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Oriented matroid theory and loop quantum gravity in (2+2) and eight dimensions

J.A. Nieto
Mathematical, Computational & Modeling Science Center, Arizona
State University, PO Box 871904, Tempe, AZ 85287, USA.
Facultad de Ciencias Bico-Matenaticas de la Universidad AG@homa de Sinaloa,
80010, Culia@n Sinaloa, Mxico.
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We establish a connection between oriented matroid theory and loop quantum gravity in (2+2) (two time and two space dimensions) an
dimensions. We start by observing that supersymmetry implies that the structure constants of the real numbers, complex numbers, quater
and octonions can be identified with the chirotope concept. This means, among other things, that normed divisions algebras, which are
possiblein 1,2, 4 or 8-dimensions, are linked to oriented matroid theory. Therefore, we argue that the possibility for developing loop quant
gravity in 8-dimensions must be taken as important alternative. Moreover, we show that in 4-dimensions, loop quantum gravity theories
the (1+3) or (0+4) signatures are not the only possibilities. In fact, we show that loop quantum gravity associated with the (2+2)-signat
may also be an interesting physical structure.

Keywords: Loop quantum gravity; eight dimensions; (2+2)-dimensions.
PACS: 04.60.-m; 04.65.+e; 11.15.-q; 11.30.Ly

It is known that the self-dual (or antiself-dual) concept assoand consequently the self-dual objeéd®4Z, given in (1), is
ciated with the 2-form Riemann tens@&*Z plays a central again a2-form. Since in2-dimensions one can always write
role in quantum gravitya la Ashtekar [1-3]. Mathematically, R4Z = ReAB, *RAB =* ReAB and tRAP =t ReAB,
the self-dual sector aR“ 5 is realized by introducing a dual with R = (1/2)R45¢45,, one sees that self-duality require-

tensor* R4 such that the self-dual curvature, ment (1) can also be achieveddrdimensions. The case of
1-dimension corresponds to amvithout indices and may be
+RAB — E(RAB + a*RAB), (1) identified with the real numbers. Therefore, this shows that
2 the set
wherea = {1,i}, is again a 2-form. Using the completely D ={1,2,4,8}, 4)

antisymmetric density4, .4, (e-symbol) which takes values

in the set{—1,0, 1} one can definéR, 4, . as describes the dimensionality of the “spacetime” where self-

duality can be accomplished. One may recognize in (4) the
. 1 Ay ok only possible dimensions for a real division algebras [14-15]
Ra,.ap_s = §€A1..AD_3AD_2AD_1R A (2) (see also Ref. 16 and references therein). Moreover, the
set (4) corresponds to the dimensions associated with the
In this case, one immediately sees that the dil, 4, _,  normed division algebras; real numbers, complex numbers,
is a 2-form only in4-dimensions. This seems to indicate quaternions and octonions. From the point of view of string
that, from a quantum gravity perspectivedimensions is  theory and massless vector field, the dimensions in th®set
an exceptional signature. However, in Refs. 4 to 7 it iscan be understood as the true physical degrees of freedom,
shown that also makes sense to consider self-dual gravity iforresponding to dimensiorss 4,6 and 10 in the covari-
8-dimensions, but one should defin&*Z in terms of the  ant approach, respectively. It turns out interesting that this
n-symbol.(see Refs. 8, 9, 10 and 12) rather that in terms ofiormed division algebras are related to the objeciss 5,
the e-symbol. In fact, thep-symbol is very similar to the eascp andnapscp, respectively. In fact, we shall see below
e-symbol in4-dimensions; it is al-index completely anti-  that this is not a coincidence but as a result of a link between
symmetric object and takes values also in the{set, 0,1}.  supersymmetry, division algebras and oriented matroids.
However, the)-symbol is defined i8-dimensions rather than The next step is to analyze the above scenariv, 8f 4
in 4. Moreover, while thes-symbol in 4-dimensions can  or 8-dimensions from the point of view of the “spacetime”-
be connected with quaternions, thesymbol is related to  sjgnature. The Milnor-Bott [14] and Kervair [15] theorem for
the octonion structure constants (see Ref. 13 and Referencgsy| division algebras and Hurwitz theorem [17] for normed
therein). Thus, ir8-dimensions we can also introduce the division algebras refer to Euclidean space, but in Refs. 18, 19
dual tensor and 20 it is shown that the s&t may also be linked to other
1 signatures. Ir2-dimensions we have the two possible sig-
"Raa, = 577A1A2A3A4RA3A47 (3)  natures(1 + 1) and (0 + 2) which may be identified with
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2-dimensional gravity (see Ref. 21 and references therein). I‘MA(BI“(;D) =0, (7

Traditionally, in 4-dimensions one assumes the signatures . .
(0+4) or (1 + 3), but in this article we will show that the where the bracketBC D) means completely antisymmetric

(2 + 2)-signature (two time and two space dimensions) maylt can be shown t.h.at the two relathn§ .(6) and (7) are equ
) . L alent to the condition for normed division algebras. So, t
emerge also as interesting possibility (see Ref. 22 and refer-

ences therein). Similarly, i8-dimensions one can consider poss_ibl_e dimensions of supersymmetric Yang-Mills theor
the signatures0 + 8), (1 +7), (2 + 6) and (4 + 4) which are I|m|_ted to_only1,274 or8 (see_ Refs. 29 gnd 20). Th
in the covariant context may correspond ot 10), (1 +9), Interesting thing that_ we ‘.’YOUld _I|ke to add is .t.hat the e
(2 +8), (4+ 6) and (5 + 5) (see Ref. 23). Of course, it pression (7) can be identified with a GrassmaileRer re-

: B o ; L
will be wonderful to have a theory which predicts no only lation and consequently th@ﬁ satisfying (7) is a chiro

; AB _ABCD ABCD
the dimensionality of the “spacetime” but also its signaturetope [30] which takes the valuese~”, e andy

(See Ref. 24). At least the self-duality concept predicts thé;ieper.]dTg it we a:cre consf|d.er|rir?2,4 orr] 8-d|r;nen3|k;3nlsl, re-
dimensionality of the “spacetime”. But in the lack ofasensi-sﬁ.ecwe Y- Sl'n 'Il?els.. slitis shown t at.t eTym olls a
ble theory which determines the signature of the “spacetimefr 'ri(:]t%%ef' 3';“;5};ﬁgg;ﬁntaeﬁtéogqtsoﬁzxégi zucﬁrrsgomz
we need to explore all possibilities. Eventually this may heIpTK " di i< th ff ym he Clifford pe
to find, for a fixed dimensionality, a connection between the e nev_v ingredient is that by using the Cli _or structur
different signatures. expreSS|ons_(6) and (7), both casesymbol-chlrptope and

Let us analyze the above scenario from the point of Viewn—symboll-chwotope, can a!so be obtained. This result_ S
of gauge group theory. It is known that the algebeél, 3) gests a link between ma.X|maI su.p(.ersymmetry qnd Cliffc
can be written aso(1,3) — su(2) x su(2), or the algebra strgct'ure. Now, thgre exist a definition of an onenteq I
so(4) asso(4) = so(3) x so(3), corresponding to the signa- troid in te_rms of chirotopes [30]. So, we _have establish
tures(1 + 3) and(0 + 4) respectively. So, in both cases the 2riceonntzgcz10£rgijt\;veel? izui?: ;i);gmett;y’n?é\ng: ,?r:gte?gzsc

AB P . . <
curvatureR“* can be decomposed additively: D — {1,2,4,8}, and the corresponding quantitieseA?,
RAB(w) =T RAP(*w) + "RAP(“w), (5)  €*BCD andnABCP, can also be connected with the so call
r-fold cross product [8].

The next step is now to bring these results at the le
of canonical Diffeomorphism and Hamiltonian constraints
quantum gravity. First, suppose that the Hamiltonian ope
tors H and H; act on the physical saté®) in the form

where tw and ~w are the self-dual and antiself-dual parts
of the spin connectiow. In an Euclidean context, this is
equivalent to write the normed group for quaterni6hd) as
0(4)=853x 53, whereS? denotes th-sphere. The situation
in 8-dimensions is very similar sinc®(8)=S5"xS"xGo,

with S7 denoting ther-sphere, suggesting that one can also g|\1,> -0 (8)
define self-duality in8-dimensions, but modulo the excep-
tional groupGs [8-9]. and

In (2 + 2)-dimensions we have analogue situation since H)|U) =0, 9

S0(2,2) = SU(1,1) x SU(1,1). It is worth mentioning
a number of properties of the groufi/(1,1). First of all,
the groupSU(1,1) is isomorphic to the group§L(2, R) - ) ) (a)
and Sp(2). Secondly, just asSU(2) is the double cover () iS an operator associated with thg" part of the gen-
of SO(3), we have thatSU(1,1), SL(2, R) and Sp(2) are ~ eral vielbein on aV/P-manifold (see Ref. 7 and reference
double cover ofSO(1,2). Moreover,SU(1,1) manifold is  therein)

topologically R? x S!. In general, the important role played a) _ EO(O) EO(“>

by the groupsSU(1,1), SL(2, R) and Sp(2) has been rec- T o g )
ognized, for long time, in a various physical scenarios, in- . ) ]
cluding 2-dimensional black-holes [25], 2t physics [26], and and A¢ |% an operator associated with the self-dual conn
string theory [27-28]. In this context,w (or ~w) must be  tion +wi( RE Af.

understood as a connection associated with the gauge groups In the case of2 + 2)-dimensions one has the constrain
SU(1,1), SL(2, R) andSp(2). As a consequence, {+2)-

respectively. We shall assume that and H, can be writ-
ten in terms of the canonical variable andE(a)i. Here,

(10)

dimensions the self-dual connection can be linked with H= %EE”k E“ " Rjk(oa) =0 (11)
the groupSO(1, 2). We will see that in this case an interest-
ing possibility arises at the quantum gravity level. and
Let us consider now the Clifford algebra 1~ ..
H = ~Ec* ¢, B E' * Rt 0a) = 0. (12)
I4Tep +TRT on = 2631 (6) 4

. . L +R. i i i i AB
In order to have a supersymmetric Yang-Mills theories it isHere,” Rjia) 1S @ reduction to seven dimensions'of

necessary thaF;‘}B satisfies the additional condition (see an
Ref. 29) €
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with €123 = 1. Furthermore[ is the determinant of; (@) theory, but at least in both cases the gauge fielthn be as-
Although these constrains have the same form as the case sdciated with the noncompact grod@(1,2). One can even

(1 + 3)-signature there are important differences. First, thethink in a connection between the two theories by assuming a
symbolse* refers togl + 2)- “spacetime” rather than to compactification of one of the time dimensions in (Be-2)-

(0 + 3). Second;fw,** = A will be SU(1,1) gauge field ~ gravitational theory.

rather thanSU (2). It turns out useful to change the notation ~ In the case oB-dimensions, one has that the classical
in (11) and (12) by Writing" R;4(0a) = Fjra, SO thatF’% can  constraintst and 1, are given by [7]

be identified with the curvature of¢, F' = dA+ AN A. We 1= i o (@)
also write H = Eg"" E, *Rjk(oa) =0 (20)
Pl =FE/},. 13
* (@) (13) and
Thus, in terms off; and P¢ the constraints (11) and (12) 1. .
become (see Ref. 33 and references therein) H = ZEUW 1% B, )El(c) *Rik(oa) = 0. (21)
1 i pJ It can be expected that these constraints can also be written
=~ _piple e =0 14 P
4y/det(Pi) be et (14) in the form
1 y
and H=——__ _Pipie®® pc =0 (22)
1 . Noatb c g
H, = SPiF; =0, (15) 4y/det(F3)
and
Here, we have used the identiti€é" E,'" = e**E, 'E_ * H = QPéFﬁ‘ —0. (23)

and EabCEiw)Ej(c) = fqukE
eijkeabcEi(a)Ej(b)Ek(C) =1.

The only non-vanishing Poisson bracket between the pal
of canonical variablegl? (z) and P (y) is

(a)"’ which can be derived from o )
However, one should be careful in this case with the mean-

ing of the determinandet(P?) because now it is defined in
ferms of the octonion structure constait® andn?® rather
than in terms ok™* ande®®°. In this case one can choose
a i _ sisa A¢ as aspin(7) gauge field. The formulae (16-19) for the
{47 (@), B(y)} = 950,0(z, y) (16) pair of canorsic)al variabled¢(z) and P (y) also applies to
One may assume that the physical stafescan be written this case. This means tha.t8Fﬂimensior.1$ one can also use
in terms of a Wilson loop wave function graph theory to make finite computations. Of course the
topology of a given7-dimensional manifold is more com-

_ plicated (see Ref. 34) than irdimensions. Nevertheless,
o (A4) = trPexp / 4, (17) one should expect that a more rich structure may emerge be-
v yond graph theory. For instance, one may look for physical
which satisfies the representation conditions states in terms of the analogue of the Chern-Simons states
in 4-dimensions [35]. The reason for this is because Chern-
Ag\p(A) = A% (A), Simons theory is linked to instantons4rdimensions via the
ST(A topological term
Piw(A) = (4), (18)
04" / tre’“’o‘ﬂFm,Faﬁ,
Here, the integral (17) is over the loop If we want to go M4

further and consider interactions one first needs to make finitghile in 8-dimensions the topological term should be of the
computations. The strategy in this case is to decompose thgrm

loop~ in a finite number of edges in other words, one rep- / trppel VFs
resentsy as a graphG. This allows us to write the function .
U, (A)as[1] _ Meo
which can be related witt¥s-instantons (see [36] and refer-
Uy (A) = ¢(he, (A), .., he,,, (A)), (19)  ences therein).

Thus in both cases, in2 + 2)-dimensions ands-
whereh, is holonomy along each edge However, in or-  dimensions, the loop quantum gravity approach [37-41] in-
der to implement this strategy one needs to complete thdicates that it is necessary for computations to use directed
computations by considering all possible gragks It is  graph formalism. But a directed graph is a particular
worth mentioning that the program of considering Wilsoncase of a oriented matroit. So one may expect that ori-
loops for a gauge field associated with a noncompact group ented matroid theory may play an important mathematical
S(1,2) has already been considered in the contexiaf2)-  tool in new developments on this program. And, in fact,
dimensional gravity (see Ref. 25). Of courge,+ 2)-  this seems to have been recently confirmed [42]. However,
dimensional gravity, with gauge groufi/ (1, 1), is different  we believe that the importance of oriented matroid theory in

Rev. Mex. Fis57(2011) 400-405
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loop quantum gravity should be extended beyond graph the- How this definition of an oriented matroid in terms of th
ory. The reason for this expectation comes from a humbeFarkas property can be linked to loop quantum gravity? |
of previous connections between matroids and different scais assume that a physical state has the form

narios [43-47], including Chern-Simons theory, superstrings, .

p-branes and M-theory. In the process we have even develop Ueo(A, L) =trP exp/ A, (24)
the idea of the gravitoid [47] which refers to any connec- &

tion between matroids and gravitons. In all these cases, the . . . )

main motivation is the search for a duality principle under-WhereC |s.a C|rcu.|t ofa glyen graph}..Welwnte\I/C(A L)
lying M-theory. Oriented matroid theory seems to provideto_emph‘"‘s's_th"ﬁ(ﬁ is contained in the circuit spade= ker B,
the mathematical tool necessary for this goal, since one ovith B the incidence matrix of7. But according to the
its central topics is precisely duality. In fact, we have pro-':"J‘rk"?‘s property it must be equally important to consider
posed [43] the oriented matroid theory as the mathematicdihysical state,

framework for M-theory. In the case of loop quantum grav- N .

ity similar duality motivation can be considered. This idea Vo (A%, L) = ”PeXp/A : (25)
emerges natural since we have proved thgRin- 2) and8- ek

dimensions, oriented matroid theory is linked to loop quanyere o+ is a cocircuit inL: and A* is a dual gauge field.
tum gravity at both levels, namely the constraints operatorgyp arve that (25) completely dualize (24). This Scimger-
(Heisenberg-like gpproach) and physipal stgtes (ddihger- like schema for¥c(A, L) and e (A%, L') must have
like aPproaCh)- Since one c:::m associate with every OrlenteJeisenberg-like counterpart in terms of dual Hamiltonian ¢
m_atr0|d/\/l a dual matroid\*. _One should expect th_at du- erators constraints. In principle these dual Hamiltonian ct
ality also plays a central role in loop quantum gravity. Letgqints can beff and A, themselves. However, in a mor
us outline how this can be accomplish. The following argu-yaera) scenario one must consider dual Hamiltonian op

ments are, in fact, true for_any _of the dimensidng, 3 or 8 tors constraingl* andfll* acting on the physical statég™*)
and any of the corresponding signatures. associated witl ¢ (A*, L1). In other words one must hav
We shall be brief in our comments (see the Ref. 48 forthe symbolic formulae

details). Consider any grapgh. Let B be the incidence ma- .

trix of G. One can introduce a pair of complementary sub- H*[¥*) =0 (26)
spaced., L+ in R™, wherem is the number of edges i@,
which can be can be associated wibhby the expressions Nl
L =ker B andL' = imB. Indeed,L and L' corresponds H{|¥7) =0. @7
to the circuit and cocircuit space 6f It turns out that and  Going backwards the constraints operatHrSandHl* must
L* satisfy the so called Farkas property: For every edge  come from classical constrainfg* and H;* which in turn

G either should be possible to derive from a dual gravitational fie
E* and dual connectiow* via the corresponding self-dua
a) IX € L, e € suppX, X > 0 or curvaturet R*45. Note that we have distinguish betwee

two different dualities int R*48. This is because we ar
considering the most general dual theory but at some le
b) 3V € L+, e € suppY,Y > 0 but not both. one should expect that both kind of dualities are related.
S-duality for linearized gravity [49], for instance, one stal
Here, X andY are the incidence vectors associated withwith a curvature R4Z and finds the dual curvaturelV 45

a circuit and cocircuit respectively. Note that this propertywhich can be identified with R*4Z. Some of these ideas ar
is self-dual in the sense that both alternatives a) and b) camnder intensive research and we expect to report our res
be interchanging by replacing by L. The central idea in elsewhere.
oriented matroid theory is to generalize this property to any It is worth mentioning that a possible connection b
pair of signed set$S,.5’), with S” properly defined, such tween oriented matroid theory and Ashtekar formalism
that (S, 9’) satisfies the analogue of the Farkas property. Irmentioned in the Refs. 4 to 7. Further, in the literatu
fact, an oriented matroid can be defined in terms of the paifsee [50-51] and references therein) exist a canonical
(S,S”) and such a generalized Farkas property. One interesproach of the(2 + 2)-imbedding, but this should be calle:
ing thing is that given this definition of an oriented matroid ((1 + 1) + (0 + 2))-imbedding since refers to th@ + 3)-
one finds that there are oriented matroids which can not bsignature rather than to the casedfme and2-space dimen-
realized as graphs. So the oriented matroid notion is a morsions((2 + 2)-dimension$ which we have been considere
general structure than the graph concept. Another interestinig this work. Nevertheless, it may be interesting for furth
aspect of this construction of oriented matroids is that the twaesearch to see if there is a link betwdéh+ 1) + (0 + 2))-
spaced. andL* (or S andS’) are equally important. Thisis imbedding and2 + 2)-loop quantum gravity.
one of the reasons why every oriented mattbichas always Perhaps, the link between oriented matroid theory &
a dualM™. loop quantum gravity may provide new fascinating insigt
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into other contexts in whicli2 + 2)-signature makes its ap- putational and Modeling Science Center at the Arizona State
pearance, including qubit-strings [52] and N=2 strings [53]. University for the hospitality, where part of this work was
developed.
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