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Frequency spectrum and confinement of optical radiation of nanorods
in multilayered nano-sphere
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Centro de Investigación en Ingenieŕıa y Ciencias Aplicadas,

Universidad Aut́onoma del Estado de Morelos, Cuernavaca, Mor.

Recibido el 7 de julio de 2006; aceptado el 7 de diciembre de 2006

The electromagnetic radiation of quantum semiconductor nanorods placed into a multilayered nanosphere with alternative spherical stack is
studied. We found that the frequency spectrum consists of series of narrow and well separated peaks even in a lossy case. In the band of
such peaks the great part of the field energy is located in the stack’s structure and practically does not leave the microsphere. A possibility of
resonant coupling of photon states in the area of nanorods is discussed.

Keywords:Nanorods; coated microsphere; alternative multilayered stack; numerical calculations.

Se presenta el estudio de la radiación electromagńetica de semiconductores cuánticos dentro de una microesfera recubierta por multicapas
alternadas. Hallamos que el espectro de frecuencia consiste en una serie de picos muy estrechos y separados para el caso de perdidas.
Además, se observo que la mayor energı́a del campo esta localizada en la estructura multicapa, por lo cual, esta energı́a se encuentra dentro
de la microesfera. Se discute la posibilidad de acoplamiento de resonancias de estados de los fotones en elárea de nanorodillos.

Descriptores:Nanorodillos; microesfera recubierta; multicapas alternadas; simulación nuḿerica.

PACS: 78.67.Bf; 78.67.-n; 78.67.Pt

1. Introduction

Recent years, the techniques of using microcavities and mi-
crospheres have provided a new view of various effects and
interactions in structured and layered media. An important di-
rection of investigations is to use the microspheres to change
the spontaneous emission of radiation by a quantum source
(atoms, quantum dots, nanorods) as a result of being placed
into a microcavity (see Refs. 1 to 4).

It is well known that a dielectric sphere has a complex
spectrum of the electromagnetic low quality

(Q factor) eigen oscillations because of a leakage into the
outer space [5]. The case of a compound structure: the di-
electric sphere coated by an alternative stack is more vari-
ous. TheQ -factor of such oscillations strongly depends on
properties of the stack. It has a large value in the frequency
regions of high reflectivity, and beyond these regionsQ re-
mains small [6-8]. The combination of such factors causes
a large variety of optical properties of microspheres with
a multilayer stack. In particular, such a system can serve
as a spherical symmetric photonic band gap (PGC) struc-
ture, which possesses strong selective transmittance proper-
ties [9,10], can arrange the nanometer-sized photon emitters.
In Ref. 11 it was proposed a strategy for microsphere manip-
ulation using ferroelectric liquid crystals. These possibilities
allow to expand essentially the operational properties of mi-
crospheres at engineering of nanometer-sized photon emitters
as attractive artificial light sources for advanced optical tech-
nologies, quantum optics, and fundamental research.

The properties of the electromagnetic waves in micro-
spheres have been studied by a number of authors. In Ref. 12
it was shown that in coated metallic spheres a tunable com-
plete photonic bandgap can be achieved. In Ref. 13 a nu-

merically stable transfer-matrix solution is presented for the
classical electromagnetic problem of a dipole radiating in-
side and outside a stratified sphere consisting of concentric
spherical shells. Authors [14] have produced overcoated mi-
crospheres and obtained artificial optical powders with spe-
cific spectral properties. In Ref. 15 optical properties of
overcoated microspheres were calculated and compared to
those of planar multilayers, in regard to the sphere diame-
ter. In Ref. 16 dielectric microspheres are theoretically stud-
ied to reduce the propagation loss of Si-based photonic crys-
tal slab waveguides. In Ref. 17 the Brillouin scattering from
loose silica microspheres has been investigated as a function
of their diameter (from 140 nm to 4µm). In Ref. 18 two-
dimensional photonic crystals of dielectric spheres of a 2.1
µm diameter have been fabricated by arranging individual
spheres. The photonic band dispersion curves were exper-
imentally obtained for a finite system made of 91 spheres.
A paper [19] reported on the fabrication of a linear array of
self-assembled polystyrene microspheres side coupled to a
rib waveguide. In Ref. 20 microspheres of a refractive index
of n > 2 have been investigated.

Recently a number of authors discuss various properties
of nanorods (see Refs. 21 to 23; and reference therein). In
Ref. 24 it was shown that a double-periodic array of pairs of
parallel gold nanorods manifested a negative refractive index
in the optical range.

In Refs. 21 the radiation of quantum nano-emitters (quan-
tum dots and nanorods) placed inside a bare dielectric micro-
sphere and interactions with the photon states of microsphere
were studied. The efficient confinement of photons spon-
taneously emitted by nanorods into single transverse elec-
tric (TE) cavity modes is achieved while transverse mag-
netic modes are suppressed. As it will be shown in present
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work, such effect acquires new features inmultilayered mi-
crospheresdue to additional possibilities, which these struc-
tures provide [25]. As far as the authors are aware, the ra-
diation of active nanosources placed in multilayered micro-
spheres has inadequately been studied yet, though it is a log-
ical extension of previous works in a case of bare micro-
spheres.

In this paper we explore the optical radiation of nanoemit-
ters placed in a coated microsphere with alternating multilay-
ered structure (stack) deposited on its surface. One of main
property of such structures is coherent re-reflections of the
electromagnetic waves from the interfaces between the lay-
ers, which result in collective wave contributions and give
rise to various optical effects. We have found a possibility
of resonant coupling of photon states in the area of nanorods
assisted by the alternating spherical stack.

A deeper insight of the general peculiarities of such ef-
fects in multilayered microspheres requires some efforts. In
such a system various approaches based on the decomposi-
tion of field states in partial spherical modes have a weak
accuracy. Therefore in this work we apply another approach,
allowing us to calculate the total contribution of field states
of multilayered microspheres in the unified framework.

In this work, we study radiation of a semiconductor
nanorods (nanometer-sized light source) placed into a mul-
tilayered microsphere. TheCdSenanorod is modeled as a
light-emitting dipole located close to the surface inside a
spherical cavity. We have explored both frequency and ra-
dial dependences of the field radiation and have found that in
the area of the frequency resonances the spherical structure
can confine the optical field and form the new photon states.

Our approach is based on the dyadic Green’s function
technique, which provides advanced approximation for a
multilayered microsphere. Till now such technique was ex-
ploited for cases of microspheres with 1-2 layers. Certainly,
in such a situation the collective optical effects due to the
wave re-reflections cannot be appreciated. In this paper we
develop the numerical approach allowing us directly to apply
the dyadic Green’s function technique to multilayered micro-
spheres with any structure of superficial layers.

This paper is organized as follows. In Sec. 2 we write
down basic equations, formulate our approach, and discuss
basic equations for optical field in dielectric microsphere
coated by a multilayered stack. Sec. 3 presents discussion of
the numerical scheme of applying the dyadic Green’s func-
tion (DGF) technique and our numerical results on the cavity
field states generated by nanorods placed into the multilay-
ered stack. In the last Section, we discuss and summarize our
conclusions.

2. Basic equations

The spatial scale of the nanorod objects (∼ 1 - 100 nm) is in
at least of one order of magnitude smaller with respect to the
spatial scale of microspheres (∼ 103 - 104 nm).

Therefore in the coated microsphere (Fig. 1) we can rep-
resent the nanorods structure as a point source placed atr′

and having a dipole momentd0. It is well known that the so-
lution of the wave equation for the radiated electromagnetic
field E due to a general sourceJ (r′) reads (µ = 1) [26,27]

E (r) = iωµ0

∫

V

dr′G (r, r′, ω) · J (r′), (1)

whereG (r, r′, ω) is the dyadic Green function (DGF), which
depends on the type of the boundary conditions imposed on
E(r) and contains all physical information necessary for de-
scribing the multilayered structure (the time dependence is
assumed aseiωt). Equation (1) is added by the standard
boundary conditions: limitation of fields in the center of mi-
crosphere, continuity of tangential components of fields at
the interfaces of layers. Also it is used the Sommerfeld’s
radiation conditions, there is only outgoing wave in the ex-
ternal boundary of microsphere. In this case the electromag-
netic field E in the coated structure consists of sum of the
waves radiating in the surrounding medium and the multi-
ple waves reflections due to interfaces between layers. In-
serting in (1) the nanorods source in the formJ = iωd,
d = d0δ (r − r′) , we obtainE (r, r′, ω) = −p0G (r, r′, ω),
where p0 = (d0/ε0)

(
ω2

/
c2

)
. So for such a situation

the nanorod frequency spectrum coincides with the dyadic
Green’s function (DGF) spectrum. The equation for DGF
G (r, r′, ω) is given by[26,27]

[
ω2

c2
ε (r, ω)−∇×∇×

]
G (r, r′, ω) = −δ (r − r′) , (2)

wherer is the point where the field is observed, whiler’ is
the nanorods location.

Let us consider the multilayered spherical structure: a
concentric stack deposited onto the surface of the micro-
sphere with nanorods placed in some position of such a struc-
ture, shown in Fig. 1.

FIGURE 1. Geometry of multilayered microsphere. Stack of mul-
tilayers is deposited on the surface of microsphere.
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First let us specify some details of the Green’s function
technique for multilayered microspheres and introduce our
designations. Following the approach [28], we write down
DGF of such a system in the form

G (r, r′, ω) = GV (r, r′, ω) δfs + G(fs) (r, r′, ω) , (3)

whereGV (r, r′, ω) represents the contribution of the direct
waves from the radiation sources in the unbounded medium,
while G(fs) (r, r′, ω) describes the contribution of the mul-
tiple reflection and transmission waves due to the interfaces.
The dyadic Green’s tensorGV (r, r′, ω) in (3) is given by

GV (r, r′, ω) =
r̂r̂

k2
s

δ (r − r′)

+
iks

4π

∑
q=e,o

∞∑
n=1

n∑
m=0

CnmGV
q,nm (r, r′, ω), (4)

with

Cnm =
2n + 1

n (n + 1)
(n−m)!
(n + m)!

(2− δ0m) , (5)

where the prim denotes the nanorods coordinates(r′, θ′, ϕ′),
n and m are spherical and azimuth quantum numbers, re-
spectively, whileks is the wave number of medium, where
the radiated nanorods is located. It is worth noting that due to
the dyad̂rr̂ theδ-function in (4) gives contribution for radial
(longitudinal) part[27]. Due to the equalitŷr ·

(
θθ̂ + ϕϕ̂

)

such a singularity does not contribute to the field (1) for the
considered case of a tangential dipole .The partial dyadic
Green’s tensorGV

q,nm (r, r′, ω) in (4) has form

GV
q,nm (r, r′, ω) =

(
M

(1)
q,nm (r, ks)Mq,nm (r′, ks) + N

(1)
q,nm (r, ks)Nq,nm (r′, ks) , r > r′

Mq,nm (r, ks)M
(1)
q,nm (r′, ks) + Nq,nm (r, k1)Nq,nm(1) (r′, ks) , r < r′

)
(6)

In Eq. (6) vectorsM andN representTM- andTE - waves,
respectively, where

Me
onm (k) = ∓ m

sin θ
jn (kr) Pm

n (cos θ)
(

sin
cos

)
(mφ) eθ

− jn (kr)
dPm

n (cos θ)
dθ

(
cos
sin

)
(mφ) eφ (7)

Ne
o,mn (k) =

n (n + 1)
kr

jn (kr) Pm
m (cos θ)

(
cos
sin

)
(mφ) er

+
1
kr

d [rjn (kr)]
dr

[
dPm

n (cos θ)
dθ

(
cos
sin

)
(mφ) eθ

∓ m

sin θ
Pm

n (cos θ)
(

sin
cos

)
(mφ) eφ] (8)

with jn (x) being the spherical Bessel function of the first
kind andPm

n (x) is the associated Legendre function. Signs
∓ in Eq. (7), (7) correspond to the first index (e, o ) in M and
N correspondingly. Such notation allows us to simplify the
limits of sum in Eq. (4) asm = 0, n, instead ofm = −n, n.
For a seek of simplicity we use in (7), (8) and further
on the following short notationMe

onm (k) = Me
onm (r, k)

and M ′
e
onm (k) = Me

onm (r′, k). The superscript(1) in
Eqs. (6)-(14) indicates that in (7) and (8) the spherical Bessel
functionjn (x) has to be replaced by the first-type spherical
Hankel functionh(1)

n (x).
The scattering DGFG(fs) (r, r′, ω) is written as

G(fs)(r, r′, ω)=
iks

4π

∑
q=e

∞∑
n=1

n∑
m=0

CnmG(f,s)
q,nm (r, r′, ω), (9)

wheref and s denote the layers where the field point and
source point locate,δfs is the Kronecker symbol and

G(fs)
q,nm (r, r′, ω)

= ∆NF

(
M (1)

q,nm (kf) PM + N (1)
q,nm (kf) PN

)

+ ∆1f

(
M1

q,nm (kf) QM + N (1)
q,mn (kf)QN

)
(10)

with

PM=∆1sA
fs
MM ′

q,mn (ks)+∆NsB
fs
M M ′

q,mn(1) (ks) , (11)

PN=∆1sA
fs
N N ′

q,nm (ks) + ∆NsB
fs
M N ′

q,mn(1) (ks) , (12)

QM=∆1sC
fs
M M ′

q,mn (ks) + ∆NsB
fs
M M ′

q,mn(1) (ks) , (13)

QN=∆1sA
fs
N N ′

q,nm (ks) + ∆NsB
fs
M N ′

q,mn(1) (ks) , (14)

where ∆fs=1−δfs, δfs is the Kronecker symbol,
ks = ns (ω)ω/c, n (ω) =

√
εs (ω) is the refraction index

of the s’layer. Frequency dependent coefficientsAfs
k (w),

Bfs
k (ω), Cfs

k (ω) andDfs
k (ω) in (11)-(14) are defined from

the above mentioned boundary conditions and describe the
details of the wave behavior in the interface of the stack lay-
ers. The use of boundary conditions yields the relations for
these coefficients, which can be written in the form of the
following matrix equation

Jf+1,s
k − If

k · Jf,s
k + σ+δf+1,s − If

q · σ−δfs = 0, (15)

wherek = M, N, f = 1 . . . N − 1 and

Rev. Mex. F́ıs. S53 (5) (2007) 83–90
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Jf,s
k =

[
Af,s

k Bf,s
k

Cf,s
k Df,s

k

]
,

If
k =


 1

/
T k

Ff Rk
Ff

/
T k

Ff

Rk
Pf

/
T k

Ff 1
/

T k
Pf


 , (16)

σ+ =
[

1 0
0 0

]
, σ− =

[
0 0
0 1

]
. (17)

The reflectionRk
jf and transmittanceT k

jf coefficients from
Eq. (16) are written in Appendix.

The use of boundary conditions of the limitation of the
field in the center of microsphere and the Sommerfeld’s
radiation condition atr → ∞ yield that the Eq. (15)
must be added the conditions atf = N, 1 in the form
AN,s

k = BN,s
k = 0 andC1,s

k = D1,s
k = 0 . It is worth not-

ing that due to spherical symmetry of system the coefficients
Af,s

k , Bf,s
k , Cf,s

k andDf,s
k are functions ofn but not ofm.

3. Numerical Results

Analytical solutions to Eq. (15) for scattering coefficients
Af,s

k , Bf,s
k , Cf,s

k andDf,s
k for 1 or 2 -layered in a spheri-

cal stack are derived in Ref. 28. But already for more than
2-layers stack (microsphere with more than two layers in the
stack) such solutions are rather long, and in general are hardly
suitable for practical calculations. However namely in such
a structure one can expect physically interesting phenomena
due to the wave re-reflections (interference) in the layers of
the stack. Such phenomena are most pronounced in the case
when thicknesses of the alternating layers are approximately
equal toλ/4 (quarter-wave layers)[6-8]. In general case of
alternating layers the equalityk0nkdk = π/l, ( dk is width,
k0 = ω/c) is considered, so thatdk = π/lk0nk, wherel
is integer. Similarly to the plane layers case, we consider a
spherical stack with1/k0 = Λ0/2π, whereΛ0 defines the pe-
riodicity in the stack. The usedknk = Λ0/4 corresponds to
the quarter-wave case. We note as far as the spherical wave
are only asymptotically close to plane wave case, such an ap-
proximation has to be optimized yet.

In this Section we numerically explore the details of fre-
quency and radial dependences of nanorod radiation (the
dyadic Green’s function) for alternating quarter-wave layers
deposited on the surface of a microsphere (Fig. 1). We use
the following steps:

i) we solve the Eq. (15) for N-layered spherical structure;

ii) we insert the calculated matricesAf,s
k , Bf,s

k , Cf,s
k and

Df,s
k into Eqs. (11)-(14), and finally,

iii) to obtain the Green’s tensorG (r, r′, ω) (3) we calcu-
late sums in Eq. (4) and Eq. (9).

FIGURE 2. Frequency spectrum for TE (a) and TM (b) cases of real
and imaginary parts of tangential component of the dyadic Green’s
function Gφφ(r,r’) for 5-layered system (microsphere coated with
3 alternating ?/4 layers). Field is observed in the nanorod position
with r=r’=1522nm. One can see a suppress of TM modes with re-
spect to TE modes.

FIGURE 3. Distribution of Im(Gφφ(r,θ)) in a cross-section
0 < r < 2000 nm and 0< θ < 2π of the coated microsphere for
the same parameter as in Fig. 2.

Realization of such a program requires quite intensive
computations. Let us explain some details. For numeri-
cal solution we represent (15) in form of matrix equation
Fij (a, b, c, d) = 0 (i, j = 1, 2) with respect to unknown
boundary amplitudesa = A1,s

k , b = B1,s
k , c = CN,s

k and
d = DN,s

k . However our algorithm has been constructed in
such a way, that with the required coefficientsA1,s

k , B1,s
k ,

CN,s
k , DN,s

k also the intermediate matricesJf,s
k (which are

necessary for computing the fields in the internal layers) are
calculated. Having these matrixes calculated, we further
make use them in (3) - (14). This allows us to calculate fi-
nally the dyadic Green’s tensor in any point of the spherical
structure and for any number of layers of the stack. We note
that in general such a stack may have an arbitrary or even
random structure.

Rev. Mex. F́ıs. S53 (5) (2007) 83–90
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FIGURE 4. Radial dependence of real (a) and imaginary (b) parts of
Gφφ(r,a), where the nanorods placed in a=1522nm and the field’s
peak wavelength is 609nm (see Fig.2). Dash line in (a) shows the
refraction indexes of the spherical stack structure.

FIGURE 5. (a), (b) and (c). Spectrum of imaginary parts of the
dyadic Green’s function Im(Gφφ(r,r’)) for 7-layered system (mi-
crosphere coated with 5 alternatingλ/4 layers), with two nanorods
placed at a1=1.4µm and a2=1.522µm. Refraction indexes and
widths of the layers are the same as in Fig.2. (a) Im(Gφφ(a1,a1));
(b) Im(Gφφ a1,a2)); and (c) Im(Gφφ (a2,a2)); (d) radial depen-
dence of Im(Gφφ(r,a2)), for the resonant peaks at field wavelength
605.7nm (Im1) and 603.8nm (Im2). Dash-dotted line in (d) shows
the refraction indexes of the spherical stack structure.

For our numerical approach the infinite summation in
Eqs. (4) and (9) has to be truncated. The truncation index
n = Nmaxmust be chosen such that a further increase of
n does not change the results within a given accuracy. The
physical factor determining the value of spherical numbers
n = Nmaxis the number of the field eigenmodes, that con-
tribute to the spectrum of DGF in frequency range of inter-
est. One can see that the contribution of high-order spher-
ical modesn in Eqs. (4) and (9), may be decreased due to
Cnm factor (5). Because of the complexity of the field spatial

structure, it is difficult to establish some analytical criterion
for Nmax. While calculations we have increased the quantity
Nmaxtill the sum in (3) ceases to change essentially. Usually
it did not exceedNmax ≤ 25− 30. We have found that such
approximation remains well working up to very high spher-
ical numbers (WGM regime). We note that the continuity
of DGF in the layers interfaces is very sensitive to various
imperfections in calculations, and can be a good criterion to
estimate the accuracy of results.

Since nanorods are highly polarized objects we pay more
attention to the case when the dipole orientation of source
is d = dêϕ so only the tangential components of Green’s
tensorGϕϕcontribute. We use the following data for the mi-
crosphere coated alternatingλ/4 layers. A bottom micro-
sphere has refraction indexn4 = 1.5 + i2 · 10−4 (glass,
radius 1400nm ). Refraction indices of the layers are:
n3 = 3.58+i10−3 ( Si , width122nm ), n2 = 1.46+i3·10−3

( SiO2, width 300nm ) and n1=1 (surrounding space). To
consider the realistic layers case we added to eachni a
small imaginary part, which corresponds to material dissi-
pation. We notice what in such a system the losses are
determined not only by the material dissipation, but also
the fields radiation from the nanosphere into a surround-
ing space. ”Designed frequency” of the alternating stack is
f0 = c/Λ0 = 171.5THz( 1749nm). The above written ap-
proach has allowed us to study both frequency and radial de-
tails of the Green’s function in a multilayered microsphere.
The results of our calculations are shown in Figs.2-6.

We start from the case of 5-layered systems (spherical
stack with three layers deposited on the surface of the mi-
crosphere). Since the properties of DGF in such a system
are studied weakly, we present in Fig.2 theIm (Gϕϕ) and
Re (Gϕϕ) spectrum for bothTE andTM modes. We mainly
pay attention to case when the nanorod is placed in one of

FIGURE 6. Imaginary part of the dyadic Green’s function
Im(Gφφ(r,r’)) for 5-layered system (microsphere coated with 3 al-
ternatingλ/4 layers) with the nanorod in position r’=1522nm in the
case of 10% (a) and 20% (b) random deviation in the thickness of
layers.

Rev. Mex. F́ıs. S53 (5) (2007) 83–90
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layers of the stack. In Fig. 2 is shown the frequency depen-
dence of real and imaginary part of tangential component
of DGF Gϕϕ (r, r′, f) in the source point(r, r′), when the
nanorod is located atr′ = 1522nm in the interface of the
first and second layers.

We observe from Fig. 2a, that the frequency spectrum of
Im (Gϕϕ) for TE modes consists of peaks with various am-
plitudes, the highest peak withIm (Gϕϕ) ∼= 1 placed at609
nm. It has an indented form due to the contribution of several
close resonances corresponding to various spherical modes.
Also we observe from Fig. 2 that frequency peaks have a
typical Lorentzian form∼ (δ − iγ)

/(
δ2 + γ2

)
, whereδ is

a detuning from the resonance, andγ is dissipation. As it
will be shown below, such a peculiarity corresponds to the
positions of the DGF poles in theω-complex plane. When
increasing the number of layers, the stack does confine the
resonant field oscillations; therefore the leakage of waves in
such case is very small. In this situation the DGF poles move
closer to the real axis, that yields the increase and narrowing
the frequency resonances line. Similar dependences forTM
modes are shown in Fig. 2b. One can see that inTM case the
amplitude of maximal peak is in 4 time less with respect of
TE mode. It is worth noting that similar suppression ofTM
modes was observed in the experiment[21].

To elucidate what happens with the fields in a vicinity of
resonant peaks we have studied the radial field dependencies.
Figure 3 represent a 3-d distribution ofIm (Gϕϕ (r, θ)) in
the cross-section0 < r < 2000nm and0 < θ < 2π of the
coated microsphere for the same parameters as in Fig. 2. It
is important to note that the cavity modes excited by a dipole
inside a microsphere are distinctly different from whispering
gallery modes with large spherical numbers. From Fig. 3 we
observe that in general the surface ofIm (Gϕϕ (r, θ)) has
rather intricate form. Additionally, the plot in Fig. 3d shows
a second strong field maximum in the mirror point of the
nanorod position (left side of Fig. 3). This may offer interest-
ing applications in coupling individual nanorods located in
the two mirror positions,e.g., to transport information over
distances by cavity photons. We plan to study such depen-
dencies with more details in future. Further for the sake of
simplicity we restrict our attention by the field distribution
along the radius from the center to the nanorod position. In
Fig. 4 such a distribution ofGϕϕ, corresponding to the fre-
quency peak at 609nm(see Fig. 2a) is shown.

A small maximum of Im (Gϕϕ) and Re (Gϕϕ) at
r = 1522 nm in Fig. 4 corresponds to the position of the
nanorod. From Fig. 4b we can observe that for such 5-layer
system the resonant peak corresponds to confinement of the
electromagnetic energy∼ Im (Gϕϕ) inside the stack, there-
fore the leakage of waves in the outer space is small. From
this conclusion the question gives a rise, how strongly such a
structure may confine the field at least for resonant case?

To see that, we increase the number of layers in the
stack. In Fig. 5 the dyadic Green’s functionIm (Gϕϕ (r, r′))
for case of 7-layered system (5-layered stack) is shown. In
this case we consider that nanorod, placed in microsphere at

a1 = 1400 nm can interact with other nanorod placed in lay-
ers ata2 = 1522 nm. From Figs. 5a, 5b and 5c we may
observe, that with the increase of number of layers the spec-
tral peaks become narrower and higher.

From Fig. 5 we can consider some interesting details of
interference of two spatially separated nanorods, placed in
points a1 and a2. It is well known that due to the fluctuation-
dissipation theorems the correlation function of the photon
states in an absorbing environment for temperatureT can be
written with a macroscopic Green-function approach as fol-
lowing [29]

〈E (a1) E (a2)〉=~ω
2

c2
coth

(
~ω
2T

)
Im (G (a1, a2)) . (18)

Note that such a field state is not a photonic state in gen-
eral, but a state of the macroscopic medium dressed by the
electromagnetic field [29-31]. Therefore is of interest to cal-
culate the details of DGF for two nanorods (or nanorod and
quantum dot), placed at the separated pointsa1 anda2. In
Fig. 5 such a situation is shown, where the first nanorod is
placed atr = a1 at the interface of the boundary of the
bottom microsphere and the first layer, while the second
nanorod is placed in the second layer atr′ = a2. From
Eq. (18) one can see that in this caseIm (Gϕϕ (ai, ai, f))
is proportional to the energy of the fluctuating electro-
magnetic field in the position ofi-th nanorod, while
Im (Gϕϕ (ai, aj , f)) corresponds to the correlation ofi and
j nanorod states. In Figs. 5a, 5c the frequency spectra
of Im (Gϕϕ (a1, a1, f)) and Im (Gϕϕ (a2, a2, f)) accord-
ingly are shown, while Fig.5(b) shows the spectrum of
Im (Gϕϕ (a2, a2, f)). We observe from Fig. 5b that the
spectrum ofIm (Gϕϕ (a2, a2, f)) has the maximal reso-
nance at 605nm. This means that for such a field wavelength
a strong correlation between of two spatially separated field
states in the area of nanorods takes place.

Figure 5d shows the details ofIm (Gϕϕ) radial distribu-
tion corresponding to the greatest frequency peak at 605 nm,
when the field is concentrated in the microsphere and sharply
(exponentially) decreases in the area of the stack. One can
see from Fig. 5d that the amplitude of the field for other
peak at 603 nm is considerably less and decreases more at
small detuning from the resonance. At the further increase of
number of the layers the electromagnetic field sharply decays
already in the first layer of the stack and practically does not
leak into surrounding space. One can say that such a spheri-
cal structure resonantly confines the field and practically does
not allow it to be radiated from the coated microsphere.

Let us notice that the position of frequency peaks in the
case of the stack with a great number of layers can be calcu-
lated with a high accuracy without reference to the Green’s
function techniques. To do this one has to calculate the
eigenfrequency spectrum of a layered microsphere, by means
of numerical approach developed in Ref. 32. In this ap-
proach one can obtain both real and imaginary parts of eigen-
frequencies that allow to calculate correspondingQ-factors
(Q = Re (ω)/2Im (ω)) of the electromagnetic oscillation.
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Although we pay main attention to the purely quarter-
wave case, we also have studied what happens if the thick-
nesses of layers in the stack have some random deviations
from the orderedλ/4 width. In this case the far order peri-
odicity in the system is broken and each particular layer has
an influence to the total properties of the stack. In Fig.6 it is
shown the same as in the Fig.2 a except that the thickness of
layers have 10 or 20% random deviation. If such a deviation
is small (10%, see Fig. 6a) the structure of peaks changes
weakly. One can see that in20% case (Fig. 6b) the peaks
are broadened or even are destroyed. We can explain that
in the following way. The forming of the spectral peaks is
a collective effect, which is generated by an influence of a
great number of individual layers. Therefore, the small ran-
dom deviations may be statistically recompensed for great
number of layers. The resonances for high spherical modes
are more sensitive to the random perturbations of the perfect
periodicity in system. This results in the destruction of the
higher spherical modes resonances. We have shown it clearly
in the example of the 20% randomly perturbed quarter-wave
stack, see Fig. 6b.

4. Conclusion

We have studied the frequency spectrum and spatial depen-
dence of the electromagnetic field (the dyadic Green’s func-
tion) radiated by quantum semiconductor nanorods placed
into the multilayered microsphere coated by the quarter-wave
alternative spherical stack. Developed numerical approach
has allowed us to analyze the case up to tens numbers of lay-
ers in the stack. We found, that even in a dissipative case
the frequency spectrum of the field consists of the series of
narrow and well separated frequency peaks. In the area of
such resonances the spherical structure confines the field of
nanorods, which becomes deeply located in the coated mi-
crosphere and practically does not leak into a surrounding
space. We found a possibility of generation of coupled pho-
ton states by two nanorods assisted by a presence of the al-
ternating spherical stack. As the width of resonant peaks is
rather small, it allows creating highly polarized nanoemitters
oscillating with very high quality factor to actively control
the polarization state of microcavity photons. Taking into ac-
count the weak random deviations of thicknesses of spherical
layers does not change this conclusion. Engineering methods
of attaching such a nanostructures to the surface or interfaces
of coated microspheres can open new opportunities for ac-
tive control of arrays of the light nanoemitters implemented
into multilayered microspheres. Such states can be useful not
only for the operational purposes, but also for quantum infor-

mation technologies. Since no specific properties of nanorods
were used in this paper, the main results can be valid and for
other types of nanoemitters.
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Appendix

The following representations for coefficients reflectionRk
if

and transmittanceT k
if ( k=M, N, i=P,F) through the spherical

stack [28] were used in the text

RM
Pf=

kf+1H
′
(f+1)fHff−kfH ′

ffH(f+1)f

kf+1JffH ′
(f+1)f−kfJ ′ffH(f+1)f

, (A.1)

RM
Ff=

kf+1J
′
(f+1)fJff−kfJ ′ffJ(f+1)f

kf+1J ′(f+1)fHff−kfJ ′ffH ′
ff

, (A.2)

RN
Pf=

kf+1H
′
(f+1)fHff−kfH ′

ffH(f+1)f

kf+1J ′ffH(f+1)f−kfJ ′ffH(f+1)f
, (A.3)

RN
Ff=

kf+1J(f+1)fJ ′ff−kfJ ′ffJ(f+1)f

kf+1J(f+1)fH ′
ff−kfJ ′(f+1)fH ′

ff

, (A.4)

TM
Pf=

kf+1

(
J(f+1)fH ′

(f+1)f−J ′(f+1)fH(f+1)f

)

kf+1JffH ′
(f+1)f−kfJ ′ffH(f+1)f

, (A.5)

TM
Ff=

kf+1

(
J ′(f+1)fH(f+1)f−J(f+1)fH ′

(f+1)f

)

kf+1J ′(f+1)fHff−kfJ(f+1)fH ′
ff

, (A.6)

TN
Pf=

kf+1

(
J ′(f+1)fH(f+1)f−J(f+1)fH ′

(f+1)f

)

kf+1J ′ffH(f+1)f−kfJ ′ffH ′
(f+1)f

, (A.7)

TN
Ff=

kf+1

(
J(f+1)fH ′

(f+1)f−J ′(f+1)fH(f+1)f

)

kf+1J(f+1)fH ′
ff−kfJ ′(f+1)fH ′

ff

, (A.8)

with

Jil = jn (kiRl) , (A.9)

Hil = h(1)
n (kiRl) , (A.10)

J ′il =
1
ρ

d [ρjn (ρ)]
dρ

|ρ=kiRl
, (A.11)

HJil =
1
ρ

d [ρhn (ρ)]
dρ

|ρ=kiRl
. (A.12)
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