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Capacitance of a plate capacitor with one band-limited fractal rough surface

N.C. Bruce and A. Garcı́a-Valenzuela
Centro de Ciencias Aplicadas y Desarrollo Tecnológico, Universidad Nacional Autónoma de Ḿexico

Apartado Postal 70-186, 04510 Ḿexico, D.F.

Recibido el 30 de marzo de 2007; aceptado el 20 de junio de 2007

The problem of the capacitance between a band-limited, zero-mean, fractal shaped-rough surface and a plane electrode is investigated. Five
parameters are required to define the rough surface:σ, the rms height,D (1 < D < 2), the fractal dimension of the roughness;K0, the
fundamental spatial frequency;b (b > 1), the spatial frequency scaling parameter; andN , the number of spatial frequency components in
the surface structure. We find that the graph of inverse capacitance against nearest electrode separation depends onσ andD, whereas it
is nearly independent ofK0, b, andN for N > 4. The numerical results also indicate that the surface roughness can be interpreted as an
equivalent dielectric film with an effective dielectric constant and effective thickness for surprisingly small minimum electrode separations.
Our findings in this paper can be used to complement established techniques for the experimental determination of the statistical parameters
of the surface roughness of conducting surfaces.

Keywords: Capacitance; fractal surfaces; capacitance microscopy.

Se investiga nuḿericamente el problema de la capacitancia entre una superficie rugosa con rugosidad fractal y una superficie lisa. Se
requieren cinco parámetros para definir la rugosidad:σ, la altura rms;D (1 < D < 2), la dimensíon fractal de la rugosidad;K0, la frecuencia
espacial fundamental;b (b > 1), el paŕametro de escalamiento de la frecuencia espacial; yN , el número de componentes de frecuencia
espacial en la superficie. Se encuentra que el inverso de la capacitancia contra la separación ḿınima entre los electrodos depende deσ
y D, mientras que es independiente deK0, b, y N paraN > 4. Los resultados nuḿericos indican que la rugosidad superficial se puede
interpretar como una pelı́cula dieĺectrica equivalente con una constante dieléctrica equivalente y grosor efectivo. Los resultados presentados
en este artı́culo se pueden utilizar para complementar técnicas conocidas para la medición experimental de las propiedades estadı́sticas de la
rugosidad superficial de superficies conductoras.

Descriptores: Capacitancia; superficies fractales; microscopia capacitiva.

PACS: 84.32.Tt; 84.37.+q

1. Introduction

There has been a great deal of interest recently in the mea-
surement of rough surfaces using capacitance probes. Results
have been presented for the capacitance between a plane or
pointer probe electrode and deterministic (cosine or rectan-
gular surface shape) conducting surfaces [1-10]. Recently,
we presented a study of the capacitance obtained between a
known probe electrode (which could be planar or with an ar-
ray of pointers) and a random rough surface with Gaussian
height statistics and a Gaussian correlation function [11]. In
that work it was shown that the capacitance obtained with the
planar probe electrode depended only on the height statistics
and not the correlation statistics of the Gaussian rough sur-
face, but that measurement with an electrode with a series of
pointers gave information about the correlation function.

However, in practical situations, rough surfaces do not
have Gaussian statistics; in general, rough surfaces are de-
scribed by fractal functions [12]. In this paper, we study
the simplest problem involving a rough surface with fractal
statistics, that is, the capacitance of a parallel plate capacitor
with one rough electrode. We report the results of a numerical
study, assuming a rough surface described by a band-limited
fractal. We require the use of a band-limited function because
the numerical method we use to calculate the capacitance be-
comes unstable and inaccurate for high spatial frequencies
(ν À 2D0 whereν is the spatial frequency andD0 is a stan-

dard separation between the mean plane of the rough elec-
trode and the plane of the flat electrode and is the scaling pa-
rameter for this problem) [6]. We study the two-dimensional
problem due to the limitations of the numerical calculations
for the full 3D problem.

2. Theory

The band-limited fractal function used to describe the rough
surface height distribution,h (x), is the following [13]:

h (x) = σ C
N−1∑
n=0

(D − 1)n sin (K0b
nx + φn), (1)

whereσ is the rms height,C is a normalizing factor for the
rms height,

C =


 2D (2−D)(

1− (D − 1)2N
)




1/2

, (2)

D (1 < D < 2) is the fractal dimension of roughness,K0

is the fundamental spatial frequency,b (b > 1) is the spatial
frequency scaling parameter,N is the number of spatial fre-
quency components in the surface structure, andφn are ran-
dom phases which give the different realizations of surfaces
with the same fractal structure. Another important parame-
ter for rough surfaces is the correlation length,τc, which is
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obtained from the correlation functionρ (τ):

ρ (τ) =
〈h (x)h (x + τ)〉

〈h2 (x)〉

=

(
1− (D − 1)2

)
(
1− (D − 1)2N

)
N−1∑
n=0

(D − 1)2n cos (K0b
nτ), (3)

where〈〉 means the ensemble average, and the correlation
lengthτ = τc is found whenρ (τ) = e - 1. Figure 1 shows
examples of rough surfaces generated with Eq. (1) and the as-
sociated parameters. It can be seen that for smaller values of
D the rough surface is close to a sinusoidal shape, and as this
parameter increases, the roughness increases and the surface
finally looks nothing like a sinusoidal surface. For compari-
son, a surface with Gaussian statistics (height statistics and a
Gaussian correlation function) is also shown in Fig. 1.

FIGURE 1. Examples of the band-limited fractal rough surface profiles and the parameters of the surfaces. Also shown for comparison is a
Gaussian random rough surface with the same standard deviation of height and a correlation length comparable with the band-limited fractal
surfaces.
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The electric potentialϕ satisfies the Laplace equation

∇2ϕ (r) = 0. (4)

We can use Green’s theorem to obtain the integral equa-
tion

∮

DR

(
G (r − r′)

∂ϕ (r)
∂n

− ϕ (r)
∂G (r − r′)

∂n

)
ds

=
{

ϕ (r′) if r′ ∈ R
0 if r′ /∈ R

, (5)

whereG () is the Green function for this problem

G (r − r′) = − 1
2π

ln (|r − r′|) ,

n is the normal to the surface in the direction towards the
volume R which is surrounded by the surfaceDR, and
∂/∂n = n · ∇. Taking the pointr′ to be (i) infinitesimally
below the plane probe surface (denoted by subscripta in the
following equations) and (ii) infinitesimally above the rough
test surface (denoted by subscriptb) (see Fig. 2), we obtain
the two equations [6]

∞∫

−∞

(
Ub

∂Gba

∂N
−GbaB (x)

)
dx

−
∞∫

−∞

(
Ua

∂Gaa

∂y
−GaaA (x)

)
dx = 0

∞∫

−∞

(
Ub

∂Gbb

∂N
−GbbB (x)

)
dx

−
∞∫

−∞

(
Ua

∂Gab

∂y
−GabA (x)

)
dx = 0, (6)

where the subscripts to the Green function indicate the source
and field points of the field, for example,Gab is the field at
a point on surfaceb due to a unit source on surfacea, N is
the normal to the rough surface and the normal to the flat
surface is in the direction of they-axis. A (x) and B (x)
are the charge densities on the top and bottom surfaces, re-
spectively, normalized by the free space permittivity constant
ε0 = 8.854×10−12C2/N m2. Equations (6) are discretized,
converted to matrix equations and solved in a computer to
find A (x) andB (x). The normalized capacitance per unit
length is then given by

CN =
1
L

L∫

0

A (x) dx =
1
L

L∫

0

B (x) dx. (7)

FIGURE 2. The geometry of the problem.

FIGURE 3. Graphs of normalized capacitance against nearest elec-
trode separation for different values ofσ and D. Black curves,
σ = 0.2D0; red curves,σ = 0.4D0; green curves,σ = 0.6D0;
blue curves,σ = 0.9D0. The values ofD are, from the top curve
to the bottom curve for each value ofσ: 1.9, 1.8, 1.6, 1.4, 1.2 and
1.02. The value ofb is 1.5. The open circles are the results for a
Gaussian random rough surface with the same values ofσ and a
correlation length ofτ = 1.0D0.

The equality of the capacitance calculated from the two
electrodes is used as a check on the validity of the calcula-
tion. In the calculations presented here, the difference was
typically less than10−3, although the roughest surface calcu-
lated showed a difference of the order of10−2.

3. Results and discussion

The results presented here were calculated by dividing a sur-
face segment of lengthλs = 30.0D0 into 512 points and as-
suming a periodic surface with 100 periods of these surface
segments. The value ofK0 is given by

K0 =
2π

λs/p
,

wherep controls the number of periods of the spatial fre-
quency contributions in the surface segment. One aspect
which is important to emphasize in the results presented here
is that the values of capacitance are plotted against the near-
est electrode separation,i.e. the smallest distance between a
point on the rough surface and the planar probe electrode.

Rev. Mex. F́ıs. 53 (4) (2007) 296–302
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FIGURE 4. Graphs of inverse normalized capacitance against near-
est electrode separation for the same data as in Fig. 2.

FIGURE 5. Graphs of the intersect point (lower) and the slope (up-
per) of the curves in Fig. 3 against the value ofD. Filled squares,
σ = 0.9D0; open triangles,σ = 0.6D0; crosses,σ = 0.4D0;
asterisks,σ = 0.2D0. The lines are the results for a Gaussian
rough surface with the values ofσ given by: dashed and dotted
line,σ = 0.9D0; dotted line,σ = 0.6D0; dashed line,σ = 0.4D0;
continuous line,σ = 0.2D0.

This separation is measurable, whereas the distance between
the average plane of the rough surface and the planar elec-
trode is not [12]. The calculation for one value of the near-
est electrode separation took approximately 15 minutes on a
167MHz SUN ULTRA 1 workstation.

Figure 3 shows the normalized capacitance values against
the nearest electrode separation for fractal rough surfaces
[Eq. (1)] with different values of the parametersσ andDand
with the parametersb andp constant, and, for comparison,
a similar curve for Gaussian rough surfaces with a constant
correlation lengthτc and the same values for the width of the
height probability distributionσ as the fractal surfaces. As in
previous work [11], the Gaussian height distribution is cut at
3σ to limit the extent of the surface (a Gaussian distribution
has a small but non-zero probability of producing a very high
part of the surface which would mask the effect of the other
parts of the surface on the capacitance). It can be seen that,
for all cases shown, including the Gaussian surface case, the
curves of the normalized capacitance versus nearest electrode
separation have the same shape. However, the normalized ca-
pacitance is reduced as the parameterD is reduced or asσ is
reduced.

The shape of the curves in Fig. 3 appear to follow a sim-
ple inverse relationship with the nearest electrode separation,
so in Fig. 4 we plot the inverse of the normalized capacitance
in Fig. 3 against nearest electrode separation. It can be seen
that all the cases calculated here are straight lines in Fig. 4,
showing that for all cases the normalized capacitance is an in-
verse function of the nearest electrode separation. Note that
the curves in Fig. 4 should actually “dive down” to zero at the
origin, that is, when the nearest electrode separation is zero
the normalized capacitance is infinite, and thus its inverse is
zero. It is rather surprising that the curves of the inverse ca-

FIGURE 6. Graph of inverse normalized capacitance against near-
est electrode separation for a band-limited fractal surface with
σ = 0.2D0 and a correlation length varying from 1.0 to 6.0. In
this graph there are 7 different curves, which are indistinguishable.

Rev. Mex. F́ıs. 53 (4) (2007) 296–302
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FIGURE 7. Graphs of normalized capacitance against the number,N , of spatial frequency components used in the surface generation for
σ = 0.2D0, left, andσ = 0.4D0, right. The correlation distance for the cases shown isτ = 5D0.

FIGURE 8. Graph of normalized capacitance against nearest elec-
trode separation for different values of the parameterb for a band-
limited fractal surface withσ = 0.2D0 andD = 1.5. The crosses
are for the case ofb = 1.02; continuous line,b = 1.2; open
squares,b = 1.5; filled circles, b = 2.0; and open triangles,
b = 2.5.

pacitance remain linear down to a value of the nearest elec-
trode separation of0.01D0, which corresponds to the first
point in the graphs. It is worth pointing out that taking a
different separation parameter,e.g. the separation between
the average plane of the rough electrode and the plane elec-
trode, would give the same straight lines, with the same gra-
dients, but shifted along the x-axis. For separations smaller
than0.01D0, the errors in the numerical method used here in-
crease and the values of the capacitance calculated from the
two electrodes differ by more than the value of10−3 men-
tioned above. Figure 5 shows the variation of the slope and
the intersection point on the y-axis of the different curves,i.e.
fits the functiony = mx + c, wherey is the inverse capaci-
tance,x is the nearest electrode separation,m is the slope of

the data andc is the y-intercept. From this figure, we see that
the slopes of the curves are independent of the parametersD
andσ (note the small change in the vertical scale of the graph
for the gradientm) whereas the intercept,c, does depend on
the parameterD, as well as on the parameterσ.

Figure 6 shows the variation of the curve of the normal-
ized capacitance versus the nearest electrode separation when
the surface is stretched or shrunk in the horizontal direction.
Here it is important to note that all cases had the same sur-
face shape; this surface was only scaled in the horizontal di-
rection. It can be seen that, as has been seen before for a
randomly rough surface with Gaussian statistics, the capaci-
tance obtained with a planar electrode is independent of the
lateral structure for the fractal surface for the values of the
correlation length shown here.

Figure 7 shows the variation of the normalized capaci-
tance with the number of spatial frequency componentsN .
From the graphs it can be seen that with 4 or more terms
the capacitance is unchanged, i.e. the spatial frequencies in
the surface shape for 4 or more terms have no effect on the
measured capacitance. It can also be seen that the limit on the
number of terms which affects the capacitance is independent
of the standard deviation of the height. Although the value of
N which affects the capacitance is small, from Figs. 3 and 4
it can be seen that the capacitance varies for cases with differ-
ent parameters, so the fact that the surface is a band-limited
fractal does affect the capacitance value.

Finally, Fig. 8 shows the variation of the inverse nor-
malized capacitance against nearest electrode separation with
parameterb, the spatial frequency scaling parameter. For the
cases shown here, it can be seen that the normalized capaci-
tance is independent of this parameter.

The results in Figs. 3-8 have a simple and appealing inter-
pretation: the surface roughness on a flat electrode is equiva-
lent to an artificial effective dielectric film on a flat conduct-
ing surface. To see this, let us recall that the capacitance of a
parallel plate capacitor with a dielectric film covering one of

Rev. Mex. F́ıs. 53 (4) (2007) 296–302
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its electrodes is given by

C =
Aε0

d + h
εr

, (8)

whereA is the area of the capacitor,

ε0 = 8.854× 10−12C2/N m2

is the permittivity of free space,εr is the relative permittivity
of the dielectric material,h is the thickness of the dielectric
material, andd is the free space distance between the top of
the dielectric layer and the second electrode. The normal-
ized capacitance in this case is obtained by dividing Eq. (8)
by Aε0, and the inverse capacitance of this system is there-
fore

1
C

= d +
h

εr
(9)

i.e. the inverse capacitance is a linear function of the near-
est electrode separationd, and the gradient of the linear de-
pendence is independent of the parameters of the dielectric
layer. The intersection point of the 1/C versusd line is the
ratioh/εr, and so it does depend on the dielectric layer. This
is the same situation as was found for the fractal surface case
above: the gradient of the line is constant and the intersection
point depends on the surface parameters.

Therefore our results indicate that the ratio of the effec-
tive coating thickness,h, and the effective dielectric con-
stantεr depends mainly on the values of statistical param-
etersD andσ, and is nearly independent of the other param-
eters. The relationship between the rough surface parame-
ters and the effective dielectric coating, for the specific case
of very large nearest electrode separation compared to the
height of the surface roughness, is studied in the Appendix.

This means that one could determine a relationship be-
tween the statistical parameters of the rough surface,D
andσ, from the experimental measurement of the values of

FIGURE 9. The calibration graph for the inverse capacitance inter-
sect versusσ andD. The intersection of the plane for a measured
value of the inverse capacitance with this curve gives the possible
values ofσ andD for the surface.

the capacitance between the rough surface and a parallel
plane electrode for two or more values of the nearest elec-
trode separation. The data from Fig. 4 can be used to produce
a calibration curve as shown in Fig. 9, where the possible val-
ues ofσ andD can be found from the intersection of the plane
for the measured inverse capacitance intersect value with the
curve of the inverse capacitance intersect value againstσ
andD. However, separatingD andσgould require another
independent measurement. Recently, it has been shown that
it is, in principle, possible to determine the thickness and di-
electric constant of a dielectric coating from two capacitive
measurements using two electrodes of different shapes [14].
In this reference, it was shown that for two different elec-
trodes,e.g.one plane and one circular, the dependence on the
measured capacitance of the dielectric constant and the film
thickness is different and that one measurement with each
electrode is sufficient to separate these two parameters. In
view of our finding that a fractal rough surface is equivalent
to an effective dielectric film, it may be possible to use the
technique proposed in Ref. 14 to obtain the values of an ef-
fectiveh and an effectiveεr and then separate the values ofD
andσu To obtain information on other statistical parameters
of the rough surface, that is,b, K0, andN , other indepen-
dent measurements must be taken,e.g. optical scattering or
microscopy measurements.

4. Conclusions

We have found that the inverse of the capacitance between a
plane probe electrode and a band-limited fractal rough sur-
face (us for a Gaussian random rough surface) is a linear
function of the nearest electrode separation with the lines
for different parameters having the same slope and differ-
ent inverse normalized capacitance intersection values. There
are 5 parameters which define the band-limited fractal rough
surfaces used in this paper:σ which is the rms height,
D (1 < D < 2) which is the fractal dimension of the
roughness,K0 which is the fundamental spatial frequency,
b (b > 1) which is the spatial frequency scaling parameter,
andN which is the number of spatial frequency components
in the surface structure. Of these 5 parameters, the inter-
section point of the graph of the inverse capacitance value
against nearest electrode separation depends onσ andD, as
shown in Fig. 9. The slope of the inverse capacitance ver-
sus nearest electrode separation is independent of the surface
parameters. This means that surface roughness with fractal
statistics can be modeled by an artificial dielectric film with
an effective thickness and an effective dielectric constant and
that the ratio of the effective thickness and the effective di-
electric constant is a function ofσ andDonly. Some other,
independent, measurement is required to separate these two
parameters.

Appendix

There is a specific case in which the relation between the pa-
rameters of an effective thin dielectric layer over a conducting

Rev. Mex. F́ıs. 53 (4) (2007) 296–302
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surface can be related to the shape of the rough surface in a
simple way. For the case when the separation between the
two electrodes is very large,d À h, in the case of the thin
film, we have for the normalized capacitance

C =
1

d + h
εr

=
1
d

(
1 +

h

εrd

)−1

≈ 1
d

(
1− h

εrd

)

=
1
d
− 1

εr

h

d2
, (A.1)

where we have used the binomial expansion and cut the se-
ries after the second term sinced À h. The local height
approximation for the normalized capacitance in a rough sur-
face capacitor is [4,5]

C =
1
L

∫

L

1
d + hmax − h (x)

dx, (A.2)

wheredis the nearest electrode separation andhmax is the
maximum value of the surface height above the mean plane
of the rough electrode, and the termd+hmax is the separation
between the flat electrode and the mean plane of the rough
electrode. Performing the binomial expansion as in (A.1), we
obtain

C =
1
L

∫

L

1
d

(
1 +

hmax − h (x)
d

)−1

dx

≈ 1
L

∫

L

1
d

(
1− hmax − h (x)

d

)
dx

=
1
d
− 1

d2


Ahmax − 1

L

∫

L

h (x) dx


 . (A.3)

Comparing Eqs. (A.1) and (A.3), it can be seen that the
equivalent thin dielectric covering parameters are given by

h

εr
=


hmax − 1

L

∫

L

h (x) dx


 (A.4)

and, from Eq. (9) above, this parameter defines the intersec-
tion point of the inverse capacitance curves. This expression
is true for any form of surface roughness,i.e. there will be
an equivalent thin dielectric film for any shape of roughness.
If the roughness is zero-mean (as is the case for the fractal
surfaces), then the integral term in Eq. (A.4) is equal to zero
and we have the equivalent thin dielectric covering parame-
ters given by

h

εr
= hmax, (A.5)

i.e. the intersection point of the 1/C versusd curve depends
only on the maximum value of the height of the rough sur-
face. This means that, measuring with a plane electrode,
it is not possible to extract the surface statistics for a zero-
mean surface from the inverse capacitance intersection point,
it is only possible to extract the maximum value of the sur-
face height. In the case of the fractal surfaces, the maximum
height of the surface depends on the value ofσ, which gives
the rms of the height variations, and onD, which defines the
amplitudes of the different harmonic components. The other
parameters should not affect the maximum height. This is the
behavior found in the results above. If we choose a value of
h = 2σ, then, from Eq. (A.5), we have

εr =
2σ

hmax
, (A.6)

which could be used as a comparative parameter between sur-
faces with different statistics.
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