p) =it A, p) =

= —;Pf{i'] + A()QR (p) sinm(A - #il o0
where
A[t:':zpainm.d_“.;—m'::zFﬁ“mwt [_95}

Then the kinetic energy K [f) of the perturbation [94) is

Kit) = ? +exndl(f) = "E'“Ffrﬁn’{mw” (96)

4

Hence, if o = 0 then the amplitude A{0) = 0 and K(0) = %’-, and (01) is fulfilled. However,

atl=r; = 2 ll.ti.;n where § =0, 1, 2,... we have A(r;) = 2F and (90)is invalid:
& & 1
K{r]-}=T+4H'I=T+s =g, (aT)

Within the interval (s, 7o), the representative peint of the perturbation ¢'(t) will move

along a definite hyperbola, according to the law (42), from the peint (g, E,:-] up to the point
whose energy K(r) Is just slightly larger than 4K; (Fig. 1). Thus the amplitude A(t) of
the perturbation (94) as well as its kinetic energy K'(I) increase monotonically within the time
interval {is, Te). Since the perturbation (94) is periodical it is impossible to choose a moment
£y 8o as to satisfly the Liapunov stability definition. Therefore, the R-H wave (92) iz Liapunov
unstable. This example shows that the instability iz possible even if two sums in the left side of
the formula next to (40) are invariable. It conforms the point by Shepherd (1988) in his dispute
with Petroni ef e, [1959) on the double cascade mechanism,

We now analyze the result obtained. Due to [95), the amplitude A(f) of the perturbation (84)
varies in direct proportion to the amplitude F of the basic solution. Besides, the maximum of
the amplitude A(t) is twice that of the basic wave (92) and does not depend on &. Therefore,
if the amplitude F of the basic wave [92) is large then the growth of the amplitude A(f) of the
perivrbation [(94) is considerable and evident independently of the very small initial distance
& between two R-H waves ($2) and (93], And if F is small then the growth of A[f) is not =o
vigible. In addition, since & is very small, the growth of the amplitude A(t) is so slow due to
(95) (i.e., the time interval (fs 75) is so large) that in practice the R~H wave can be mistakenly
considered as stable. However, by the definition of the Liapunov stability, this wave is unstable.
It follows from (95) and () that the larger the zonal wavenumber m of the basic solution, the
faster is the growth of the amplitude Af) and the energy K{f) of the perturbation, all other
things being equal.

Mote that the Liapunov instability of the non-zonal R-H wave has nothing in commen with
the orbital (or Poincaré) instability. Indeed, due to (91), the orbit of the solution (93) will always
b in the tube of the radius & which envelops the orbit of the basic wave (92). It means that for
any time #; there iz a time 3 such that the norm (47) of the difference y(ty, A, ) = ftz, A, u)
i= not larger than & The reason for the Liapunov instability iz the non-zero shift €n = Cn of
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the velocities of two R=H waves whose paths are close to each other in phase space, Le., the
asynchronous oscillations of the waves.

Finally, the choice of the Liapunov functional is essential in the Liapunov stability study. In
our opinion, due to the existence and the uniqueness theorem for the vorticity equation solution
(Szeptycki, 1973), the norm (47) is the most natural and correet. Anyway, the formulas (94)
and (95) give conclusive evidence of the growth in amplitude of the perturbation, and hence, af
the instability.

B. Linpunov instability of dipole modons

As an example of using the formula (82) we now show that any dipole modon is unstable in the
Liapunov sense. Before formulating the main assertion let us obiain several auxiliary relations.
Taking account of {24)-(27) and the formuls

w;—w=nt=—wﬂ1{1—% (08)

(Verkley, 1984), the function R(y) of the modon (21) can be written as

R{p) = (€ — wo)T(u) + wer/1 - pdy/1 — u? (99)
whers
TM:{u.P{tuH{l-%w-uwr-- h 2 e a0y
aoFg(—p), if p < pa

is infinitely differentinble function within the intervals [—1, ua) and (pg, 1], but at g = j, it has
continuous derivatives up to the second order only. Suppose that the dipole modons (21) and
(70} move along the same latitude circle g = ps = a (see Fig, 4) and have the same parameters
i, &, pg but different velocities we and &, Then because of (27,

c-é:{i—%}{uﬂ—ﬁa} (101)

for the modons (21) and (70). Further, due to (22)-(26), the functions R(u) and F(u) of these
modons have the form (#9) with the same function T{u), and hence,

R(p) — Rip) = (wo — &o) F(u) (102)
where

Fy) = —x—irmﬂh— b1 - w2 (103)

We are now in & position to prove the following assertion (Skiba, 1991):
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Proposition 12, Any dipele modon [21) 13 Liapunov unatable in the norm [§7).

Proof. Since the norm generated by the enstrophy g(f] is stronger than that generated by the
energy A (f), we take the norm (47) with ey = 0 and €3 = 1. Let {5 = 0 and

€= {% ij:hh[]]' ~ Jwn(a®)|RA}/? (104)

where Hp and we(u) are defined by (60) and (85) respectively and a = p, is the latitude of the
pole N' (Fig. 4). Due to (85)-(88),

wn(1) = xn{ % + 2} >0 (105)

1-—a?

Taking into account Eqs. (85), (105), Proposition 9, and the estimate |Fj(u)| < 1, we obtain

lwa{a®)| < wa(1) (106)

Thus &£ = 0. Let & be an arbitrary positive number, as amall as we like.

We now use the same method as in the Propesition 11 proof. Namely, we show that for £ and
any & chosen, there always exists a solution f(t) = f(t, §) of Eq. (1) such that the condition (91)
is fulfilled but despite that, it is impossible to find a moment ) so as Lo satisfy the inequality
(00) for all ¢ > #). It gives evidence that the dipole modon y(!) is Liapunov unstable.

As a solution f{f) we take the modon (70) whose parameters &, &, s and ps = a coincide
with those of the modon (21), and besides,

o~ G = 6/{3 " wa(1)F2}/? (107)

Since the functions Fu) and T{u) and all their derivatives up to the second order inclusive
are continuous within the interval [=1, 1), the series in the formula (107) converges to a finite
value (Skiba, 1989). Moreover, since § is small, due to (24)-(26) and (101), two modons will

have the slightly different speeds € and € and the amplitudes A, A; and Ag, Aj.

Suppose that the poles N' and N} of the modons (21) and (70) coincide originally at 8, =
0, .2, 7(0) = 5 = 0. Then, according to (82],

WO = n(0) = 3 3 wn(1}(Re = Ra)? = Juo = 50" 3 wnl1) Y

E
Further, due to (107), n(0) = 551-. and hence, the condition (91) is fulfilled. However, if ¢ = r,
where

o TRIEY)
T 2wo = Ta)(1 - )

» F=0,1,2,..) [1DE)

then (r;) = = /2 due to (71) and (101). Therefore, u = a? (see Section 6 just before Proposition
9}, and (82) and [104) lead to
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H‘?!"'{fj'}lﬁ =n(r) = % E “h[uiﬂ?t + EE} = E Wn{“’]ﬂnﬁn

n=] m=]1

2 5 3 {un(1) - lun(a®)} (B3 + R)

=4 1" {wn1) - ()} RE (100)
n=1

Thus nlr;) > ! due to (106), and the inequality (90) is false at ¢ = r;. Since the sequence
{r;} tends to oo as § — oo, it s impossible to find a moment #; to satisly the Liapunov stability
definition. QED.

9. Invariant sets of perturbations of stationary modon

By definition, a set M of perturbations ¢'(t) of a particular solution is called invariant if the
initial condition ¥'(te)eM implies ¢'(t)eM for all £ > to. As shown in Section 3, all kinds of
perturbations of any R-H wave can at least be divided into three invariant, independent, sets.

We now find invariant sets of small perturbations of any stationary Verkley's modon. Unlike
the case of the R-H wave, the invariant sets will be obtained here enly in a small neighbeurhood
of the Verkley modan. As before, we construct a nonlinear invariant funetional which is analogous
to that obtained by Lacdke and Spatschek (1986) and Swaters (1986) for the beta-plane modan.
It is easy to show that the equation

a ' ' a
S A+ T8+ ¢, A¥) +g(=) (I (v, ¥) - Cgy¥'}=0 (110)

holds in the domains S; and S, for any perturbation ¢’ of an arbitrary modon (21). Here € is
the volocity [27) and

glz) = q(¥', u') = {;:_ i Ei:’ ::iz‘;; (111)

because of (28). It is known (Szeptycki, 1973) that not only the classical but also the generalized
solutions of Eq. (1) have continuous derivatives on the sphere up to the second order. Since
any perturbation ' satislying the Eq. (110) is the difference between two solutions of Eq. (1),
see (31), it is assumed here that all the derivatives of ¥ up to the second order are continuous
on the sphere §. Due to (12) and (34), the perturbation energy equation for the modon can be
written as

%.-rm = - < J(¥, ¥)AY > [112)

n(t) = mi(t) + mo(t) (113)
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where

nilt) = J{& ay'as, not) = [ |av'as (114)

are the portions of the perturbation enstrophy corresponding to the inner and cuter regions 5;
and 5o respectively. Multiplying Eq. (110) by Ay and integrating the result first over 5; and
then over 5;, we obtain

d _ t a4 P
& E'xnj‘;‘[-rﬁ:"r ¥) - Cay')ay'ds

= js.. J(¢+ ¢, [av)))dS (115)
and

—":I'n-+xrf {T(y, &) - c w}m.&’ds

- }(& J(p+ ¢, [ag]h)ds (118)

Integrating by parts the last term of both Eq. (115) and Eq. (116), and combining the
equations obtained with Eq. (112), we have

S = xat -t med = 0"~ x@) [ 20V, pa)ad (117)

where the function

Z(V,w) = 2(z) = [jfi )- -%’m] av (=) (118)

is continuous on 5. We emphasize that (117) is true for any perturbation +' of an arbitrary
moadan [21).

Let xa = Xe = Xn, ie., ¥ is a R-H wave. Then (114) and (117) imply (37), and again we
make sure that the functional (38) is invariant.

Suppose now that ¥a # xeo. Using the expressions (21)-(26) and (98), we obtain

-ﬂ.ﬁ.’u pa) = —Cy/1 — pd /1 - pdsind’ (119)

for the modon (21). Thus

a‘,'.[lr Ha) =0 (120)
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for any stationary (€ = 0) or monopole (1 — p2 = 0), moden ¥, i.e., the boundary p' = pg
between 5; and S, is a streamline for such modons. Hereafter we will not distinguish in this
section the stationary and monopole modons.

We now assume that perturbation ¢ is small. Neglecting the second term in (118) and taking
into account (120), we obtain Z{A', us) = 0. Then [117) leads to the conservation law

SUWO) = (K - xa'n — "0} =0 (121)
for small perturbations of the stationary modeon (21).
Let us define two functions x;(t) and xa(t) through
nilt) = xi()K(t),  nelt) = xa(t) K (1) (122)

Then x(t) = xi(£)+xe(t) is the perturbation mean spectral number and all small perturbations
of the stationary modon are divided into three invariant subsets M, M, and M_ defined as

M- ={y¢' : p(¢') <1}
Mo={¢' : p(v') =1}

oy ={¢ : pl¢") > 1} (123)

where the non—dimensional number

P(¥") = xa'xilt) + x2 " xolf) (124)

characterizes the spectral compaosition of the perturbation «',
Using (112), (115) and (122), we obtain

G = sl - P} S K (125)

If o = x¢ then (125) is identical to (44). If ya # ye then (125) is valid only for small
perturbations. By (125), the encrgy cascade of growing perturbations of the stationary modon
has the opposite directions in the sets M_ and M. Since U[y'(1)] = K(£)[1 = p(v')] is constant,
the closer p(v') to 1, the larger is the perturbation energy. Thus there is a structural similarity
between the invariant sets of small perturbations of the stationary modon and the R-H wave.

10. Linpunov stabllity in an invariant set

Remember that the Liapunov method for the stability study means an analysis of the stability
properties of a solution with respeet to all the perturbations from a sufficiently small neighbour-
hood of the solution. Sometimes, it is interesting to consider stability of a solution only with



DYNAMICS OF PERTURBATIONS OF THE ROSSBEY-HAURWITZ WAVE 115

respect to a certain subset of perturbations of such a neighbourhood [Swaters, 1086). In this
connection, we would like to emphasize that the Liapunov stability method can be used correctly
te this subset of perturbations only if it is the invariant set. Invariant sets of perturbations of
the R=H wave and the stationary modon have been found in the sections 3 and 0.

It is easy to show that the diference of two elements from the invariant set M&_‘ defined by
(43), does not always belong to MY, The same is also true for the invariant set M™. Hence the
invariant sets MY and M2 are not linear spaces. Therefore, if we study the Liapunoy stability
of R-H wave in the set M7 (or MT) only, then this set must be considered as the metric SpAe.
The Liapunov stability method in the metric space was developed by Zubev [1957).

Since Eq. (110) reduces the stability study of the modon 4 to that of the zero solution, we
now give Zubov's criterion for the zero solution te be Liapunov stable in the metric space.

Proposition 13. The zero solution i3 Lispunov stable if and only if there exists o differentiable
positive functional V [¢'(t)] defined in a small neighbourhood O.(0) = {' : p(y', 0) < r} of the
zero and such fhat

1. Crp(v, 0) < VIW'(1)] < Cap(¥',0) for all ¢ (t)e0(0);
2. V(L)) <0 for all t > 1o while ¢'(1)e0,(0).

This statement is & particular case of Theorem 12 by Zubov (1957). The metric p(y',0)
denotes the distance between the zero solution and a perturbation ¢'(t). We emphasize that the
constants ©; and O3 are independent of time,

Recall that the proof of Proposition 10 was based on using the properties of the orthogonal
prajector on My in the space .[-1{5}. But this assertion can also be proved by applying Proposition
13. Let nit) and K(t) defined by (36) be the energy and the enstrophy of perturbation ' of
a solutlon ¢ of Hy. Then the functional U[¢'(t)] = n(t) — 2K(t) is conserved in time for any
' due to (39). Further, the projection of ¢'(t) on the subspace H, @ H; is also constant in
time because of (C.2), (C.3) and invariability of < ¢', u >. Thus we can assume, without loss
of generality, that each perturbation ¢' is orthogonal to Hy @ Hy. Therefore, we can use the
inequality

194l < 612 ag| (126)

that halds for any function g{A, u) of L2 (%) that is orthogonal te Hy @ H (Skiba, 1089). Then
we obtain

0 < Can(t) £ Uly'(t)] < Canle) (127)

where ©) = § and €3 = 1. This estimate means that two different metrics introduced in the
space of perturbations by means of U[¢'] and 5, are equivalent to each other at any time. Sinee
U[w'(e)] is constant, 4 is Liapunov stable due to Proposition 13.

We now show that the estimate (127) is false in the set M” if n > 2. Indeed, the proof of
Proposition 11 shows that any nenzenal R-H wave (17) of Hy @ Ha(n > 2) is Liapunov unstable

with respect to a certain perturbation ¥ from the invariant set M™. At the same time, because
of (38) and (43),

%f Uty =0 and -U['[t) >0 (128)
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for any perturbation &' of M2, and hence, the second condition of Proposition 13 is satisfied.
Therefore, due to Proposition 13, the estimate (127) is false in the set MT.

Note that the sets of the modon perturbations eonsidered by Swaters (1986) are non-invariant
and they are not linear spaces. Besides, he proved the estimate CyK(0) < V[@/'(t)] < C3K(0)
instead of C K(t) < V[¢'(t)] < CaK(t). Therefore, Zubov's criterion (Proposition 13), can not
be used in this case.

11. Stable invariant sets of amall perturbations of the monopole modon and the
Legendre polynomial

It is known that the norm (47) of the difference between a zonal flow on & sphere and a R-H wave
(or & modon) is conserved in time, According to Kuo (1973) eriterion, all the Legendre polyno-
mial Pr(p) of degree m > 3 satisfy the necessary condition for the linear instability. Numerical
analysis of the linear stability of the Legendre polynomials was carried out by Baines (1976).

The lincar stability of monopole modons representing zonal Aows and being a combination of
two Legendre polynomials of real degrees can be analyzed in the same way.

We now extract invarlant subsets of stable small perturbations of the Legendre poalynomials
and monopole modons. We use Proposition 13 in order to show that each monopele modon
with yz > 0 as well as an arbitrary Legendre polynomial are linearly Liapunov stable (see the
definition in Section 1) with respect to any small amplitude perturbation whose spatial scale is
small enough.

Let us fix an integer number m and denote as [ the subspace of all possible functions on the
sphere § whose zonal wavenumber is m. Spherical harmonies {Yg" (X, pg) : n > |m|} form an
orthonormal basis in [m. As is known, each Im iz the invariant set for infinitesimal perturbations
of any zonal flow on 5. Let us define for any natural & the invariant set

Fy= @ Im (129)

as the direct orthogonal sum of such subspaces [m that [m| > &, i, Fi contains enly the
functions f{A, u)of L’{S] whase Fourler coefficients [, see (11), are zero if [m| < k.

Proposition 14. Let ¢ be a monopole modon with xg > 0, and lef a = maz{xa, Xe}. Then ¢
is lincarly Liopunov stable with respect to any initial perturbation of Fi if k(k + 1) > a.

Proof. Let xp = k(k + 1). We have p{v') = x(¢')/a = xufa > 1, and hence, F is the
invarlant subset of M. Further, the functional

Vi'(n)] = ~Ul' (1)) = K(){p(¢") - 1}

satisfies the conditions [128), and thus, the second condition of Proposition 13 is fulfilled, We
now estimate V[¢'(¢)]. Let b= min{xa, xrs}. Then we obtain

a Xk

VIw'(0)] = K(t) {%‘pr} - 1} = ) {% - ﬁ} > .,.m{l L }
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and

vIv'o) < KX = a0

Thus the first condition of Proposition 13 is also valid, and the monopole modon is stable to
small perturbations of Fi. QED.

Proposition 15. The Legendre polynomial o = Fn(p) io linearly Liopunow stable with respect to
any tniftal perturbation of the invariant set Fy if k > n.,

Proof. If & > n then this assertion follows from Proposition 14 as the particular case when
Ya = Xs = ¥n. Let k = n. Obviously, it is sufficient to prove the stability of Pa(p) regarding
the small perturbations of the set [n only. By Propesition 2, the Legendre polynomial Fa(p)
is Liapunov stable with respect to perturbations of the invariant set Ha. Therefore, Fn(u) is
linearly stable with respect to perturbations from the set [y M fn. The set Ha M Iy is invariant
as it is the intersection of invariant sets. It is a one-dimensional set with the single spherical
harmonic ¥, (X, u) as its basis. Thus, without loss of generality, one can consider only the

perturbations of In which are orthogonal to Ya'(A, #). Then again x(¥') > xn, and the same
method as in case & > nocan be used, QED.

Since Lhe linear Liapunov stability excludes the algebraic growth of infinitesimal perturbations,
it means that under conditions of Propositions 14 and 15 all the eigenvectors of the set Fj of
stable pertubations are linear independent, and the algebraic multiplicity of the corresponding
eigenvalues coincides with their geometric multiplicity,

It is now easy to show that the Legendre polynomial Pylu) is linearly stable. Indeed, the
E::l.urhal.in-nu ¢ (1)(m = =1, 0, 1) of any solution of Eq. (1) are constants. Hence, due to
2]

¥

) k
U] = 3 xelxe —6) 3 [WT()F = Ulw'(0)] = const
k=3 m=—k

T
for any small perturbation of the invariant linear space F = % H,. Therefore, U[g'(t)] can be
taken as the Liaspunov functional. Since the set F is a linear space, it is not necessary to apply
here Proposition 13. As a corollary we have that any B-H wave of Hy & Hy is Lispunov stable
in the invariant subspace F.

12, Summary

In this paper, a stability study of perisdic solutions (the R-H waves and the Verkley modons)
of the vorticity equation have been carried out within the framework of an ideal incompresaible
fluid on a rotating sphere. Ye have derived the conservation law for arbitrary perturbations of
the R-H wave (Proposition 1) and found invariant sets of such perturbations. The conservation
law and the invariant sets have also been obtained for the stationary Verkley modon, but only
for small perturbations (see (121}, (123)). It follows from these resulis that there are certain
common features in the structure of small invariant perturbations of both the B-H waves and
the stationary modons.
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For estimating the rate of convergence or divergence of paths of the solutions of Eq. (1) in
the phase space, we have introduced the metric (47) through a linear combination of the energy
and the enstrophy of the perturbations. In Section 4-6, we have derived formulas which enable
uz to find at any moment the distance between two R-H wawes, between a R-H wave and a
modon or between two modons in the phase space. The formulas have been used to obtain the
necessary and sufficient conditions for the distance between any two solutions from the set of all
R~H waves and modons to be constant (Propositions 3, 8, 8), These formulas have been applied
to prove the Liapunov instability of two types of exact solutions of the vorticity equation on a
sphere: non-zonal R-H waves of the subspace /) @ Iy if n > 2 and dipole modons (Propositions
11, 12).

It is shown in Scction 7 that the Liapunov instability of any non-zonal R-H wave as well
as dipole modons is caused by algebraie growth of perturbations. Such perturbations are the
difference between the basic wave and another periodical solution such that their paths are very
close Lo each other in phase space. However these two solutions oscillate asynehronously because
of different velocities (18} or [27). This kind of instability iz not connected with the orbital
instability, does not exist in the linear stability problem and is typical for periodical salutions of
the nonlinear conservative pendulum equation.

According to Eq. [39), the whole space of perturbations of the R=H wave from the subspace
H) & Hy consists of three invariant sets M®, M7 and M7 defined by the magnitude of the mean
spectral number of perturbations. Therefore, the dynamics of perturbations can be analyzed
in ench of these sels independently. The proofl of Proposition 11 shows that the R-H wave is
Liapunov unstable with respect to certain perturbations from M®. It is likely that the same
assertion is also true for the set AMD, nevertheless it is still to be determined. We would like
to emphasize that the energy cascades of any growing (or any decaying) perturbations have the
opposite directions in MY and M2, As for M7, it includes the invariant subset Hy, all the
perturbations of which are stable (Proposition 2). The question, whether the other part of M
contains unstable perturbations or not, also remains to be explored. Due to Propesition 1, the
kinetic energy and enstrophy of any perturbation of the R-H wave increase, decrease or remain
constant simultaneously, and hence, the interdependence between the kinetic energy and the
concomitant mean spectral number of a perturbation is hyperbolic. Also note that the largest
amplitudes of perturbations of the sets M2 and MT are in the immediate proximity to the set
MY

Due to Eq. (121), there is an invariant nonlinear functional for small perturbations of the
Verkley stationary modon (Verkley, 1984, 1987), and a small neighbourhood of such modon
can be divided into three invariant sets (123) by analogy with the R-H wave case. But unlike
the law (39), the conservation law (121) iz valid only for small perturbations of the stationary
modon, For the particular case of Verkley (1984) (or Tribbia [(1984)) stationary modens, this
law coincides with that found by Laedke and Spatschek (1086) and Swaters (1986) for small
perturbations of the beta-plane modon with rapidly decaying exterior solution, The conservation
laws (39) and (121) and Zubov’s criterion (Proposition 13) have been used in Section 11 to show
that any monopole modon with xp > 0, as well as any Legendre polynomial Fa(p), is linearly
Liapunov stable with respect to special invariant sets of perturbations of sufficiently small seale
(Propositions 14 and 15).

APPENDIX A, THE EULER ANGLES

As mentioned in Section 6, to bring the system (xy, ¥y, ;) into coincidence with the system
(', ¥', z') (see Fig. 3) it is necessary to execute three successive rotations through the Euler
angles p, =& and &, The first rotation of the system (zy, ¥y, 7)) is performed about the axis Oz
through the angle p. After that the axizs Oy will coincide with the axis Oyy. The second rotation
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is performed about the axis Oyo through the negative angle -8 so as to bring inte coincidence
the axes Oz; and 0z'. The last rotation is carried out about the axis 0z through the angle ¢.
Maote that two rotations defined by matrices D{p, —8, J) and D(x + p, §, ¥ + @) are equivalent
(Mikiforov and Uvarov, 1984).

We now show how to find the angles p, # and f provided the values a, b and + are known. Since
the angles NyOB and BON' are direct, the cosine theorem (Berger, 1978) being successively
applied to the spherical triangles NyNN', NyNB and BNN'| gives

u=uft) =cos§ =ab+4v1-a? vV1-bcosy {A.1)
O=apg+vV1-a? 1 —p_?;:m-u (A.2)
0=bpp+V1-8 1 - pheos(y— ) (4.3)

where = is the longitudinal angle between the points A and B and up is the p-coordinate of
B. It follows from [A.2) and (A.3) that

tgn = (W1 = a? = av'1 = b cos ) /(av'1 — % sin ) {AA)
B = —v1—nimw1fy{n3+[l — a?) cos? 4y (A.5)

The cosine thearem used for the spherical triangle AN E and Eq. (A.2) gives

cosp= =g V1 —al [A.8)

Relating the coordinates of the point B in the systems (A, p) and (A, pg) with the sine

thearem (Berger, 1978) we obtain
sinpg = /1 — phsiny (A7)

The angle @ is uniquely defined by Egs. [A.8) and [A.7). Similar analysis for the spherical
triangle BN'C yields

costd = =pg/ V1= bt (A.8)
sind = 1—_;1_31; sinfy — ;) (A.9)

Since # is within interval [0, =), the angle +y is uniquely defined by Eq. (A.4).

AFPENDIX B. THE FROOF OF FROPOSITION @

2

As was mentioned before, the case u = a® corresponds to the angle 7 = */2, and hence,

Anlu) = -{1 —w){P® M) — pl2 D)y (B.1)
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for such a value of u. Due to (87), we can rewrite (B.1) as
hu(u) = v{F{-n+ Lin+21;v6) - x—;F{—n + 1in -+ 23 v)}
where v = (1 — u) /2, Using the functional relation (Olver, 1974)

rF,u_-ll}F[P‘- rie=1;v) + ﬁ{i —1-(28=p—r—1)w}F(pr;sv)

v
+m{s—p]{t —r)F(pris+ vl =0 (B.2)
we obtain

ha(u) = Fl-n+Lin4+ 2 L) = Fl-n+ 1;n+2;2;v)
We now use one more relation for hypergeometric funetions from Korn and Korn (1068):
sls+ I{F(pirisiv) = Flpgsris+ Liv)} —preFlp4+ L+ L8+ 2,0) =0
Then
Anfw) = Z(-n+1)(n + 2)F(~(n — 2);n + 3;3;)
Applying again (87) we obtain

hafw) = =520 - )P () (B.3)
Since 1 — u < 1 — u?, (B.3) leads to

Ihn(w)] < 201 - o) P ) (B.4)

Taking into account the relation
m

{ - Jﬁﬂp{m m]'{u} { s ]

= Pa(u) (B.5)

between the Jacobi polynomials and the associated Legendre functions (Nikiforov and Uvarov,
1934 we obtain

h(u)| < 2xa | Fa(u)| (B.8)
The addition theorem for the spherical harmonies (Richtmyer, 19582) yields

z IR (u)® =

W =i
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and henece, the inequality

2n + 1% 1/2
2 < (1)
holds for all m 2 0. Therefore, using (7)=(2]), we obtain finally
3 _ 1 {n+3]r}1f*
|hn(a®)| = |halu)] < xn n—2)i < 1.

QED.

APPENDIX C. TIHE FPROOF OF PROFOSITION 10

According to (34), it is sufficient to prove that
<J(¥, ag), f>=0 (c.1)

for any smooth function +, if the sslution fel;. To this end, we define & projection of ¢ on Hy
as (see Helgason, 1984)

¥n(z) = (2n+ 1)(y = Fa)(z) (©.2)

where the operation (¢ ¢ Fy)(z) called a convolution of the function ¢ and the Legendre poly-
nomial Palu), is determined in the following way (Helgason, 1984):

(¥ + Pa)(e) = o [ ()Pl Dy (c3)

Here ¢ and y are points on the sphere 5 and £ and § are the radius-vectors. The scalar
product #- { is equal to cos @ where # is the angle between two vectors £ and §. The point z is
taken in (C.2) as the North pole of new geographic coordinate system in which £+ § = cosd = pu.
Mote that f(z) = 3(f + Fj)(=). So

< I($, A¥), [ >=3 < J($(z), Av(z)), (f» P)(z) >=
= o <I((@), A¥(), [ SWIP(E- Py >=
d= g

=3 < (J(¥, &¢) = P, J(v) >

Here we change the order of the integration over r and y and used the definition (C.3). Sinee
FPilp) = p, we obtain [(C.1). Actually, for every fixed y we have

I8« )W) = o= [ IO, #), a0, w)uds =0

due to (14). QED.
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APPENDIX D. THE FROOF OF FROPOSITION 11

We will use the formula (51). By Proposition 1, there is no loss of generality because of choice
of the norm (47) as a square root of K(t). Also, due to Proposition 10, suppose, without loss of
generality, that o = 0, and hence, the wave [17) belongs to the subspace Hy only:

flty A )= 3 fu¥a (A - Cat, u), (D.1)

k=-n

Since the R-H wave (D.1) is non-zonal, fi # 0 at least for one k& satisfying 1 < k < n. Let
for definiteness, such &k is odd and

»
€= {4xn Y Vo "}V3, (D.2)
k=1

in the definition of the Liapunov stability, Here p is the largest integer number such that

p= (n+ 1)/2. Let an initial value of the energy of perturbations does not exceed §° where &
is an arbitrary positive number, as small as we like. We now show that independently of § and
the moment ¢} chosen, there is & perturbation &' nd' the wave (D.1) and a time moment r > )

such that the kinetic energy K(r) of &' exceeds 2. For the € given by (D.2), and for any small
& chosen, we take as another solution o = (&) of Eq. (1) the R-H wave

Wit A, p) = --_1’1 (k) + E Y E(A = Ent, ), (D.3)

k=g

from My & My where O = l:f'n{ﬁ] = ; = (6 4+ 2)/¥n. Then, according to (51), we obiain

7 i
K1) = % + 25 3 el (1 — cosk(Ca — Cult) (D.4)
k=1

for the perturbation ' = ¢ = [ of the wave (D.1 )- Here
Cn=Cn=§ (% - l.-",‘:_-n) . (D.5)

If n > 1, then xn > 2, and hence, Cy —Cy # 0. Note that the case n = 1 (when Gy — Oy = 0},
confirms I-‘mpnaltlm 10. Due to [D A}, the condition (91) is satisfied at the initial mqml:nl;. fo=0
since K(0) = T However, if t = rj = LAt ':: (where § =0, 1, 2,...) then K(rj) = 'I' + g2,
and the inequality [(90) is false, Since the * sequence {r;} tends to oo as § — oo, it is impossible
to find such a moment £ > &y 80 as to satisfy the |n|::|;|r.|,u||l:.3r (90) for all t > t;. Therefore, by
definition, the wave (D.1) (and henee, the wave (17)) is Linpunov unstable. QED.
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