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The spectral decomposition of propagators is useful in the study of dynamical problems in the Schroedinger picture. However, relativistic
problems exhibit complicated spectra containing positive and negative energies. In this work we write an appropriate spectral decomposition
for the propagator of the Dirac oscillator. With such propagator we study the dynamical problem of sudden frequency change related to
processes in which the isospin projection of the particle is modified.

Keywords: Relativistic propagators; quantum dynamics.

La descomposición espectral de los propagadores resulta de gran utilidad en el estudio de problemas dinámicos en la imagen de Schroedinger.
Sin embargo, los sistemas cuánticos relativistas poseen espectros complicados incluyendo enregı́as positivas y negativas. En este trabajo
escribimos una descomposición espectral apropiada para el propagador del oscilador de Dirac. Con este propagador se estudia el problema
dinámico de cambio repentino en la frecuencia, que puede relacionarse con procesos en los que la proyección de isospin de una partı́cula se
modifica.

Descriptores: Propagadores relativistas; dinámica cúantica.

PACS: 03.65.Ge

1. Introduction

In this note we deal with the Dirac align with a non mini-
mal coupling which is linear in the spatial coordinates. This
is known as the Dirac oscillator [1]. Consider physical units
such thatc = ~ = m = 1 with m the mass of the parti-
cle. The Lorentz covariant align of the Dirac oscillator with
frequencyω is then

(γµ [pµ − iωr⊥µuνγν ] + 1) Ψ = 0 (1)

whereγµ are the usual Dirac matrices. We have defined

r⊥µ = rµ − (rνuν)uµ (2)

with uν a unit time like four vector such that in certain frame
of reference(uν) = (1, 0, 0, 0). In such frame we can find a
hamiltonian version of (1)

HΨ = i
∂Ψ
∂t

(3)

H = α · (p− iωβr) + β (4)

with the usual definitionsβ = γ0, αi = βγi, i = 1, 2, 3.
Our interest is to obtain the time evolution of certain ini-

tial states due to this hamiltonian. In such analysis it is some-
times useful to have an explicit form of the propagator when-
ever it is available, but in the present case we do not have
such an expression since it is difficult to compute. To achieve
our goal we would rather look at the spectral decomposition
of the time evolution operator (as it is usually done) and con-
sider a suitable initial condition to be analyzed. Let us look
at the stationary version of (3)

HΨ = EΨ (5)

The solutions of (5) can be written [2] as

Ψ =
(

ψ1

ψ2

)
(6)

satisfying

(
p2 + ω2r2 + 1− 3ω − 4ωL · S)

ψ1 = E2ψ1 (7)
(
p2 + ω2r2 + 1 + 3ω + 4ωL · S)

ψ2 = E2ψ2 (8)

ψ2(r) = (E + 1)−1σ · (p + iωr) ψ1(r) (9)

ψ1(r) = ANjl〈r|N(l, 1/2)jm〉 (10)

where |N(l, 1/2)jm〉 is a ket for a three dimensional har-
monic oscillator with spin1/2 coupled to orbital angular mo-
mentuml and total angular momentumj. The total number
of quanta is given byN = 2n + l. The energy eigenvalues
are

E2
Njl = 1 + ω

{
2(N − j) + 1 l = j − 1/2
2(N + j) + 3 l = j + 1/2

(11)

The quantityANjl is the normalization factor such that∫
d3r|Ψ|2 = 1. It is given by

ANjl(ω) =
(

1 +
2ω(2N + 1)
(ENjl + 1)2

)−1/2

. (12)

Since (7) admits both positive and negative energiesE, we
can make a distinction of the corresponding solutions

Ψ± =
(

ψ±1
ψ±2

)
, if ± E > 0 (13)
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It has been proven [3] that the eigenfunctions of our prob-
lem form a complete set including both positive and nega-
tive energies. However, it is also true that solutions with the
same quantum numbers but of different energy signs are not
orthogonal, as can be easily verified by computing the corre-
sponding bracket.

2. Dirac oscillator propagator

Given the hamiltonianH in (4), we are interested in the ker-
nelK satisfying

(
H − i

∂

∂t

)
K(r, r′; t) = −iI4δ

(3)(r− r′)δ(t) (14)

whereI4 is the4 × 4 identity matrix. This, of course, stems
out from the fact thatK is the spatial representation of the
evolution operatorU = e−iHt, i.e.

K(r, r′; t) = 〈r|U |r′〉 (15)

We must point out that (14) has a Lorentz covariant version
which can be written as

(γµ [pµ − iωr⊥µuνγν ] + 1) K̄(r⊥τ , r′⊥τ ; t− t′)

= −iI4δ
(4)(rτ − r′τ ) (16)

with K̄(r, r′; t) = βK(r, r′; t). Eq. (16) reduces to (14)
in the reference frame in whichuν = (1, 0, 0, 0) as can be
easily verified. From non relativistic quantum mechanics we
know that (15) implies thatK has a spectral decomposition.
This is achieved by inserting in (15) complete sets|{n}〉 of
eigenfunctions ofH with eigenvaluesE{n}. Thus we get

K(r, r′; t) =
∑

{n}
〈r|{n}〉〈{n}|r′〉e−iE{n}t (17)

but taking into account the remark at the end of the last sec-
tion, the complete set|{n}〉 contains both positive and nega-
tive energies. Since these are not orthogonal any initial condi-
tion of positive energy will have also a non vanishing projec-
tion (or component) of negative energy. Therefore this treat-
ment poses a problem for our usual interpretation of negative
energy states propagating to the past as antiparticles. We will
clarify this point in the following.

Let us defineΨ{n}(r) = 〈r|{n}〉. The solutionK of
align (14) can be directly constructed by writing the r.h.s. as

I4δ
(3)(r− r′)δ(t)

=

∞∫

−∞
dE

∑
n

Ψ{n}(r)Ψ
†
{n}(r

′)e−iEt (18)

from which it is clear thatK must contain the inverse of the
eigenvalues of(H − i ∂/∂t), i.e.

K(r, r′; t) =

∞∫

−∞
dE

∑
n

Ψ{n}(r)Ψ
†
{n}(r

′)
e−iEt

En − E
(19)

DefiningENjl as positive, we split the sum in two parts for
each sign of the energy

K(r, r′; t) =

∞∫

−∞
dE


 ∑

Njlm

Ψ+(r)Ψ†+(r′)
e−iEt

ENjl − E

+
∑

Njlm

Ψ−(r)Ψ†−(r′)
e−iEt

−ENjl − E


 (20)

The integration overE is what we have to take care of, and
we will do so by a standard procedure [4]. Imposing bound-
ary conditions such thatE > 0 leads to future propagation
(retarded propagator) andE < 0 propagation to the past (ad-
vanced propagator) we must choose a contour of integration
encircling the positive pole fort > 0 and the negative pole if
t < 0. The contour is depicted in Fig. 1.

This can also be done by adopting the prescription
E → E ± iε if ±E > 0 in the limit ε → 0. The result is

K(r, r′; t) = θ(t)K+(r, r′; t) + θ(−t)K−(r, r′; t) (21)

with

K±(r, r′; t) :=
∑

Njlm

Ψ±(r)Ψ†±(r′)e∓iENjlt (22)

ensuring future propagation for initial conditions with posi-
tive energy throughK+.

3. Dynamical problem

The nature of interactions in some physical systems may
change in time according to a change in the nature of the
system’s constituents. The change in the value of isospin
projection due to nuclear reactions or in a more fundamen-
tal way, the change of flavor in systems containing quarks are
examples of this. In this section we analyze the situation in
which a shift in the frequency of the Dirac oscillator occurs,

FIGURE 1. Contour of integration for±t > 0.
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sayω → 1 at t = 0. Since all functions will be of positive
energy, there is no need to make sign distinctions. However,
dealing with two frequencies demands that their dependence
on ω appears indicated explicitly unlessω = 1. For t < 0
we assume the system to be in one of its eigenstates and then
find out the behaviour of the wave function att > 0. The
corresponding hamiltonian can be expressed as

H = α · (p− i(θ(−t)ω + θ(t))βr) + β (23)

while the initial condition is of the form

Ψ(r, 0) = ΨNjlm(r; ω) (24)

where the function on the r.h.s. is given by (59.9) and (59.17)
of [2], i.e.

ΨNjlm = ANjl(ω)

(
|N(l, 1/2)jm〉ω

−i
√

2ω
ENjl(ω)+1

(−√N + l + 1|N − 1(l − 1, 1/2)jm〉ω +
√

N − l|N − 1(l + 1, 1/2)jm〉ω
)

)
(25)

Applying the propagator (21) to initial condition (24) and per-
forming the corresponding integration we find

Ψ(r, t) =
∑

N ′,j′,l′,m′
e−iEN′j′l′ tCN ′j′l′m′;Njlm(ω)ΨN ′j′l′m′(r)

(26)

with

CN ′j′l′m′;Njlm(ω) =
∫

d3r′Ψ†N ′j′l′m′(r′)ΨNjlm(r′; ω)

(27)

Our aim is to compute the last coefficient. First of all, we
recall that in spherical coordinatesr, θ, φ

〈r|N(l, 1/2)jm〉ω =
∑
µσ

√
2j + 1(−)l−1/2+m

×
(

l 1/2 j
µ σ −m

)
RNl(

√
ωr)Ylµ(θ, φ)χσ (28)

where we have used the3j symbol,Y is the usual spherical
harmonic andχ is a canonical spinor. With the definition

I l
N,N ′ =

∞∫

0

dr′r′2RNl(
√

ωr′)RN ′l(r′) (29)

and using (28) it is straightforward to calculate the bracket

〈N ′(l′, 1/2)j′m′|N(l, 1/2)jm〉ω
= δj,j′δl,l′δm,m′(δj−1/2,l + δj+1/2,l)I l

N,N ′ (30)

which makes it possible to get the coefficients (27) through
relation (25). With all this, the expansion ofΨ(r, t) is de-
termined. As an example, let us consider the simplest case
N = 0, j = 1/2, l = 0,m = 1/2 for which

CN ′j′l′m′;Njlm(ω) =
(

1 +
2(2N ′ + 1)

(
√

2N ′ + 1 + 1)2

)−1/2

× δ1/2,j′δ1/2,m′δ0,l′I
0
0,N ′ (31)

and

I0
0,N ′ =

√
8Γ(N ′/2 + 3/2)

π1/2(N ′/2)!
(
√

ω − 1)N ′
ω1/2

(
√

ω + 1)N ′+3
(32)

after using (29) and the formula [5]

∞∫

0

dτe−sτταLα
n(τ) =

Γ(α + n + 1)(s− 1)n

n!sα+n+1
. (33)

Finally, the wave function is

Ψ(r, t)=
∞∑

N ′=0,2,...

e−i
√

2N ′+1t

(
1+

2(2N ′+1)
(
√

2N ′+1+1)2

)−1/2

×
√

8Γ(N ′/2+3/2)
π1/2(N ′/2)!

(
√

ω−1)N ′
ω1/2

(
√

ω+1)N ′+3

×ΨN ′,1/2,0,1/2(r) (34)

This formula reduces to the usual expression for the evolu-
tion of the ground state with no frequency shift whenω = 1,
since only the term withN ′ = 0 contributes.

By means of (25) forω = 1 we can evaluate (34) and its
squared modulus|Ψ(r, t)|2. The convergence of series (34)
can be established by means of the ratio (Cauchy) test (see
Appendix). As a numerical application we truncate the se-
ries (34) considering the first 60 terms. The final frequency
is ω = 1, while its initial value is taken asω = 10 in nat-
ural units. The Fig. 2 shows an oscillatory behaviour of the
probability density as a function oft. However, the function
is not periodic due to the nature of the relativistic spectrum.
This differs with the non relativistic case in which the spectral
decomposition is a Fourier series.

If the relativistic particle with oscillator potential can be
thought as a component of a heavy system located atr = 0
(for applications to baryons see Ref. 6), we can state the
following physical consequence. Flavor or isospin changing
reactions ocurring in a sudden approximation produce non
periodic vibrations of the particles involved in a relativistic
composite. Moreover, such behaviour is possible due to an
admixture of an infinite number of excited states.

Rev. Mex. F́ıs. S53 (6) (2007) 86–90
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FIGURE 2. Probability density in time. The time parameter is on the top of each plot, given in natural units.
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4. Conclusions

Transient phenomena in relativistic quantum mechanics can
be studied through a correct spectral decomposition of prop-
agators, as long as the spectrum of the system can be com-
puted. We have shown through a solvable example that this
is possible. Furthermore, an example of frequency shift has
been developed with applications to particles involved in pro-
cesses which change isospin projection or flavor.

Appendix A: Convergence

Now we apply the ratio test for the convergence of (34),
showing thereby that truncating the series up to a finite num-
ber of terms is a good approximation. Let a component of the
bispinor (34) be given by the compact notation

ψ =
∑

N ′=0,2,...

AN ′(r) (A.1)

and compute then

R ≡ lim
N ′→∞

AN ′+2(r)
AN ′(r)

≡ lim
N ′→∞

RN ′(r). (A.2)

We distinguish two cases:r < 1, r > 1. From the explicit
form of the associated Laguerre polynomials [5], the first case
implies thatRN (r) is proportional to the ratio of the indepen-
dent terms in the polynomials, giving the result

R =
|ω − 1|
ω + 1

< 1, for ω > 0, r < 1 (A.3)

The second case gives a proportionalityRN (r) ∼ ρNr2,
whereρN is the ratio of the coefficients in the leading terms
of the polynomials. Since such quotient vanishes in the cor-
responding limit, we have

R = 0, for r > 1 (A.4)

In both casesR < 1 for all values ofr. Therefore (34) is
convergent.

∗. Member of El Colegio Nacional and Sistema Nacional de In-
vestigadores.

1. M. Moshinsky and A. Szczepaniak,J. Phys. A: Math. Gen. 22
(1989) L8179.

2. M. Moshinsky and Y. Smirnov,The Harmonic Oscillator in
Modern Physics(Hardwood Academic Publishers 1996).

3. R. Szmytkowski and M. Grouchowski,J. Phys. A: Math. Gen.
34 (2001) 4991.

4. M. Kaku,Quantum Field Theory: A Modern Introduction(Ox-
ford Univesity Press 1993).

5. I. Gradshteyn and I. Ryzhik,Tables of Integrals, Series and
Products(Academic Press 1965).

6. M. Moshinsky, G. Loyola, A. Szczepaniak, C. Villegas, and N.
Aquino,The Dirac oscillator and its contribution to the baryon
mass formula, Relativistic Aspects of Nuclear Physics, Ed. T.
Kodama (World Scientific 1990) 271.

Rev. Mex. F́ıs. S53 (6) (2007) 86–90


