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Wave mixing and spatial structures in cholesteric liquid crystals
C.G. Avendaño and J.A. Reyes

Instituto de Fisica, Universidad Nacional Autónoma de México,
Apartado Postal 20-364 01000, Mexico. D.F., Mexico.

Recibido el 7 de febrero de 2006; aceptado el 20 de marzo de 2006

We study theoretically the wave mixing of axially propagating narrow beams in a cholesteric liquid crystal whose wave numbers are within
the band reflection. We extend a previously derived formalism, based on the superposition of four wavepackets centered around the linear
eigenmodes of the helical structure. Under special conditions the coupled equation reduces to an extended nonlinear Schrödinger equation
with space-dependent coefficients for the system of propagating eigenwaves and to an extended real Ginzburg-Landau equation for the
system of stationary eigenwaves. We deduce expressions that reveal the exchanging of energy among the four modes due to linear and
nonlinear coupling, and we show that the energy is exponentially shared for the two evanescent modes, and is periodically shared for
counter-propagating traveling modes. For wavelengths lying outside the band gap, all four modes periodically exchange their energy.

Keywords: Reflection band; helical systems; nonlinear coupling; nonlinear Schrödinger equation; Ginzburg-Landau equation.

Estudiamos teóricamente el mezclado de ondas de paquetes de onda estrechos que se propagan axialmente en un cristal lı́quido colestérico
y cuyos números de onda se encuentran dentro de la banda de reflexión. Extendemos un formalismo derivado previamente, en el cual,
construimos la solución como la superposición de cuatro paquetes de onda centrados alrededor de los modos propios lineales de la estructura
helicoidal. Bajo condiciones especiales, la ecuación acoplada se reduce a la ecuación de Schrödinger no lineal con coeficientes dependientes
de la coordenada espacial para el sistema de ondas propagantes y a la ecuación de Ginzburg-Landau para el sistema de ondas estacionarias.
Deducimos expresiones que muestran el intercambio de energı́a entre los cuatro modos debido al acoplamiento lineal y no lineal y mostramos
que, para los dos modos evanescentes, la energı́a se comparte exponencialmente y para los modos no evanescentes que se propagan en
direcciones opuestas, la energı́a se intercambia periódicamente. Para longitudes de onda fuera de la brecha prohibida, todos los modos
intercambian energı́a periódicamente.

Descriptores: Banda de reflexión; sistemas helicoidales; acoplamiento no lineal; ecuación de Schrödinger no lineal; ecuación de Ginzburg-
Landau.

PACS: 42.70.Df; 42.65.Tg; 77.84.Nh

1. Introduction
Helical symmetry crystals are one of the most interesting pe-
riodic systems that have attracted the attention of the scien-
tific community in the last decades. The periodic nature of
these materials causes the presence of a range of wavelengths
where electromagnetic fields cannot propagate, giving rise
to some interesting results and applications. First studies of
de Vries, Kats and Nityananda [1–3] showed that there ex-
ists a region where two of the four possible modes have an
imaginary wavevector (or commonly called band gap) and,
as a consequence, their amplitudes decrease as they propa-
gate; the other two modes are simply Bloch’s waves with
the property of total reflection for circularly polarized light
having the same handedness as the structure, while circularly
polarized light having the opposite handedness is transmitted
unchanged. Experimentally, Kopp et al. [4] used this prop-
erty to measure directly the rather dominant density of photon
states at the edge of the band gap and to demonstrate mirror-
less lasing in a dye-doped cholesteric liquid crystal. Taheri
and Muñoz [5,6] observed the same phenomenon but in pure
cholesteric liquid crystals (CLC). Energy localization can
be observed also in helical structures by considering elec-
tromagnetic propagation with a wavelength lying within the
band gap and by inserting a twist defect in the sample [7–10],
n twist defects in Ref. 11, or the confinement of elastic en-
ergy in helical crystals with a twist defect [12]. However, all
of these previous works have been theoretically analyzed in

the linear regime, that is to say, in the case when the wave
energy is sufficiently small as to leave the original configu-
ration of the sample unmodified. Here, considering the im-
portance of a prime nonlinear band gap analysis, we deduce
expressions in the so-called weakly nonlinear regime for op-
tical propagation in a pure cholesteric structure and analyze
its behavior.

Weakly nonlinear band gap studies have been previously
considered by different authors. Chen and Mills [13], Mills
and Trullinger [14] and Sajeev and Neset [15] have shown
that standing-wave optical solitons can exist in nonlinear pe-
riodic media even though their light frequency lies within
the forbidden frequency band. Sipe and Winful [16], using
Bloch functions, have expressed the problem of wave prop-
agation in nonlinear periodic structures in terms of a non-
linear Schrödinger equation. On their own, Christodoulides
and Joseph [17], by taking into account the reflected wave,
showed the existence of slow band gap solitons that can move
at speeds which are much lower than the velocity of light in
the unperturbed medium. However, to our knowledge, in the
literature there are no analyses concerning the nonlinear be-
havior within the band gap of helical systems. Here, we study
this by considering the four coupled modes in the system.

The interaction between different modes of propagation
has been previously studied by Yariv [18] in dielectric waveg-
uides. He analyzed two cases with quite different properties:
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FIGURE 1. A laser beam of wavelength λ propagates in a sample
of chiral material of width L and spatial period p. Here we con-
sider a beam propagating in the axial direction. n̂ represents the
average orientation of the molecules in each plane perpendicular to
the z-axis.

i) in the contra-propagating case, the two modes ex-
change energy exponentially and

ii) in the co-propagating case, the two modes exchange
energy periodically.

Here, under special conditions, we derive an expression
which exhibits energy exchange among all four modes in a
helical sample of liquid crystal.

Summarizing, in this paper we extend the formalism
presented in a previous work [19] by deriving the non-
linear equation governing the structure of a spatial optical
wavepacket propagating axially in a CLC within the band
gap frequency range; we analyze some interesting properties
and we describe how the different modes exchange energy
with each other. The outline of this paper is as follows. In
Sec.2. we state the governing coupled equations for the inter-
action between the electromagnetic field and the cholesteric
liquid crystal and we briefly extend a formalism previously
derived, for a vector wavepacket whose components are nar-
row wavepackets centered around the linear eigenmodes of
the helical structure whose central wavevector lies within the
band gap frequency range. In Sec.3., we present some quali-
tative analyses obtained from the general equation. We show
that in the special case µ‖/ε‖ = µ⊥/ε, the system of counter-
propagating eigenwaves is governed by an extended vectorial
nonlinear Schrödinger (NLS) equation, and the system of

counter-evanescent eigenwaves is governed by an extended
real Ginzburg-Landau (G-L) equation. In the same section,
we deduce a differential equation showing the exchange of
energy among the four modes due to linear and nonlinear
interaction. We showed that, for wavelengths lying within
the band gap, the energy is exponentially shared by the two
evanescent modes 1±, and is periodically shared by counter-
propagating traveling modes 2±. For wavelengths lying out
of the band gap, all four modes periodically exchange energy.
We close our paper by summarizing our work.

2. Basic equations

In this section we summarize the main steps and assumptions
in deriving an amplitude equation for describing the propa-
gation of a wavepacket in a CLC as well as the main results.

2.1. Director’s configuration

Let us consider a CLC cell of thickness L whose sym-
metry axis is perpendicular to the cell plates as shown in
Fig. 1. If the symmetry axis coincides with axis z, the di-
rector’s field is restricted to the x − y plane and is given
by n̂ (θ (z)) = (cos θ (z) , sin θ (z) , 0), with θ (z) = qz,
q = 2π/p and p the pitch or spatial period of the cholesteric
helical structure [20].

If we now axially propagate an electromagnetic wave
with transversal fields e = (ex(x, y, z, t), ey(x, y, z, t), 0)
and h = (hx(x, y, z, t), hy(x, y, z, t), 0) through the cell, and
we consider that their amplitudes are small enough to make
only a weak distortion on the original configuration in the
absence of fields, it is shown that the resulting configuration
θ (z) of the cholesteric sample is given by [19]

θ (z) ≈ θ(0) (z) + σ2θ(1) (z)

= qz + σ2f(z), (1)

where σ2 ≡ e2
0/

(
16cKq2

)
is a dimensionless parameter

which is equal to the ratio between the electric field energy
density and the elastic energy density of the cholesteric, that
is to say, it is a measure of the coupling between the optical
field and the cholesteric; f(z) is expressed as a bilinear form

f(z) =
(
e∗x, h∗x, e∗y, h∗y

) ·M · (ex,hx,ey ,hy)T
, (2)

with

M =




−εa sin 2qz 0 εa cos 2qz 0
0 −µa sin 2qz 0 µa cos 2qz

εa cos 2qz 0 εa sin 2qz 0
0 µa cos 2qz 0 µa sin 2qz


 . (3)
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Here, the superscript T denotes the transpose of the vector or
matrix involved; c = 1/

√
εoµo is the speed of light in free

space; K is the twist elastic constant of the medium; εo and
µo are the dielectric permittivity and magnetic permeability
of the vacuum, respectively; εa = ε‖−ε⊥ , µa = µ‖−µ⊥
are the dielectric and magnetic anisotropies of the medium;
and ε⊥, µ⊥ denote the dielectric permittivity and magnetic
susceptibility perpendicular to the x-axis.

Here, e and h represent dimensionless fields in terms of
the physical fields E and H of the electromagnetic wave
rescaled as follows:

e ≡ E
e0
≡ Z

−1/2
0 E

e0
, h ≡ H

e0
≡ Z

+1/2
0 H

e0
, (4)

with e0 ≡ Z
−1/2
0 E0, E0 the amplitude of the initial beam

and Z0 =
√

µo/εo.
It is worth mentioning that, to obtain the configura-

tion (1), the authors of Ref. 19 assumed two important condi-
tions: i) the cholesteric is to satisfy hard anchoring boundary
conditions at both plates given by θ (0) = θ (z = L) = 0,
and ii) the dimensionless parameter σ ¿ 1, that is to say,
the electric field energy density is considerably less than the
elastic energy density. This latter condition agrees with the
assumption that we are considering here: the field amplitudes
are small enough to make only a weak distortion the original
configuration.

2.2. Transversal Maxwell’s equations

Before analyzing the propagation of the electromagnetic
wave, it is convenient to write Maxwell’s equations by us-
ing a representation where only transversal components of
the fields are involved. The Marcuvitz-Schwinger represen-
tation makes it possible to separate the transversal compo-
nents of those longitudinal ones. In fact, if we introduce a
four-component vector ψ formed by the transversal harmonic
fields amplitudes e and h given by

(ex, hx, ey, hy)T = ψ (rt, z) exp
(
i
(
kt · rt −$t

))
, (5)

where the subscript t refers to the transverse component of
the vectors, we can write Maxwell’s equations as [21]

∂zψ = ik0J4Lψ, (6)

where ∂ij = ∂2/(∂xi∂xj) with i, j = x, y. Here k0 = $/c
wave number in free space, J4 and L are 4 × 4 matricesi.
In the next section we write the amplitude equation which
governs a narrow wavepacket within the band gap frequency
range.

2.3. Amplitude equation

By substituting θ(z) given by Eq.(1) into Eqs.(6), we can ob-
tain a set of coupled vectorial equations that govern the inter-
action between the electromagnetic wave and the liquid crys-
tal. We have previously obtained these equations [19] in the

weakly nonlinear limit by keeping only terms up to the first
order in σ2. It gives us

iJ4∂z′ψ +
(
U−1DU + σ2f(z′)M ′) ψ

−Dt′γ
−1
z′z′D

†
t′ψ = 0. (7)

where

U =




cos q̃z′ 0 sin q̃z′ 0
0 cos q̃z′ 0 sin q̃z′

− sin q̃z′ 0 cos q̃z′ 0
0 − sin q̃z′ 0 cos q̃z′


 , (8)

D =




ε‖ 0 0 0
0 µ‖ 0 0
0 0 ε⊥ 0
0 0 0 µ⊥


 , (9)

where we have used the dimensionless variables scaled to the
wavevector k0, given by

x′ = xk0, y′ = yk0, z′ = zk0, (10)

and now q̃ = λ0/p, with λ0 the wavelength in space free.
γ−1

z′z′ is a 2 × 2 constant matrix that contains information
about the properties of the helical structure and Dt takes into
account the transversal derivatives (see Ref. 19). M ′ repre-
sents the matrix M but in terms of the dimensionless vari-
able z. Below, to simplify notation, we shall suppress the
superscript ′ of the coordinate variables and of the matrix M ′.

Thus, by expressing Eq. (7) in a system of coordinates
rotating with the helix of the cholesteric, that is,

ψ = Uψ, (11)

and by constructing the solution as a superposition of the four
linear modes as (see Appendix A)

ψ = T · α ·AT , (12)

we arrive at the following vectorial differential equation:

iN ·∂zB +N ·n ·B +Mt ·B−σ2f(z)MNL ·B = 0, (13)

where

B = α ·A,

f(z) = B∗T ·MNL ·B,

MNL = T † · U ·M · U−1 · T,

Mt = T † · U ·Dt · γ−1
zz ·D†

t · U−1 · T.

Finally, nij is the diagonal matrix whose elements n±i (with
i = 1, 2) are the eigenvalues of T (n±1 within the band gap,
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i.e. purely imaginary), given by

n =




n+
1 0 0 0
0 n−1 0 0
0 0 n+

2 0
0 0 0 n−2




=




in1 0 0 0
0 −in1 0 0
0 0 n2 0
0 0 0 −n2


 , (14)

and N is a matrix whose elements are the norms of the z-
component of the Poynting vector associated with each of
the linear eigenvectors given by [22]

N =




0 −i 0 0
i 0 0 0
0 0 1 0
0 0 0 −1


 . (15)

At this point, it is worth distinguishing a substantial differ-
ence between the analysis considered in [19] and the present
work. In the former case, the central wavelength lies outside
of the reflection band, for which all the eigenmodes B±

1 , B±
2

are traveling waves and therefore their corresponding nor-
malized Poyntings’s vectors are equal to 1 (−1) for waves
traveling to the right (left) and the matrix N is diagonal one.
However, in our case, the eigenmodes B±

1 are evanescent
waves with their corresponding Poynting’s vector equal to
zero and therefore the matrix N is no longer a diagonal one,
but just like expression (15), where the first column indicates
the evanescent wave B+

1 and the second column indicates the
evanescent mode B−

1 .
Equation (13) governs the nonlinear interaction among

four wavepackets whose central wavevectors are centered
around the four existing linear eigenwaves in a cholesteric
liquid crystal within the frequency band gap. Notice that the
4× 4 matrices MNL and Mt characterize the diffraction and
self-focusing or nonlinearity of the vector wavepacket, re-
spectively. In the following sections, we shall demonstrate
some interesting properties of the vectorial amplitude equa-
tion obtained.

3. Wave mixing analysis

3.1. Energy conservation

Notice that the operator defined as

A = N · n + Mt − σ2f(z)MNL (16)

is Hermitian, that is, A is equal to its correspondent conju-
gate transpose A†. This can easily be shown by noting that
each element of A is in turn Hermitian as well. In effect, if
we take for instance the Hermitian of MNL, we obtain

M†
NL = T † · U−1† ·M† · U† · T ;

but, since U−1† = U , U† = U−1 and M† = M , therefore
MNL = M†

NL. It is likewise straightforward to show that
N = N†, N · n = (N · n)† and Mt = M†

t . In the latter case
it is useful to use the identity:

(
Dt · γ−1

zz ·D†
t

)
=

(
Dt · γ−1

zz ·D†
t

)†
.

The property of hermeticity of operator A guarantees the en-
ergy conservation of the vectorial wavepacket B through the
sample. To demonstrate this fact, we rewrite Eq. (13)

iN∂zB + A ·B = 0. (17)

If we multiply Eq. (17) by B∗T , we take the Hermitian of
the resulting equation and subtract it from the nonconjugate
expression, to obtain

i
[
B∗T N∂zB+

(
∂zB

∗T )
NB

]
+B∗T (

A−A†
)
=0. (18)

Finally, by using the property of hermeticity and by integrat-
ing over the whole domain of coordinates x, y, this last ex-
pression leads to

d

dz

∞∫

−∞

∞∫

−∞

[
B∗T NB

]
dxdy = 0, (19)

which is the statement of the energy conservation along the
z direction. It is worth mentioning that even though two of
the four proper modes are evanescent (modes 1±) and their
amplitudes decrease as they propagate, the total energy of the
four wavepackets is conserved. As modes 1± propagate, they
lose energy which is transmitted to the nonvanishing modes
2±. We shall discuss this energy exchange in separate sec-
tion.

3.2. Ginzburg-Landau and nonlinear Schrödinger
equations

After some simplification of the matrices Mt and MNL, we
can rewrite Eq.(13) in terms of the Pauli matrices σ1, σ2, σ3

and the 2× 2 identity matrix 1l as follows:

[iN∂z + αn + α1∂xx + α2∂yy + α3∂xy

−σ2f(z)αNL

] ·B = 0, (20)

where

N =
(

σ2 0
0 σ3

)
; αn = N · n =

( −n1σ1 0
0 n21l

)
,

αi =
(

Wi Yi

Y †
i Xi

)
; with Wi =

(
ai ci

ci bi

)
;

Xi =
(

di e∗i
ei di

)
; Yi =

(
ri s∗i
r∗i si

)

and
αNL =

( −t1σ3 Γ
Γ† −t1σ2

)
;
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with
Γ =

(
t2 t∗2
−t∗2 −t2

)
. (21)

Here, f(z) = B∗T · αNL · B, i = 1, 2, 3, the elements
a, b, c, d, t1 are all defined real numbers and e, r, s, t2 are
complex ones. Due to their extension, here we shall only
write the explicit form of the coefficients when it is neces-
sary; however, we shall discuss the nature of their form as
needed.

It is worth remarking that only the matrices αi are de-
pendent of the coordinate of propagation z and their depen-
dence is indeed oscillatory, while the matrix MNL is constant
throughout the sample. This fact means that the possibility of
the existence of a balance between diffraction and nonlinear-
ity throughout the structure will be likewise oscillatory, and
therefore, we hope, from stripe-like stationary structures. In
Fig. 2 we depict the behavior of element a1 as a function of
the dimensionless propagation coordinate z. As can be seen
from this figure, there are well defined z−positions where
the diffraction coefficient is minimal, and others where this
coefficient is maximal; thus the undulation of the resultant
structure will be periodic, with a period equal to 2π/q̃.

From Appendix A, notice that there exist several physical
parameters that are relevant in determining the linear prop-
erties (e.g. the scattering properties) of the coupled system
(six parameters ε‖, ε⊥, µ‖, µ⊥, λ, p); however, as addressed
in Ref. 11, only three of the six parameters are independent,
i.e. only three quantities are necessary to describe the prop-
erties of the system, namely: 1) the rate between the incident
wavelength λ and the pitch p, q̃ = λ/p, already introduced;
2) the parameter xa defining the relative width of the band
gap; and 3) the anisotropy parameter za defining the relative
width between the impedances of the two principal axes in
the rotating reference system (xy- plane). The parameter za

defined as
za =

Z1 − Z2

(Z1 + Z2)
, (22)

with Z1 =
√

µ‖/ε‖ and Z2 =
√

µ⊥/ε⊥, is related to the
anisotropy parameter ac as follows [11]:

ac = 2
1− x2

a

1− z2
a

q̃2
mza, (23)

where q̃m represents the center of the band gap. The note-
worthy fact is that, when ac = za = 0, Z1 = Z2 and the
scattering properties of modes 1± are independent of those
of the modes 2±, the eigenwaves 1± and 2± become de-
coupled and only counter-propagating waves with the same
eigenvalue will be coupled. In the spirit of this fact, we set the
parameter ac in the vectorial nonlinear equation (13) equal to
zero and we found, as expected, that the coupling between
modes 1± and 2± is only by means of nonlinear interaction.
The resulting equations governing each set of modes are the
following:

[iσ2∂z − n1σ1 + W1∂xx + W2∂yy + W3∂xy

−σ2t21
(
B∗T

1 σ3B1 + B∗T
2 σ2B2

)
σ3

] ·B1 = 0, (24)

and

[iσ3∂z + n21l + X1∂xx + X2∂yy + X3∂xy

−σ2t21
(
B∗T

1 σ3B1 + B∗T
2 σ2B2

)
σ2

] ·B2 = 0, (25)

for the modes 1± and 2±, respectively, and represented by
the vectors

BT
1 =

(
B+

1 , B−
1

)
; BT

2 =
(
B+

2 , B−
2

)
. (26)

As is well known, only the Pauli matrix σ2 is imaginary
and σ1, σ3 are real. This fact permits us:

1) to identify Eq. (24) as a generalized real Ginzburg-
Landau equation (G-L) [24] with an extra term includ-
ing the coupling due to the presence of the nonvanish-
ing modes 2±; and

2) to identify Eq. (25) as a generalized nonlinear
Schrödinger equation [23] (NLS) with an extra term in-
cluding the coupling due to the presence of the evanes-
cent modes 1±.

A noticeable fact of this set of equations is that, if we sup-
press the modes B2 of Eq. (24), the modes B+

1 and B−
1 be-

come decoupled since the Pauli matrix σ3 is diagonal. How-
ever, when modes B1 are suppressed in Eq. (25), the modes
B+

2 and B−
2 still remain coupled since σ2 is antidiagonal.

This means that we cannot obtain nonlinear couplings with
only one nonvanishing mode.

Next, we derive an expression that describes the kind of
energy exchange among the four modes due to linear and
nonlinear coupling as a function of the coordinate of prop-
agation z.

3.3. Wave mixing due to linear and nonlinear coupling

In previous sections we have focused on deducing and an-
alyzing the vectorial nonlinear equation given by (20). In
obtaining this equation, we have assumed a solution in the
form (12) whose envelope A is dependent on the transver-
sal coordinates x and y, such that in the resulting differen-
tial equation (20) there exists a term which characterizes the
diffraction of the wavepacket. However, if we assumed from
the beginning an envelope A as dependent only on the longi-
tudinal coordinate z, the resulting differential equation, with-
out a diffraction term, it will describe the dynamics of a wave-
train [23]. Particularly, in this section we are interested in
studying the exchange of energy among the four modes due
to linear and nonlinear coupling by neglecting the contribu-
tion due to diffraction. Hence, in a strict sense, the following
treatment will describe the coupling among wavetrains rather
wavepackets.

By neglecting dispersive terms in our model, the Eqs. (24)
and (25) can be rewritten in a more compact form as

[
iN∂z + αn − σ2t21

(
B∗T · αt ·B

)
αt

] ·B = 0, (27)

Rev. Mex. Fı́s. S 52 (5) (2006) 23–31
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where the matrices N and αn were previously defined
through (21), BT =

(
BT

1 , BT
2

)
and

αt =
(

σ3 0
0 σ2

)
. (28)

The equations given by (27) may be solved by introduc-
ing the following scalar variables:

E = B∗T ·N ·B,

F+ = B∗T · αt ·B,

F− = B∗T · α−t ·B,

G+ = B∗T · αn ·B,

G− = B∗T · αnt ·B,

H+ = B∗T · δ ·B,

H− = B∗T · δt ·B, (29)

where the matrices N, αt, αn were previously defined and

α−t =
(

σ3 0
0 −σ2

)
;

αnt =
( −n11l 0

0 −n2σ1

)
,

δ =
( −n1σ1 0

0 −n21l

)
;

δt =
( −n11l 0

0 n2σ1

)
. (30)

Thus, from (27) we obtain

dE

dz
= 0,

dF+

dz
= 2G−,

dG+

dz
= 2σ2t21F+G−,

dG−
dz

= −2α0F+ + 2σ2t21F+G+ + 2uF−,

dF−
dz

= 2H−,

dH+

dz
= 2σ2t21F+H−,

dH−
dz

= −2α0F− + 2σ2t21F+H+ + 2uF+, (31)

where we have written the eigenvalue n1 given by (45) as

n2
1 = −

(
ε‖µ⊥ + ε⊥µ‖

2
+ q̃2

)
+ u = −α0 + u,

with u > α0 > 0 such that n1 is real. An explicit differ-
ential equation for F+ can be obtained from Eqs.(31) by the
following the procedure: substitute the second equation into

FIGURE 2. The plot of the diffraction element a1 as a function of
the dimensionless propagation coordinate z. Notice the oscillatory
dependence and the well defined z-positions where the diffraction
coefficient is minimal, and others where this coefficient is maxi-
mal; thus the undulation of the resultant structure will be periodic,
with a period equal to 2π/q̃.

the third one and integrate to obtain

G+ −G+0 =
σ2t21

2
(
F 2

+ − F 2
+0

)
, (32)

where G+0 and F+0 are values of G+ and F+ at some ini-
tial position z = z0. Then, by using the second equation and
Eq. (32), the fourth equation of (31) becomes

1
2

d2F+

dz2
= −2α0F+ + 2σ2t21F+

×
(

σ2t21
2

(
F 2

+ − F 2
+0

)
+ G+0

)
+ 2uF−. (33)

Now, substitute the fifth equation and Eq. (33) into the sixth
one of (31) to obtain

dH+

dz
=

σ2t21
u

F+

[
1
4

d3F+

dz3
+ α0

dF+

dz
− σ2t21

×
(

σ2t21
2

(
3F 2

+ − F 2
+0

) dF+

dz
+ G+0

dF+

dz

)]
, (34)

and integrate:

H+−H+0=
σ2t21
u

[
−1

8

(
dF+

dz

)2

+
1
4

d2F+

dz2
+

α0

2
F 2

+

−σ4t41
4

(
3
2
F 4

+−1F 2
+0F

2
+

)]
−σ4t41

2u
G+0F

2
+−F1, (35)

where H+0 is a value of H+ at some initial position z = z0

and F1 an integration constant given by

F1 =
σ2t21
u

F 2
+0

[
α0

2
− σ4t41

8
F 2

+0 −
σ2t21

2
G+0

]
.

Substituting the fifth equation into the seventh one of (31),
yields

d2F−
dz2

= −2α0F− + 2σ2t21F+H+ + 2uF+. (36)
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Finally, by using Eqs. (33) and (35) in Eq. (36), we obtain
a nonlinear differential equation for F+ that can be written as

d4F+

dz4
− P (F+)

d2F+

dz2
−Q (F+)

(
dF+

dz

)2

+R(F+) = 0, (37)

where

P (F+) = Ω− 10t41σ
4F 2

+,

Q (F+) = 10t41σ
4F+,

R (F+) = −2α0F+

(
Ω + 4t21σ

2

(
G+0 − t21σ

2

2
F 2

+0

))

− 16uF+

(
(H+0 − F1) t21σ

2 + u
)

+ 2t41σ
4F 3

+

(
Ω + 3t41σ

4F 2
+

)
,

Ω = −8α0 + 4t21σ
2

(
G+0 − t21σ

2

2
F 2

+0

)
. (38)

Equation (37) describes the exchange of energy between
the four modes as they propagate in the sample as a func-
tion of the dimensionless nonlinearity parameter σ. In the
particular case when this parameter is equal to zero (linear
coupling), Eq. (37) simplifies as

d4F σ
+

dz4
+ 8α0

d2F σ
+

dz2
+ 16

(
α2

0 − u2
)
F σ

+ = 0, (39)

whose solution is simplified to

F σ
+ = c1 exp(2in2z) + c2 exp(−2in2z)

+ c3 exp(2n1z) + c4 exp(−2n1z). (40)

where c1, c2, c3 and c4 are integration constants.

3.3.1. Some Qualitative and Numerical Analysis

It is a straightforward to task outline the qualitative behav-
ior of the solution for F σ

+ given by expression x. In effect,
if we consider only modes 1± and wavelengths lying within
the band gap, solution (40) is a superposition of exponential
functions as follows:

F σ1
+ = c3 exp(2n1z) + c4 exp(−2n1z), (41)

that is to say, the counter-evanescent modes 1± exchange en-
ergy exponentially. On the other hand, if we consider wave-
lengths lying outside of the band gap ( n1 → in1), now the
counter-propagating modes 1± exchange energy periodically
with period τ1 = π/n1. When only the counter-propagating
modes 2± are considered, a periodic exchange of energy is
obtained as well, but in this case, with period τ2 = π/n2.
Therefore, within the band gap, when all of the four modes
are present, the plot for F σ

+ will be an exponential function
modulated by a periodical function with period τ2. If the
value of n2 is too large in comparison with n1, its period will

be small and the modulation on the exponential function also.
Some analogous behavior occurs when we consider a wave-
length lying outside of the band gap. In this case, for example
if n1 < n2, the plot for F σ

+ will be a periodic function with
period τ1 modulated by another periodic function but with
period τ2.

In the case when the coupling parameter σ is different
from zero, some considerations can be taken into account for
determining the qualitative behavior of the nonlinear differ-
ential equation given by (37). So far we have considered a
weakly nonlinear interaction between the cholesteric sample
and the propagating light, in such way that the coupling pa-
rameter σ is much smaller than 1. With this condition, we can
see the extra terms to the analyzed equations and solutions in
the linear regime as a small perturbation that will not change
its form significantly. To showing this behavior, in Fig. 3 we
plot F+ as a function of the coordinate z for different values
of the coupling parameter σ. We find that, as the nonlinearity
parameter σ increases, the way in which the modes exchange
energy is essentially the same as when σ = 0. In the plot,
only one curve is shown.

The values used in the computations are: ε1 = 2.61,
ε2 = ε3 = 2.31, µ1 = ε1/ε2, µ2 = µ3 = 1, q̃ = 1. This
value corresponds to one lying outside of the band gap. No-
tice that, with these values, ac = 0, as required above.

4. Summary

In the regime of the weakly nonlinear propagation, we stud-
ied the mixing of narrow optical beams through a CLC
whose central wavelength lies within the band gap. We ex-
tended a vectorial differential equation for describing the in-
teraction between the four wavepackets.

FIGURE 3. The plot of F+ as a function of the coordinate z
for different values of the coupling parameter σ (from σ = 0 to
σ =

√
0.003), where σ = 0 means linear coupling between modes.

We find that as the nonlinearity parameter σ increases, the way in
that the modes exchange energy is essentially the same of that when
σ = 0. Here, we only plot one curve for showing the oscillatory
behavior of F+, in the case when q̃ lies out of band gap.
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When the anisotropy parameter ac is equal to zero, we
identified:

1) the differential equation for the evanescent modes as
the generalized real Ginzburg-Landau equation with an
extra term including the coupling due to presence of
the nonvanishing modes 2±; and

2) the differential equation for modes 2± as the general-
ized nonlinear Schrödinger equation with an extra term
including the coupling due to presence of the evanes-
cent modes 1±.

We showed analytically that the total energy is conserved
along the z direction.

Finally, we deduced a differential equation for describ-
ing the exchange of energy among the four modes generated
in the sample due to linear and nonlinear coupling. In the
former case, we showed that, for wavelengths lying within
the band gap, the energy is exponentially shared for counter-
evanescent modes 1±, and is periodically shared for counter-
propagating modes 2±. For wavelengths lying out of the band
gap, all of the four modes exchange periodically energy. The
presence of nonlinear coupling, does not significantly change
the behavior from when the linear coupling is considered.
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A Linear Modes

In writing Eq. (13), the authors of Ref. [19] have consistently
taken into account that T ·α satisfy the following linear prop-
agation equation:

∂z(T · α) = −J4 · J4(U∂zU
−1)(T · α)

+iJ4D(T · α) = 0, (42)

which can be expressed as dβ/dz = iH · β, where
β = T ·α =

(
ψ+

1 , ψ−1 , ψ+
2 , ψ−2

)
is the matrix whose columns

are the normalized eigenvectors ψ±k =(ex, ey, hx, hy)
(k = 1,2) of the matrix H given by [11]

H =




0 −iq̃ 0 µ⊥
iq̃ 0 −µ‖ 0
0 −ε⊥ 0 −iq̃
ε‖ 0 iq̃ 0


 . (43)

Here ex, ey and hx, hy are the components of the electro-
magnetic vectors in the rotating frame having one of the axis
x along the optical axis; εi and µi are the principal values of
ε and µ, respectively; q̃ = λ/p. Since the system matrix H
is z-independent, the propagation equation admits four solu-
tions having the form of plane waves

βj(z) = tj exp(injz), (44)

where the time factor exp(−iωt) is omitted and where nj , tj

are the eigenvalues and eigenvectors of H , respectively. They
are given by the equations:

n2
1,2 =

ε‖µ⊥ + ε⊥µ‖
2

+ q̃2 ∓ u (45)

t±1 = c1

(±n1u1, iq̃(2ε‖µm − u2),

∓2in1q̃εm, 2q̃2εm + u1ε‖
)

t±2 = c2

(±n2u2, iq̃(2ε‖µm − u1),

∓2in2q̃εm, 2q̃2εm + u2ε‖
)
, (46)

where

u =
√

4εmµmq̃2 + a2
c ; u1,2 = ac ∓ u;

ck =
∣∣4nku

(
ukε‖ + 2q̃2εm

)∣∣−1/2
; (k = 1, 2)

ac=
ε‖µ⊥−ε⊥µ‖

2
; εm=

ε‖+ε⊥
2

; µm=
µ‖+µ⊥

2
. (47)

Notice that for real εi and µi, n2
j is real according to Eqs. (45),

and the wavevectors nj are real or completely imaginary.
Only the modes 1± show a band gap for q̃ within q̃1 = √

ε‖µ‖
and q̃2 =

√
ε⊥µ⊥.

Before concluding this appendix, we remark that the
matrix H written here was extracted from those results of
Ref. 11 and corresponds to a four-component vector in the
order ψ±k = (ex, ey, hx, hy); and, if we interchange the sec-
ond with the third element we recover the expression given
by (5). Thus, to obtain the matrices T and α required in the
present work it is necessary to exchange the second with the
third element of vectors tj .

i. For details about this formalism, please see Ref. 21 and Ap-
pendix A of Ref. 19.
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