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I consider the model of quantum damped oscillator with time-dependent frequency and damping coefficients, which can be used to predict
the results of current experiments aimed at the discovering the so-called Dynamical Casimir Effect. It is based on the Heisenberg–Langevin
approach to the description of open quantum systems. The main emphasis is made on the comparison of the exactly solvable special cases
with general approximate solutions found earlier. The examples considered demonstrate that simple approximate formulas are quite reliable
for the analysis of realistic experimental situations.

Keywords: Dynamical Casimir effect; quantum damped oscillator; Heisenberg–Langevin equations; time-dependent frequency; parametric
resonance.

Estudio el modelo de un oscilador cuántico amortiguado con frecuencia dependiente del tiempo y coeficientes de amortiguamiento, que
puede ser utilizado para predecir resultados en experimentos que se están llevando a cabo y que conciernen al descubrimiento del llamado
efecto Casimir dińamico. Este estudio se basa en el enfoque de Heisenberg–Langevin para la descripción de sistemas cuánticos abiertos.
Se da especial enfásis a la comparación entre los casos especiales que son exactamente solubles con las soluciones aproximadas generales
encontradas con anterioridad. Los ejemplos considerados demuestran que fórmulas simples aproximadas son bastante confiables para el
ańalisis de situaciones experimentalmente factibles.

Descriptores: Efecto Casimir dińamico; oscilador cúantico amortiguado; ecuaciones de Heisenberg–Langevin; frecuencia dependiente del
tiempo; resonancia paramétrica.

PACS: 42.50.Pq; 42.50.Lc

1. Introduction

The term Dynamical Casimir Effect(DCE) [1,2] is used
nowadays for the plethora of phenomena connected with the
photon generation from vacuum due to fast changes of the
geometry (in particular, the positions of some boundaries)
or material properties of electrically neutral macroscopic or
mesoscopic objects. The most recent reviews on the subject
can be found in Ref. 3 and 4.

A rough qualitative explanation of such phenomena is the
parametric amplification of quantum fluctuations of the elec-
tromagnetic (EM) field. Therefore the simplest model which
can be used to describe at least some features of the DCE is
that of the quantum harmonic oscillator(s) (representing the
selected field mode(s) in a cavity) with time-dependent pa-
rameters (frequencies or coupling coefficients). It was con-
sidered in the frameworks of different approaches in many
studies [5-8], where it was shown that a measurable number
of quanta could be indeed created from the initial vacuum
state of the EM field, provided one could move the cavity
walls with a high frequency (twice the frequency of the field
mode) and big amplitude.

However, exciting high amplitude oscillations of real
boundaries turned out to be an extremely difficult task. For
this reason, proposals based on theimitation of their mo-
tion attracted more and more attention with the course of
time [1,9,10]. The key idea of the experiment named “MIR”
[11,12] is to imitate the motion of a boundary, using an ef-
fective “plasma mirror” formed byreal electron–hole pairs
in a thin film near the surface of a semiconductor slab, il-

luminated by a periodical sequence of short laser pulses. If
the interval between pulses exceeds the recombination time
of carriers in the semiconductor, a highly conducting layer
will periodically appear and disappear on the surface of the
slab. This can be interpreted as periodical displacements of
the boundary. The abbreviation MIR can be understood as
“Mirror-Induced Radiation” or “Motion-Induced Radiation,”
in accordance with the papers [13,14] where these names
were introduced.

The main advantage of the semiconductor mirror is a
great increase of the amplitude of variations of the instanta-
neous cavity eigenfrequency, compared with the case of real
vibrating surface. This amplitude is determined mainly by
the thickness of the semiconductor slab. Using the slabs of a
few millimeters thickness one can easily obtain the frequency
variation amplitude∆ω ∼ 107 s−1 or even bigger in the GHz
range of the cavity resonance frequencies. Then the total ex-
citation time can be reduced to less than 1µs and the required
cavity quality factor can be lowered to the easily achievable
values of the order of104.

However, using the semiconductor mirror in the DCE ex-
periments one has to overcome several serious difficulties, re-
sulting from the fact that laser pulses create pairs ofreal car-
riers which change mainly theimaginary partε2 ≡ 4πσ/ω of
the complex dielectric permittivityε = ε1+iε2. Hereσ is the
conductivity in the CGS system of units. As a consequence,
the “instantaneous” time-dependent resonance frequency be-
comes complex-valued functionΩ(t) = ω(t) − iγ(t). This
means the appearance of inevitable intrinsic losses inside the
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semiconductor slab, which can significantly deteriorate the
effect of parametric amplification. The model which takes
into account these losses was suggested in Ref. 15 to 17.

The aim of this paper is to apply the model to the case
of the initial high-amplitudeclassical fieldinside the cavity.
This problem was not considered earlier, but it is important
from the experimental point of view, since the first step of
the experiments is to find the conditions under which the
regime of parametric amplification of a classical signal can
be reached. Only after these conditions will be found, people
can move to the truly quantum regime of excitation.

The plan of the paper is as follows. The general features
of the model, its justification and predictions are considered
in Sec. 2. Some exactly solvable special cases which clar-
ify the meaning and validity of general approximate formulas
used to calculate the amplification coefficients are considered
in Sec. 3. The last section contains conclusions.

2. The model and its consequencies

2.1. Main assumptions

The theoretical model developed in Ref. 15 to 17 is based
on the assumption that the main features of the phenomena
under study can be understood in the frameworks of a simple
model of a quantum harmonic oscillator with a time depen-
dent frequency, which is determined by the instantaneous ge-
ometry of the cavity and the instantaneous values of different
material parameters characterizing the cavity. This oscillator
describes the selected mode of the electromagnetic (EM) field
in the cavity. The influence of other field modes is neglected,
because it is expected that only the selected one (which is
supposed to be in resonance with external perturbations) can
be excited after many periods of oscillations in the process of
parametric amplification. The main problem is how to take
into account the effects of dissipation whose strength rapidly
varies with time.

At first glance, it could seem attractive to try to find some
Hamiltonian, which would result in the given classical equa-
tions of motion, and then to solve the Schrödinger equation
with this Hamiltonian. The simplest possibility is to use a
Hamiltonian of the form

Ĥ(t) =
1
2

[
µ(t)p̂2 + ν(t)x̂2 + ρ(t) (x̂p̂ + p̂x̂)

]
, (1)

generalizing the so called Caldirola–Kanai model [18,19]
(which corresponds toµ(t) = exp(−2γt) = ν−1(t) and
ρ(t) = 0 in the case ofγ=const). However, this approach
suffers from many drawbacks. The Caldirola–Kanai Hamil-
tonian depends on time explicitly even whenγ=const, so it
correspond sooner to the system with time-dependent mass
than to the genious dissipative system. Moreover, the prob-
lem of finding the Hamiltonian for the given equations of mo-
tion has no unique solution, and practically all such Hamil-
tonians have some defects from the point of view of physics
[20,21]. Therefore, although the Schrödinger equation with

Hamiltonian (1) can be solved exactly, and the solutions have
sometimes nice properties [22,23], this model hardly can be
used for the description of the DCE in real nonideal cavities.
A detailed analysis of different models of damped quantum
oscillator can be found in Ref. 24.

Actually, the main physical defect of the Caldirola–Kanai
approach is that it implies that the quantum state of the sys-
tem remainspureduring the evolution, whereas the dissipa-
tion is always connected with the loss of quantum purity.
Thus one has to desribe the system in terms of the density
matrix or its equivalent forms, such the Wigner function,

I suppose that this can be done, at least approximately,
in the frameworks of the following Heisenberg–Langevin
equations for the operatorŝx(t) andp̂(t), describing the two
quadrature components of the field mode:

dx̂/dt = p̂− γx(t)x̂ + F̂x(t), (2)

dp̂/dt = −γp(t)p̂− ω2(t)x̂ + F̂p(t). (3)

Two noncommuting noise operatorŝFx(t) and F̂p(t) (with
zero mean values) are necessary to preserve the canonical
commutator[x̂(t), p̂(t)] = i (the variables are supposed to be
normalized in such a way that formally~ = 1). The damping
coefficientsγx(t) andγp(t) should be deduced from some
microscopic model, which could take into account the cou-
pling of the field mode with electron–hole pairs inside the
semiconductor slab, the coupling of electrons and holes with
phonons or other quasiparticles, responsible for the damping
mechanisms, and the time dependence of the number of car-
riers, which disappear after a short recombination time. Un-
fortunately, no such detailed study has been performed until
now. A simplified model was considered recently in Ref. 25,
where the real dissipative system was replaced by a set of
harmonic oscillators (bosonicreservoir) and the real interac-
tions were replaced by an effective quadratic bilinear bosonic
Hamiltonian of the most general form with time-dependent
coefficients. It was shown that in the limit case of very short
interaction time (much smaller than the period of free oscil-
lations T0) the coefficientsγx(t) and γp(t) must coincide:
γx(t) = γp(t) = γs(t). On the other hand, the same result is
well-known in the opposite limit case when the time of inter-
action with an environment is much bigger than the period of
oscillations in the selected mode [26]. Such an interaction de-
scribes the losses in the cavity walls responsible for the finite
quality factorQ = ω0/(2γc) of the cavity. Therefore I con-
sider here the model withγx(t) = γp(t) = γ(t) = γc+γs(t),
whereγc=const takes into account the losses in the cavity
walls while the time-dependent functionγs(t) describes ad-
ditional losses inside the laser-excited semiconductor slab.

2.2. Parametric amplification of the classical signal

Let us suppose that the field mode was initially in theclas-
sical state. In such a case, quantum fluctuations can be con-
sidered as negligible. This means that one can put formally
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F̂x(t) = F̂p(t) = 0 for analyzing the conditions of the para-
metric excitation. Then the linear operator Eqs. (2) and (3)
can be replaced by the similar equations for the quantum-
mechanical average values by removing the symbols of oper-
ators (carets). Using the notationE(t) ≡ 〈x̂(t)〉 for one of
the quadrature components of the classical RF-signal [radio-
frequency], one can find the exact solution of Eqs. (2) and
(3) with the initial condition

Ein(t) = E0 cos(ω0t− ϑ)

in the form

E(t) = E0e
−Γ(t)Re

(
ε(t)eiϑ

)
, (4)

where

Γ(t) =

t∫

0

γ(τ)dτ (5)

and the complex functionε(t) satisfies the following differ-
ential equation and initial condition:

ε̈ + ω2(t)ε = 0, ε(t < 0) = exp(−iω0t). (6)

Note that functionω(t) in Eq. (6) is the same as in (3), so
that it does not depend on the friction coefficientγ(t). This
is the consequence of the equalityγx(t) = γp(t) = γ(t).

In the case of the MIR experiment functionω(t) has the
form of periodicpulses with the periodicityT (so that thekth
pulse begins attk = (k − 1)T , t1 = 0), separated by inter-
vals of time withω = ω0. Therefore the functionε(t) can be
written as

εk(t) = ake−iω0t + bkeiω0t (7)

in the intervals between the end of thekth pulse and begin-
ning of the(k + 1)th pulse. The sets of the nearest constant
coefficients (ak−1, bk−1) and (ak, bk) are related by means of
a linear transformation

(
ak

bk

)
= Mk

(
ak−1

bk−1

)
. (8)

Each matrixMk has the form

Mk =
∥∥∥∥

fk g∗k
gk f∗k

∥∥∥∥ , (9)

where complex coefficientsfk andgk satisfy the identity

|fk|2 − |gk|2 = det Mk ≡ 1. (10)

If matrix M1 with the coefficientsf1 ≡ f andg1 ≡ g
corresponds to the pulse starting at the momentt1 = 0, then
matrix Mk related to the identical pulse starting at the mo-
menttk can be written as

Mk = Φ†kM1Φk =
∥∥∥∥

f g∗e−2itk

ge2itk f∗

∥∥∥∥ (11)

where matrix

Φk ≡
∥∥∥∥

exp(−iω0tk) 0
0 exp(iω0tk)

∥∥∥∥ . (12)

describes the influence of the time shift between pulses.
After n identical pulses with the periodicityT one obtains

(
an

bn

)
= Mn

(
a0

b0

)
(13)

with

Mn = MnMn−1 · · ·M1 = Φ†n(ΦM1)n (14)

and

Φ ≡
∥∥∥∥

exp(−iω0T ) 0
0 exp(iω0T )

∥∥∥∥ .

Sincedet(ΦM1) = 1, one can use the known formula for the
powers of any two-dimensional unimodular matrixS [27],

Sn = Un−1(z)S − Un−2(z)I, z ≡ 1
2

TrS, (15)

whereI means the unit matrix andUn(z) is the Tchebyshev
polynomial of the second kind. In the case involved,

z =
1
2

Tr(ΦM1) = Re[f exp(−iω0T )]. (16)

Consequently, the amplification of the initial signal can hap-
pen if only |z| > 1. For small variations of the frequency
ω(t) the complex coefficientf is close to unity, whereas the
factorexp(−iω0T ) is close to−1 if T ≈ T0/2. Therefore it
is convenient to introduce the parametrization

1
2

Tr(ΦM1) = Re[f exp(−iω0T )] = − cosh(ν). (17)

Using (13)-(17) with the initial conditionsa0 = 1 andb0 = 0
one can obtain the following expressions foran andbn:

an = (−1)n−1
[
f

sinh(nν)
sinh(ν)

eiω0T (n−1)

+
sinh[(n− 1)ν]

sinh(ν)
eiω0Tn

]
, (18)

bn = (−1)n−1g
sinh(nν)
sinh(ν)

e−iω0T (n−1). (19)

Writing f = |f | exp(iϕ) andg = |g| exp(iφ) one has

cosh(ν) = |f | cos(δ), δ = ω0 (T − Tres) , (20)

where

Tres =
1
2
T0 (1 + ϕ/π) . (21)

is the resonance periodicity of pulses, for which the maximal
parametric amplification effect can be reached. In terms of
the frequencies one can write (neglecting corrections of the
second order with respect to the small parameterϕ)

wres = 2w0 (1− ϕ/π) , δ = π
wres − w

2w0
. (22)
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Hereafterw = ω/(2π) is the frequency expressed in Hz.
Note that the resonance frequency must be different from the
value2w0.

For small variations of the frequency the coefficients|ϕ|
and |g| are also small. Therefore one can use the approxi-
mate formula|f | =

√
1 + |g|2 ≈ 1 + |g|2/2. Moreover,

since the reasonable values of the detuning from the strict
resonace are also small (|δ| ¿ 1), one can replacesin(δ) by
δ. Consequently, in view of (20) a good approximation for
the parameterν is

ν =
√
|g|2 − δ2 . (23)

The time dependent frequency can be written in the case in-
volved asω(t) ≡ ω0[1 + χ(t)] with |χ(t)| ¿ 1. Then the
following approximate formulas can be obtained for the pa-
rametersg andϕ (see [28] for details):

g ≈ iω0

tf∫

0

χ(t)e−2iω0tdt, (24)

ϕ = −ω0

tf∫

0

χ(t)dt. (25)

It is assumed that each pulse starts at the instantt = 0 and
finishes att = tf . The immediate consequence of formulas
(24) and (25) is the inequality|g| ≤ |ϕ|, which must hold
for any functionχ(t) which does not change its sign (as it
happens in the MIR experiment).

Using Eqs. (4), (7), (18) and (19) one can arrive at the
following formula for the field component aftern pulses (i.e.,
for t > nT ):

En(t) = Dn(t)
{

cosh(nν) cos[ψn(t)]

− δ

ν
sinh(nν) sin[ψn(t)]

+
|g|
ν

sinh(nν) cos[ψn(t) + Ψ]
}

, (26)

where

Dn(t) ≡ E0 exp[−Γn(t)], (27)

ψn(t) = ω0t− nω0 (T − T0/2)− ϑ, (28)

Ψ = 2ϑ + φ + ω0 (T − T0/2) . (29)

The damping factor can be written as

Γn(t) = n(Λ + γcT ) + γc(t− nT ), (30)

where

Λ =

tf∫

0

γs(τ)dτ. (31)

Therefore the field component performs rapid oscillations at
frequencyω0 with the slowly varying (as function of the num-
ber of pulsesn) amplitude

An = Dn(t)
{

1 +
2|g|2
ν2

sinh2(nν)

×
[
1+

δ

|g| sin(Ψ)
]

+
|g|
ν

sinh(2nν) cos(Ψ)
}1/2

. (32)

Depending on the phaseΨ this amplitude can assume values
between

A(±)
n = Dn(t)

{
1 +

2|g|2
ν2

sinh2(nν)

±|g|
ν

sinh(2nν)

√
1 +

δ2

ν2
tanh2(nν)

}1/2

.

In the case of strict resonance (δ = 0 andν = |g|) one obtains

A(±)
n = E0 exp (−Γn ± |g|n) . (33)

Therefore the necessary condition of the parametric amplifi-
cation is the fulfillment of the inequality

F ≡ |g| − Λ > 0. (34)

Besides, for the nonzero detuningδ the amplification of the
initial signal can be observed if only|δ| < |g|, i.e., if

|w − wres| < δwres =
2
π
|g|w0. (35)

Puttingw = 2w0 in Eq. (22) one obtains|δ| = |ϕ|. Since
|ϕ| ≥ |g| in the case involved, this means that in the MIR ex-
periment the amplification at exactly the double frequency
2w0 is impossible: the frequency of laser pulses must be
shifted from2w0.

If |δ| > |g| (totally out of the resonance), then the hyper-
bolic functions in Eqs. (26) and (32) should be replaced by
the trigonometric ones. In this case the amplitude of oscilla-
tions An decays with time (or the number of pulsesn), but
this decay also shows some oscillating structure (as function
of n). Only for a very big detuning,|δ| À |g|, the oscillations
in the amplitude can be neglected, and the decay amplitude
becomes strictly monotonous:

En(t) = E0e
−Γn(t) cos[ψn(t)− n|δ|].

3. Some special cases

One of the most important general results of the preced-
ing section is contained in Eq. (22), which shows that the
frequency of laser pulses in the MIR experiment must be
shifted from the double frequency of the field mode, other-
wise the parametric amplification cannot be achieved. This
result seems strange at the first glance, since usually people
believe that the best condition for the parametric resonance
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is the frequency modulation exactly at the double frequency.
This is explained by the fact that the standard case of the para-
metric resonance considered in textbooks (see,e.g., [29-31])
corresponds to theharmonicandsymmetricalmodulation of
the eigenfrequency, whereas the functionχ(t) in the realis-
tic case of the MIR experiment is asymmetrical and strongly
unharmonic. To see better the origin of differences, it seems
reasonable to consider a few special cases admitting explicit
exact or approximate solutions.

3.1. Harmonic asymmetrical variations of the frequency

Consider the functionω(t) of the form

ω(t) = ω0{1− κ + κ cos[(2ω0 + η)t]}, |κ| ¿ 1. (36)

It preserves the sign ofχ(t), as it happens in the MIR ex-
periment. In accordance with the method of slowly varying
amplitudes [29-31] one can seek for the solution to Eq. (6) in
the form

ε(t) = a(t) exp[−i(ω0 + δ)t] + b(t) exp[+i(ω0 + δ)t]

with slowly varying functions a(t) and b(t). The choice
2δ = η results in the simple set of equations with constant
coefficients

ȧ =
i

2
[(η + 2ω0κ)a− ω0κb] ,

ḃ = − i

2
[(η + 2ω0κ)b− ω0κa] .

Looking for solutions in the forma = a0e
λt andb = b0e

λt

one gets

λ =
1
2

√
(ω0κ)2 − (η + 2ω0κ)2 .

Consequently, the maximal amplification can be achieved for
the value of the frequency shiftη = −2ω0κ, which is nega-
tive if κ > 0, i.e., if χ(t) < 0. This result coincides exactly
with formulas (22) and (25), provided the integration in (25)
is performed over the period of the frequency variation:
tf=2π/(2ω0 + η)≈π/ω0. Note that the resonance frequency
of variations of parameterswres = 2w0(1− κ) coincides ex-
actly with twice theaverage frequency〈w(t)〉=w0(1− κ).

Formula (24) gives the value|g| = πκ/2 = |ϕ|/2, which
results, due to (34), in the same maximal increment of the
amplitude as obtained above:

e|g|n = e|g|wt = exp
(π

2
κ · 2 · ω0

2π
· t

)
= eκω0t/2.

Takingw = 2w0 one gets|w − wres| = 2w0|κ|. Since this
value twice bigger thanδwres = |κ|w0, no amplification can
happen ifw = 2w0.

3.2. Rectangular pulses

The second example of the frequency variations is as follows:
χ = const 6= 0 for 0 < t < τ andχ = 0 for τ < t < T ,

repeating with the periodT . The straightforward calculations
can be performedexactlyfor any values of parameters. Sim-
plifying them in the special case of|χ| ¿ 1 one can obtain
the following formulas for the elements of matrixM1 de-
fined in (9) (only the leading terms with respect to|χ| are
preserved):

g = iχe−iω0τ sin(τω0), (37)

f = e−iω0χτ

[
1 +

χ2

2
sin2(τω0)

]
. (38)

Consequently,
ϕ = −ω0χτ. (39)

Formulas (40) and (42)coincide exactly(for |χ| ¿ 1) with
those arising from the integrals (24) and (25). Also, one can
see that|g| = |χ sin(τω0)| ≤ |ω0χτ | = |ϕ| and|g| = |ϕ| for
short pulses, whenτω0 ¿ 1.

3.3. A realistic model for short laser pulses

For the cavities used in the MIR experiment the functions
χ(t) andγs(t) can be approximated as follows [32]:

χ(t) ≈ ζmA2(t)
A2(t) + 1

, γs(t) ≈ ω0|ζm|A(t)
A2(t) + 1

. (40)

Hereζm is the maximal frequency shift between the illumi-
nated and non-illuminated cavities (it is roughly proportional
to the thickness of the dielectric slab containing the semicon-
ductor film on its surface) andA(t) = A0 exp(−t/Tr)f(t),
whereTr is the recombination time of photo-excited carriers
in the semiconductor. The functionf(t) takes into account
the finite duration of the laser pulse, properties of the semi-
conductor surface, etc. The dimensionless coefficientA0 can
be expressed as (in the CGS units)

A0 = 2|eb|εbκWKc/(cEgS),

whereb is the mobility of carriers,e electron charge,c ve-
locity of light, W the energy of a single laser pulseabsorbed
in the semiconductor, Eg the energy gap of the semiconduc-
tor, S the area of the illuminated semiconductor surface,κ
the quantum efficiency,εb the dielectric constant of the non-
illuminated semiconductor andKc is the dimensionless co-
efficient determined by the geometry of the cavity (for very
thin dielectric slabs it is also roughly proportional to the slab
thickness).

Noticing that functionχ(t) does not change its sign in the
case of the MIR experiment one can conclude that the sign of
ϕ is opposite to the sign ofχ(t). This means [see Eq. (22)]
that the sign of the differencewres− 2w0 coincideswith the
sign of coefficientζm.

Simple analytical formulas for the coefficientsϕ andΛ
can be obtained in the case of a good surface (having a small
surface recombination rate) and short laser pulses (approxi-
mated by the delta-function of time), whenf(t) = 1. Then
the upper limits of integration in Eqs. (25) and (31) can be
extended to infinity (since the recombination time must be
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much smaller than the periodicity of laser pulsesT ). The
results are as follows,

Λ = 2πw0Tr|ζm| tan−1 (A0) , (41)

ϕ = −πw0Trζm ln
(
1 + A2

0

)
. (42)

As was shown in Ref. 15, the amplification coefficient
F = |g| − Λ can be positive only for sufficiently big values
of the parameterA0 (at least bigger than5). Therefore the
most interesting case isA0 À 1. ThenΛ does not depend on
A0 (i.e., on the laser pulse energy), whereas the dependence
ϕ(A0) becomes rather weak:

Λ = π2w0Tr|ζm|, (43)

ϕ = −2πw0Trζm ln (A0) . (44)

The integral (24) giving the coefficientg can also can be cal-
culated exactly forf(t) = 1 (provided the upper limit of in-
tegration is extended to infinity). The result can be expressed
in terms of the Gauss hypergeometric function [17]. Simpli-
fying the exact formula in the special case ofA0 À 1 and
Tr ¿ T one can obtain the following simple expression:

g ≈ iζm sin (2πw0Tr ln A0) exp (−2πiw0Tr ln A0) . (45)

Note that (44) and (45) coincide with formulas (39) and
(37), derived for the rectangular pulse, if one defines the “ef-
fective duration”τ of the “equivalent rectangular pulse” as

τ = Tr ln(A0). (46)

The meaning of this effective duration is clear: this is the time
necessary to diminish the functionA(t) = A0 exp(−t/Tr)

from the initial valueA0 to the valueA(τ) = 1. The latter
value is distinguished by two properties [see Eq. (40)]: when
A = 1, then|χ(τ)| = |χmax|/2 and the damping coefficient
attains the maximal possible valueγmax = ω0|χmax|/2.

Now let us see how formulas (44) and (45) can be derived
from the exact solution of Eq. (6) with

ω2(t) = ω2
0

[
1 +

2ζmA2
0 exp(−2βt)

A2
0 exp(−2βt) + 1

]
. (47)

This time dependence is equivalent to (40) if|ζm| ¿ 1,
β = 1/Tr and f(t) ≡ 1, i.e., for very short laser pulses
(whose duration is much smaller thanTr). Function (47) be-
longs to the family of the so-called Epstein’s profiles [33].

Introducing the new variablez = −A2
0 exp(−2βt) and

looking for the solution in the formε(z) = zdψ(z), one can
transform Eq. (6) to the form

z(1− z)ψ′′ + (1 + 2d)(1− z)ψ′ + 2d2ζmψ = 0, (48)

provided the coefficientd is chosen according to the relations

d2 = −α2, α = ω0/(2β). (49)

Comparing (48) with the canonical form of the hypergeomet-
ric equation

z(1− z)F ′′ + [c− (a + b + 1)z]F ′ − abF = 0, (50)

whose solution is the Gauss hypergeometric function
F (a, b; c; z), one can write the general solution as

ε(t) = fe−iω0tF
(−iαξ, iα(2 + ξ); 1 + 2iα;−A2

0e
−2βt

)
+ geiω0tF

(
iαξ,−iα(2 + ξ); 1− 2iα;−A2

0e
−2βt

)
, (51)

where
ξ =

√
1 + 2ζm − 1. (52)

The functions e∓iω0t arise automatically in (51), be-
causezd = (−A2

0)
d exp(∓iω0t) if d = ±iα. Since

F (a, b; c; 0)=1, the constant coefficientsf andg are exactly
the same coefficients that form the transfer matrixM1 for the
one cycle of the process “laser excitation – recombination”,
because−A2

0e
−2βt → 0 andω(t) → ω0 as t →∞. These

coefficients are determined by the initial conditionsε(0) = 1
andε̇(0) = −iω0 (since we assume thatε(t) = exp(−iωot)
if t < 0). Remember that the amplification can happen only
if A0 > 1. For this reason, for small values oft it is necessary
to transform the function (51) to an equivalent form, where
the arguments of the hypergeometric functions are smaller
than unity by their absolute values. This can be done with the
aid of the known identity

F (a, b; c; z)=
Γ(c)Γ(b− a)
Γ(b)Γ(c− a)

(−z)−aF
(
a, 1− c + a; 1− b + a; z−1

)

+
Γ(c)Γ(a−b)
Γ(a)Γ(c−b)

(−z)−bF
(
b, 1−c+b; 1−a+b; z−1

)
, (53)

so that the equivalent expression is as follows:

ε(t) = ue−iω0(1+ξ)tF
(−iαξ,−iα(2 + ξ); 1− 2iα(1 + ξ);−A−2

0 e2βt
)

+ veiω0(1+ξ)tF
(
iαξ, iα(2 + ξ); 1 + 2iα(1 + ξ);−A−2

0 e2βt
)
, (54)
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u = fC1 + gC∗2 , v = fC2 + gC∗1 ,

C1=
Γ(2iα[1+ξ])Γ(1+2iα)

Γ(iα[2+ξ])Γ(1+iα[2+ξ])
exp [2iαξ ln(A0)] ,

C2=
Γ(−2iα[1+ξ])Γ(1+2iα)

Γ(−iαξ)Γ(1−iαξ)
exp [−2iα(2+ξ) ln(A0)] .

Until this point, all formulas were exact, and exact ex-
pressions can be also found for the coefficientsf andg in
terms of several different hypergeometric functions and their
derivatives taken at the pointz0 = −A−2

0 . However, these
expressions are extremely cumbersome. On the other hand,
in reality one has to deal with the valuesA0 À 1 and
|ζm| ¿ 1, so thatξ ≈ ζm and|ξ| ¿ 1. Moreover, the param-
eterα is small, too: forTr = 10 ps andw0 = 2.5 GHz (these
are typical values [34,35]) one hasα ≈ 0.08. Remembering
the expansion

F (a, b; c; z) = 1 +
ab

c
z +

a(a + 1)b(b + 1)
2c(c + 1)

z2 + · · ·

and using the evaluation|abz0/c| ∼ 2α2ξ/A2
0 < 10−6 for

each hypergeometric function in (54), one can conclude that
the hypergeometric functions in (54) can be replaced by the
unity with a high accuracy, ifβt ¿ 1. Then the initial condi-
tions yield

u =
1 + ξ/2
1 + ξ

≈ 1− ξ/2, v =
ξ

2(1 + ξ)
≈ ξ/2. (55)

The coefficientsC1 and C2 can be simplified with the aid
of the known formulas for the Gamma functions, such as
Γ(1 + z) = zΓ(z) and

Γ(a + x) ≈ Γ(a)exψ(a), Γ(x) ≈ 1/x,

which hold forx → 0. Hereψ(z) = (d/dz) ln[Γ(z)]. The
result is as follows:

C1 =
exp [2iαξ ln(A0)]

1 + ξ/2
[
1 +O(ξ2)

]
,

C2 =
ξ exp [−2iα(2 + ξ) ln(A0)]

2(1 + ξ)
[
1 +O(ξ2)

]
.

Following this way, finally one can obtain the following ex-
pressions for the coefficientsf andg up to the corrections of
the order ofξ2:

f =e−2iαξ ln(A0), (56)

g =iξ sin [2α ln(A0)] e−2iα ln(A0). (57)

These expressions are equivalent to (44) and (45), since
2α = 2πw0Tr andξ = ζm for |ζm| ¿ 1.

4. Conclusions

The main result of this paper is formula (32), which shows
how the amplitude of the initial classical monochromatic sig-
nal should change aftern laser pulses. Fitting experimental
data to this dependence, one can determine the values of dif-
ferent parameters characterizing the process. Other important
formulas are (34) and (35): they give the conditions under
which the parametric amplification is possible. It is worth
emphasizing that the frequency of laser pulses illuminating
the semiconductor target must be shifted (although slightly)
from the double unperturbed eigenfrequency of the selected
field mode. Moreover, under the conditions of the MIR ex-
periment (when the function describing the instantaneous de-
viation of the cavity eigenfrequency from its initial value pre-
serves its sign) the pulses following with the exact double fre-
quency never can lead to the parametric amplification. This
result is contained in Eqs. (22) and (35), and it is confirmed
and clarified in three explicit examples considered in Sec. 3.
Besides, these explicit examples demonstrate the reliability
of the approximate formulas (24) and (25) for the parameters
g andϕ, whose values are crucial for the experiment.
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