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Quantum statistical approach to the theory of random lasers
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Facultad de F́ısica, Pontificia Universidad Católica de Chile,

Av. Vicũna Mackenna 4860, Santiago, Chile

Recibido el 18 de enero de 2011; aceptado el 8 de marzo de 2011

We propose to study the random laser problem. As a lasing system one considers an active gain medium interacting with a light field where
the damping of the latter is treated in the spirit of open systems theory, considering a multimode case with the spectral overlap of the modes
in the losses term [11]. We approach the problem by using the density matrix formalism, deriving the master equation for the light field in
order to find out the detailed description of the laser like emission. The specific character of the field damping and gain effects essentially
modifies the master equation in comparison to that of the ordinary laser and thus contributes to the properties of the resulting laser emission.
The derivation of the density operator for the field is the main ingredient for describing the quantum statistical properties of the lasing and
such a progress represents a great interest for the study of random laser systems.

Keywords: Random laser; master equation; open system; photon statistics; laser threshold.

Proponemos el estudio del problema del láser aleatorio. El sistema láser se considera formado por un medio de ganancia activo interactuando
con un campo de luz donde el amortiguamiento de esteúltimo se trata en el espı́ritu de la teoŕıa de sistemas abiertos, considerando el
caso multimodo con un traslape espectral de los modos en los términos de ṕerdida [11]. Atacamos el problema utilizando el formalismo
de la matriz densidad, derivando la ecuación maestra para el campo de luz para obtener la descripción detallada de la emisión tipo ĺaser.
La derivacíon del operador de densidad para el campo es el ingrediente principal para describir las propiedades estadı́sticas del ĺaser y su
obtencíon es de gran interés en el estudio de sistemas láser aleatorios.

Descriptores: Láser aleatorio; ecuación maestra; estadı́stica de fotones; umbral láser.

PACS: 42.50.Ar; 42.55.Ah; 42.55.Zz; 42.60.Da

1. Introduction

Initial research on random lasers has been mainly focused
on observing stimulated emission in laser cristal powders
and other random media. The spectral narrowing above a
pumping threshold and other phenomena indicating random
laser action [1–3] have generated interest in experimental and
theoretical investigations of the random lasing. Both non-
resonant [4] and resonant feedback [5, 6] has been observed
in active media with high concentrations of light scatterers.
For example, studying ZnO powder in Ref. 5, sharp peaks
above threshold were observed, indicating few discreet las-
ing modes. This differs from the nonresonant case in which
one spectrally narrowed line is usually observed [4].

In this work, we propose to study the random laser (RL)
problem by using the density-matrix approach developed in
a similar manner as the Scully-Lamb theory for ordinary
lasers [7]. The richness of the physical phenomena and their
complexity in a system of RL somehow limits the develop-
ing of a comprehensive quantum theory and up to now, there
exist few particular attempts to present a quantum descrip-
tion for RL [8–10]. As a step towards building the exhaustive
quantum theory of the RL phenomenon we propose the ap-
proach initially based on a simplified model of the random
laserlike action, with the possibility to be extended further
as a more general theory. We will derive the master equa-
tion (ME) for the field density operator and by using this we
will compute the statistical properties of the laserlike emis-
sion. Let’s consider for the model of a RL the following
physical picture: a system of two-level atoms (gain medium)

interacts with the electromagnetic field (EMF) in a manner
characteristic to open chaotic resonators, some examples of
which are described in Ref. 13, but we not particularize
any of these examples and use the general concept. Like in
the usual laser system, to describe the lasing dynamics one
must study the competition between the gain and losses of
the field energy. The gain process in this model is conceptu-
ally similar to that of an ordinary laser: in the active medium,
there are atoms which interact with the modes of the elec-
tromagnetic field; the atoms are being pumped to their ex-
cited states, this pumping action allows the creation of pho-
tons. In general the difference between the ordinary laser
and the RL is mainly correlated to the number of modes and
their behaviour; the ordinary one-mode laser can ignore all
the modes except the eigenmode of the cavity resonant to the
atomic transition. The RL is an intrinsically multimode laser
action with a characteristic competition between the modes,
but the real nature of this rivalry is hard to describe. There-
fore for the description of random laser action we consider
the concepts developed in the papers [11–13], where the the-
ory of the field quantization for open chaotic resonators is
developed based on the system-and-bath like Hamiltonian,
well-known in quantum optics. This approach could be a
starting point for the quantum theory of the random laser [6].

2. Master equation for random lasing with
overlapping modes

We use the master equation approach, so the equation of mo-
tion for the laser field density operator can be expressed as
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a sum of the gain and loss components, similar to Liouville-
von Neumann equation:

ρ̇F = L̂(gain)ρF + L̂(loss)ρF , (1)

whereL̂(gain)ρF andL̂(loss)ρF represent the Liouvillian su-
peroperators with the corresponding meaning. Now let’s an-
alyze each component of this equation one by one.

2.1. Gain contribution

The gain component in the master equation for the density
operator of the field results from the interaction of the atoms
with the “lasing” quasimodes, including the effect of the
atomic spontaneous emission to the nonlasing levels. The
Jaynes-Cummings Hamiltonian describes the interaction be-
tween one atom and one mode of the field. Here we general-
ize to many modes (we must later generalize to many atoms
as well):

H =
~ωa

2
σz + ~

∑

λ

ωλa†λaλ + ~
∑

λ

(gλaλσ+ + h.c.), (2)

wherethe operatorsσ±andσz belong to the atomic subsys-
tem by the standard definitions and the field operatorsaλ (a†λ)
describe the quasimodes participating in the lasing process;
as we will see later these quasimodes may contribute to the
amplification of the laser field characteristic to a RL with
one narrow peak in the spectrum [14]. Consideringω̄ to
be an average frequency in the spectrum of the overlapped
modes, and defining the detuning parametersδ ≡ ωa− ω̄ and
∆λ ≡ ωλ − ω̄, the Hamiltonian becomes (setting~ = 1)

H =
ω̄

2
σz + ω̄

∑

λ

a†λaλ

︸ ︷︷ ︸
≡H1

+
δ

2
σz +

∑

λ

∆λa†λaλ +
∑

λ

(gλaλσ+ + g∗λa†λσ−)

︸ ︷︷ ︸
≡H2

. (3)

We define the termsH1 andH2 as shown in the previ-
ous equation and these terms allow the commutation relation
[H1,H2] = 0. Now we pass to the interaction picture, setting
V ≡ H2. The time evolution operatorU(t) = e−iV t deter-
mines the density matrix at a timet with the transformation:

ρ(t) = U(t)ρ(0)U†(t). (4)

The interaction HamiltonianV in matrix form is (for a
two-level atom):

V ≈



1
2δ gA

gA† − 1
2δ


 , (5)

wherewe have approximated∆λ ≈ 0, ∀λ. Physically, this
approximation corresponds to the case of∆λ ¿ gλ, δ, where

the atom-field constantgλ is usually considered the small pa-
rameter in the laser problems. Additionally, we defined the
collective operatorsA andA† so thatgA ≡ ∑

λ gλaλ, with
g =

√∑
λ g2

λ (for the sake of simplicity one considersgλ as
real values) the bosonic commutation relation

[
A, A†

]
= 1

is preserved.
We can now express the time evolution operator

U(t) in the matrix form, defining the operator̂ϕ ≡
g
√

AA† + (δ/2g)2 and abbreviating c(x) ≡ cos(x) and
s(x) ≡ sin(x):

U(t) =

(
c(ϕ̂t)− i

(
δ
2

) s(ϕ̂t)
ϕ̂ −ig s(ϕ̂t)

ϕ̂ A

−igA† s(ϕ̂t)
ϕ̂ c(ϕ̂t) + i

(
δ
2

) s(ϕ̂)
ϕ̂

)
. (6)

In Eq. (4) we now assume that, att = 0, the
field and the atomic density operators are separated,i.e.
ρ(0) = ρF (0) ⊗ ρA(0). Also, we will consider the atom
initially in an excited state:ρA(0) = |2〉〈2|. With these
considerations and tracing over the variables of the atom,
ρF (t) = TrAρ(t), we will find the reduced field density op-
erator:

ρF (t) =
[
c(ϕ̂)− i

δ

2
s(ϕ̂t)

ϕ̂

]
ρF (0)

[
c(ϕ̂) + i

δ

2
s(ϕ̂t)

ϕ̂

]

+ g2A†
s(ϕ̂t)

ϕ̂
ρF (0)

s(ϕ̂t)
ϕ̂

A ≡ M̂(t)ρF (0), (7)

wherewe have defined the superoperatorM̂(t) as shown.
We now turn to the effect that many atoms are involved

in the gain process. In the so-called coarse graining approx-
imation, the effect thatN atoms have onρF (t) will be pro-
portional to the effect of one atom with the factor of propor-
tionality r as the pump rate. For example, ifk atoms inter-
act with the laser field from time0 to t, then we shall have
ρ
(k)
F (t) = M̂kρF (0). Since it is not possible to determine

how many atoms will interact with the field at any given time,
the effect is described using the binomial distribution

P (k, K) =
(

k

K

)
pk(1− p)K−k, (8)

wherepK = rt so that the pumping could be described sta-
tistically by the parameterp, thus generalizing the problem of
RL similar to the case of ordinary laser, where the influence
of the pump statistics have been proposed in Ref. 15. In this
way, the density operator becomes:

ρF (t)=
K∑

k=0

P (k,K)ρ(k)
F (t)=

[
1+p(M̂−1)

]K

ρF (0). (9)

For the master equation, the derivative with respect to
time is taken:

ρ̇F (t) =
r

p
ln

[
1 + p(M̂ − 1)

]
ρF (t). (10)

Keeping the first two terms in the Taylor expansion of the
logarithm results in:

ρ̇F (t) = r(M̂ − 1)ρF (t)− rp

2
(M̂ − 1)2ρF (t). (11)
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In this work we shall considerp → 0 in the previous
equation, thus characterizing the pump as a random injection
process.

Lastly, we must consider the effect of spontaneous
emission of the atoms to non-lasing modes. The atomic
decay can be described by the probability distribution
P (τ)dτ = Γe−Γτdτ , whereΓ is the spontaneous decay rate.
Averaging over this distribution, we obtain the gain contribu-
tion to the master equation:

L̂(gain)ρF (t) = r

∞∫

0

Γe−Γτdτ

{
g2A†

s(ϕ̂τ)
ϕ̂

ρF (t)
s(ϕ̂τ)

ϕ̂
A

+
[
c(ϕ̂τ)− i

δ

2
s(ϕ̂τ)

ϕ̂

]
ρF (t)

×
[
c(ϕ̂τ) + i

δ

2
s(ϕ̂τ)

ϕ̂

]
−ρF (t)

}
. (12)

We now turn to the damping contribution to the master
equation.

2.2. Losses for overlapping modes

The damping of the field in a random laser can be repre-
sented as a modification of the simpler case well-known in
quantum optics as the losses in Lindblad form. Therefore we
will consider for our ME the damping term of the field devel-
oped from the system-and-bath Hamiltonian [12] in the case
of overlapped modes. For the case of environment at zero
temperature,i.e. no thermal photons,nth ' 0, we obtain:

L̂(loss)ρF =
∑

λ,λ′
γλλ′

(
2aλρF a†λ′ −

[
ρF , a†λ′aλ

]
+

)
, (13)

whereγλλ′ is a damping matrix, representing the losses of the
amplified quasimodes by the exchanging with the environ-
mental modes [12]. In the random laser case, comparing to
the standard laser theory, the non-diagonal coefficients,γλλ′ ,
represent the scattering between the modes of the field and

this kind of damping may change drastically the resulting
laser effect. Therefore the ME (1) can be solved for any
particular case of the laser model considering the general
Eqs. (12) and (13). It should be mentioned that Eq. (13)
comes from the ME written in the Schrodinger picture for
the theory described in Ref. 12, but in order to use the in-
teraction picture corresponding to the gain component of the
density operator, one can consider the losses in the interaction
picture of the same form as (13) by redefining the damping
matrix elementsγλλ′ . For a general theory this matrix may
describe the complex scattering processes between the lasing
modes, implicitly generated by the exchanging with the en-
vironmental modes. We make use of some properties of this
matrix similar to the situations described in Ref. 13. In or-
der to simplify the calculations it is convenient to consider
the symmetry ofγλλ′ , for λ 6= λ′. With the master equa-
tion ready, we turn to the laser problem for the case of two
overlapped quasi modes.

2.3. The case of two quasimodes

As a first approach to solving the problem of the random
laser, we consider only two quasimodes in the general ME,
which will allow us to define the following collective opera-
tors:

α ≡ g1a1 + g2a2√
g2
1 + g2

2

, β ≡ g2a1 − g1a2√
g2
1 + g2

2

, (14)

implying the commutation relations:
[
β, β†

]
=

[
α, α†

]
= 1,[

α, β†
]

= [α, β] = 0, i.e. the modesα and β are inde-
pendent. The density operator decomposed in the Fock state
basis of these modes reads:

ρ =
∑

nα,nβ
mα,mβ

ρnα,nβ ; mα,mβ
| nα, nβ〉〈mα, mβ | . (15)

Using Eq. (12) together with the corresponding losses
written in the basis of the modesα andβ we get the equa-
tion of motion for the elements of the field-density matrix:

ρ̇nα,mα
nβ ,mβ

= − A(nα + mα + 2) + iAδ̄(nα −mα) + B(nα −mα)2

1 + δ̄2 + 2(B/A)(nα + mα + 2) + (B/A)2(nα −mα)2
ρnα,mα

nβ ,mβ

+
2A
√

nαmα

1 + δ̄2 + 2(B/A)(nα + mα) + (B/A)2(nα −mα)2
ρnα−1,mα−1

nβ , mβ

− [C1(nα + mα) + C2(nβ + mβ)] ρnα,mα
nβ ,mβ

+ 2C1

√
nα + 1

√
mα + 1ρnα+1,mα+1

nβ ,mβ

+ 2C2

√
nβ + 1

√
mβ + 1ρ nα,mα

nβ+1,mβ+1

+ 2C3

√
nα + 1

√
mβ + 1ρnα+1,mα

nβ ,mβ+1
+ 2C3

√
nβ + 1

√
mα + 1ρnα,mα+1

nβ+1,mβ
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− C3

√
mα + 1

√
mβρnα,mα+1

nβ ,mβ−1
− C3

√
mα

√
mβ + 1ρnα,mα−1

nβ ,mβ+1

− C3

√
nα + 1

√
nβρnα+1,mα

nβ−1,mβ

− C3
√

nα

√
nβ + 1ρnα−1,mα

nβ+1,mβ

. (16)

The diagonal version (n = m) of this equation of
motion can be reduced to the equations for density op-
erators of each mode separately by using the definitions:
p(nα) =

∑
nβ

ρnα,nβ
andp(nβ) =

∑
nα

ρnα,nβ
. For the

stationary regime (̇p(nα) = ṗ(nβ) = 0) it is easy to re-
duce the equations to the two-term recurrence form by using
the detailed balance condition. So, taking into account the
approximation

∑
nj

F (ni, nj)p(ni, nj) = F (ni, n̄j)p(ni)
the simplified equations for the distribution functions are ob-
tained:

A(nα + 1)
1 + 4B/A(nα + 1) + δ̄2

p(nα)− C1(nα + 1)p(nα + 1)

+ C2
3 (nα + 1)n̄βK−1

nα+1, n̄β
p(nα)

+ C2
3 (nα + 1)(n̄β + 1)K−1

nα+1, n̄β+1p(nα + 1)

− 2C2
3 (nα + 1)n̄βK−1

nα+1, n̄β
p(nα + 1) = 0, (17)

and

− C2(nβ + 1)p(nβ + 1)

+ C2
3 (nβ + 1)(n̄α + 1)K−1

n̄α+1, nβ+1p(nβ + 1)

+ C2
3 (nβ + 1)n̄αK−1

n̄α, nβ+1p(nβ)

− 2C2
3 (nβ + 1)n̄αK−1

n̄α, nβ+1p(nβ + 1) = 0, (18)

where we have define the following parameters:A≡r(g/Γ)2,
B ≡ (g/Γ)2A, δ̄ ≡ δ/Γ,

C1 ≡ g−2
[
γ11g

2
1 + 2γ12g1g2 + γ22g

2
2

]
,

C2 ≡ g−2
[
γ11g

2
2 − 2γ12g1g2 + γ22g

2
1

]

and

C3 ≡ g−2
[
(γ11 − γ22)g1g2 + 2γ12(g2

2 − g2
1)

]
;

Knα,nβ
= Mnα,nβ

+
(

δ̄A

1 + δ̄2 + 2(B/A)(2nα + 1) + (B/A)2

)2

/Mnα,nβ

with

Mnα,nβ
=

A(2nα + 1) + B

1 + δ̄2 + 2(B/A)(2nα + 1) + (B/A)2

+ C1(2nα − 1) + C2(2nβ − 1).

Equation (16) is computed up to the order of(B/A)2 in order
to include the saturation effect in the laser action.

By using the diagonal elements of the density matrix we
are able to study the photon statistics, computing the aver-
ages as well the quantum fluctuations. The wider analysis of
the laser action requires calculation of the non-diagonal ele-
ments of the density matrix in order to know the linewidth of
the emission, an interesting particularity in the case of RL.
The detailed study of this problem, including calculation of
linewidth, will come in the further publications.

3. The steady-state photon statistics, quantum
fluctuations and laser threshold

By solving the Eqs. (17) and (18) we find the information
about the steady-state photon statistics in the modesα and
β, that is important knowledge about the light field in order
to see if the laser effect persists. From Eq. (18) one observe
that there is no gain in the modeβ, just the damping terms in
the equation are present, besides the last three terms cancel
each other for the above threshold situation,n̄α À 1, and
therefore the steady-state solution vanishes,i.e. ρ

(β)
n,n = 0,

with the exception thatρ(β)
0,0 = 1 involved by the normaliza-

tion condition. In the case of the modeα, the steady-state
distribution functionp(nα) is computed and represented in
Fig. 1. All the graphics correspond to numerical calcula-
tions for the following values of the dimensionless param-
eters: g1/Γ = 0.05, g2/Γ = 0.07, δ/Γ = 3, γ11/Γ = 6,
γ22/Γ = 5, γ12/Γ = 5.5. In Fig. 1 we see that the dis-
tribution functionp(nα) corresponds to the photon statistics
characteristic to a laser-like emission, approaching to a Pois-
son distribution in the region far above threshold. At the same
time, there is no laser effect in the modeβ. Therefore we con-
clude that the output lasing mode, resulting from the complex
interchange process of the initial two quasimodes, behaves
similar to the beat signal in the example of the correlated-
emission laser (CEL) [16].

The steady-state photon number could be estimated an-
alytically from the relation:〈ṅj〉 ≡

∑
nα,nβ

nj ρ̇nα,nβ
= 0

by using the ME for a diagonal element with assumption that
above threshold theρnα,nβ

is a sharply peaked function cen-
tered onnα = n̄α andnβ = n̄β . Therefore the steady-state
solutions forn̄α andn̄β are:

n̄α ' A

4B

(
A

C1
− 1− δ̄2

)
∼ A2

BC1
(19)

and n̄β ' 0 which is consistent with the conclusion above,
that the steady-state solution ofρnβ ,nβ

vanishes. The Eq. (19)
agrees with the well-known expression from the laser
theory [7], thus asserting that the modeα behaves as a lasing

Rev. Mex. F́ıs. S57 (3) (2011) 42–47
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FIGURE 1. Comparison between the analytic expression of pho-
ton probability distribution (dotted line) computed by Eq. (20) and
the numerical solution (dashed line) calculated by Eq. (17). The
main plot corresponds to the above threshold lasing, compared to
the Poisson distribution (solid line). The inset shows the situation
below threshold and approach to the Bose-Einstein distribution.

FIGURE 2. MandelQ parameter calculated for different values of
the damping non-diagonal elementγ12: solid line for γ12 = 4Γ
and dashed line forγ12 = 8Γ. The rest of parameters keep the
values as in Fig. 1.

mode. This argument suggests to compare the photon distri-
bution functionp(nα) as a numerical solution of Eq. (17) to
the corresponding analytic expression of the photon distribu-
tion function resulting from the standard theory of lasers:

p(n) = p(0)
(A/B)!(A/BC1)n

(n + A/B)!
, (20)

wherep(0) is calculated from the normalization condition.
This comparison can be seen in Fig. 1 where the solution

of Eq. (17) is in perfect fitting to the analytic expression (20)
only in the region below threshold a little discrepance is ob-
served without affecting the main result.

From the expression (19) results that the increasing of the
valueC1 induces a decrease of the average photon number,
therefore the additional term in the losses proportional toγ12

influences destructively the photon statistics. This peculiar-
ity in the considered model plays an important role on the
resulting lasing effect.

FIGURE 3. Input-output characteristics evidencing the threshold of
the laser emission for the same values of the parameters as in Fig. 2.

For a more detailed study of the quantum statistical prop-
erties of the light field, let’s calculate the quantum fluctua-
tions by using the so-called MandelQ parameter which rep-
resents the normalized variance of the photon distribution [7]:

Q =
〈n2〉 − 〈n〉2

〈n〉 − 1 (21)

For the lasing modeα the quantity (21) is shown in Fig. 2,
thus concluding that in the region above threshold (A > C)
whereQ > 0 the field corresponds to the super-Poissonian
statistics and in the region far above threshold (AÀ C) the
Mandel parameter tends to zero, thus evidencing the Poisson
statistics peculiar to the coherent light.

The average photon number,〈nα〉 as a function of the
pumping rate is plotted in Fig. 3. The plot evidences a laser
threshold behaviour, an aditional argument that the regarded
modeα behaves as a lasing mode.

4. Discussion

Up to now, the quantum properties of the RL phenomenon
are not sufficiently explained in order to understand many
experimental results as well to build an exhaustive quantum
theory. By using the methodology developed in this paper
we are able to describe the quantum features of the lasing in
the systems approaching the case of RL. For example, the
solution of Eq. (16) for the density operator gives the op-
portunity to find the quantum properties of the laser effect as
coherence, quantum fluctuations, laser linewidth, etc. In the
present paper we present the analysis of coherence, quantum
fluctuations and lasing threshold behaviour, while the study
of spectral and other properties of the emission will be the
subject of future publications.

We should emphasize that even if the similitude to a tra-
ditional laser effect is observed at first glance, the resulting
laserlike emission is physically different from the case of an
ordinary laser. The qualitative and quantitative differences
come from the peculiarity of the gain and loss process in
the case of the laser model discussed here. In particular the
following mechanism suggests the resulting effect: two (or

Rev. Mex. F́ıs. S57 (3) (2011) 42–47
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more as generalization) overlapped quasimodes created in a
RL system could participate in the cooperative amplification
of one laser mode based on the gain and loss competition,
thus evidencing the lasing effect in contrast to the amplified
spontaneous emission (ASE), sometimes considered as the
essential process for explaining the experimental results in
the RL with incoherent feedback, where a single-peak spec-
trum is characteristic.

The model discussed here will be the subject of further
development in order to describe comprehensively the par-
ticularities of the RL phenomenon. For example, it will be

interesting to study the effect of the pumping parameter in
the random laser problem, taking into account Eq. (11) with
p 6= 0.
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