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We construct a classical map to describe the dynamics of point particles moving inside a corrugated waveguide. By the use of Chirikov’s
overlapping resonance criterion we are able to identify the onset of global chaos as a function of the geometrical parameters of the waveguide.
Then, (i) in the regime of global chaos we derive an heuristic expression for the diffusion coefficient of the angle; and (ii) in the regime of
mixed chaos we analyze the scaling of the angle dispersion.

Keywords: Waveguides; chaos; surface scattering.

En este trabajo construı́mos un mapeo clásico que describe la dinámica de partı́culas puntuales que se mueve dentro de una guı́a de ondas
corrugada. Utilizando el criterio de traslape de resonancias de Chirikov establecemos una relación entre los paŕametros geoḿetricos de la
gúıa de ondas para los cuales se espera caos global. Entonces, (i) en el régimen de caos global derivamos una expresion analı́tica para el
coeficiente de difusión delángulo; mientras que (ii) en el régimen de caos mixto analizamos el escalamiento en la dispersión deángulos.

Descriptores: Gúıas de ondas; caos; dispersión por superficies.

PACS: 05.45.-a; 68.35.Ct; 68.65.-k

1. Introduction

Dynamical billiards have been a paradigm in the study of dy-
namical systems and quantum chaos since they capture all
the complexity of Hamiltonian systems [1, 2]. The dynam-
ics of billiards, which is entirely defined by their shape, can
range from integrable to completely chaotic. Examples of
integrable billiards are rectangles and ellipses while the sta-
dium and the Sinai billiard are the most popular billiards de-
veloping full chaos [2]. Moreover, most billiards with smooth
convex boundaries have a phase space consisting of KAM-
islands merged into chaotic components, a situation known
as mixed chaos [3].

There are several examples of billiards whose dynam-
ics transits from integrable to chaotic as a function of their
geometrical parameters. Among them, we can mention the
quadrupole billiard [4], the limaçon billiard [5], and the co-
sine billiard [6]. In particular, the cosine billiard has found
a prominent place in the quantum chaos literature [7] since
it can be studied in its close [8], infinitely periodic [6, 9],
and finite periodic [10] versions; having applications to quan-
tum dots, two-dimensional crystals, and electron or electro-
magnetic waveguides, respectively. Moreover, a disordered-
like realization of the cosine billiard has been introduced in
Ref. 11 to study the influence of corrugation on the wave
properties of guided electrons. However, the classical (or
ray) properties of disorder-like corrugated waveguides has
not been analyzed yet. So, in the present paper we undertake
this task.

The organization of this paper is as follows. In the next
Section we define the model of disordered-like corrugated
waveguide and construct a classical map to describe the dy-
namics of point particles moving inside it. In Sec. 3 by the
use of Chirikov’s overlapping resonance criterion we identify
the onset of global chaos as a function of the geometrical pa-
rameters of the waveguide. Then, (i) in the regime of global
chaos we derive an heuristic expression for the diffusion co-
efficient of the angle (Sec. 4); and (ii) in the regime of mixed
chaos we analyze the scaling of the angle dispersion (Sec. 5).
Finally, we draw our conclusions in Sec. 6.

2. Model and map

The model we use in our analysis is the corrugated waveg-
uide shown in Fig. 1. It has two hard walls: one flat aty = 0
and a corrugated one given by the functiony = Ly +Wξ(x).
Ly is the average width of the waveguide,W the corrugation
amplitude, and

ξ(x) =
N∑

n=1

An cos(nx). (1)

Here,An are random numbers distributed uniformly in the
interval[−A,A] andN drives the modulated boundary of the
waveguide from smooth(N ∼ 1) to rough(N ∼ 100) [11].
A is chosen such that every realization of the waveguide full-
fils |ξ(x)| ≤ 1; with this prescription we numerically found
that〈A〉 ∝ N−0.6. Examples of waveguide geometries may
be found at Ref. 11.
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FIGURE 1. Geometry of the corrugated waveguide. Nomenclature
used in the construction of the mapM .

We study the dynamics of the point particle colliding
specularly with the walls of the corrugated waveguide of
Fig. 1via the Poincaŕe mapM :

(θn+1, xn+1) = M(θn, xn).

Here,θn is the angle the particle’s trajectory makes with the
x-axis just before thenth bounce with the modulated bound-
ary atxn. From Fig. 1 we see that given the initial condi-
tion (θ0, x0),

φ0 = arctan[y′(x0)] = arctan[Wξ′(x0)].

Our numerical algorithm can determine exactly the val-
ues ofx andθ for each subsequent collision and hence ob-
tain the exact Poincare mapM . However, in order to ob-
tain analytical results we construct an approximate Poincare
map as follows. Since the collisions are specular, we have
β1 = 2φ0 − θ0 andβ1 = −θ1. So,

θ1 = θ0 − 2φ0 = θ0 − 2 arctan[Wξ′(x0)] . (2)

Assuming that there are no multiple collisions with the
upper wall, thenx∗0 = x0 + [Ly + Wξ(x0)] cot(θ1) and
x1=x∗0 +[Ly +Wξ(x1)] cot(θ1). Making the approximation
Wξ(x1) = Wξ(x0), expected to be valid forW/Ly ¿ 1,
and generalizing for all collisions, we obtain the map

M :

{
θn+1 = θn − 2 arctan[Wξ′(xn)]

xn+1 = xn + 2[Ly + Wξ(xn)] cot(θn+1)
. (3)

Note that the approximate mapM is also area preserving

|∂(θn+1, xn+1)/∂(θn, xn)| = 1.

To see the effect of ignoring multiple collisions in our approx-
imate map Eq. (3) , in Figs. 2 and 3 we plotθn+1−θn v.s.xn

FIGURE 2. Exact (circles) and approximate (continuous curves) calculations. The continuous curves are−2 arctan[Wξ′(x)] [See, Eq. (3)].
(a) N = 1, (b) N = 25, (c) N = 50, (d) N = 100. W/2π = 0.001 andLy = 2π. Points falling away from the curves represent multiple
collisions with the modulated boundary; seee.g., the point marked with an arrow in panel (c).
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FIGURE 3. Exact (circles) and approximate (continuous curves) calculations. The continuous curves are−2 arctan[Wξ′(x)] [See, Eq. (3)].
(a) N = 1, (b) N = 25, (c) N = 50, (d) N = 100. W/2π = 0.1 andLy = 2π. Points falling away from the curves represent multiple
collisions with the modulated boundary.

using the exact map Poincaré map (circles) and the approxi-
mate map (solid curve). Points falling away from the curves
represent multiple collisions with the modulated boundary.
In both figures we use waveguides withN = 1, 25, 50, and
100; but while in Fig. 2 we setW/Ly = 0.001, in Fig. 3
we useW/Ly = 0.1. It is clear from these figures that for
W/Ly ¿ 1, as in Fig. 2, the approximate mapM reproduces
very well the exact dynamics.

We remark that maps similar to Eq. (3) were also derived
in Ref. 6 and 12 for corrugated waveguides but only for the
particular case ofN = 1.

3. Onset of global chaos

The mapM can be further simplified by imposingW ¿ Ly

andWξ′(x) ¿ 1. This allows us to write

θn+1 ≈ θn − 2Wξ′(xn)

xn+1 ≈ xn + 2Ly cot(θn+1). (4)

Following [3] we linearize the map of Eq. (4) around the
period-one fixed pointθn+1 = θn = θ∗. This requires
cot(θ∗) = 0. For an angle close toθ∗ we can write

θn = θ∗ + ∆θn obtaining

θn+1 = θ∗ + ∆θn+1 = θ∗ + ∆θn − 2Wξ′(xn) .

Then,
∆θn+1 = ∆θn − 2Wξ′(xn) . (5)

Now, for x we have

xn+1 = xn + 2Ly cot(θ∗ + ∆θn+1)

= xn + 2Ly cot(θ∗) + 2Ly cot′(θ∗)∆θn+1.

But sincecot(θ∗) = 0 andcot′(θ∗) = −1,

xn+1 = xn − 2Ly∆θn+1 . (6)

Finally, by substituting the new angleδθn ≡ −2d∆θn in (5)
and (6) we get the linearized map

δθn+1 = δθn + Kf(xn)

xn+1 = xn + δθn+1 , (7)

whereK = 4WLymax[ξ′(x)], f(x) = ξ′(x)/max[ξ′(x)],
and max[ξ′(x)] is the maximum value ofξ′(x); so that
|f(x)|≤1 (7) is exactly the Standard map, whereδθ andx

Rev. Mex. Fis. S58 (1) (2012) 6–12
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FIGURE 4. 〈max[ξ′(x)]〉 as a function ofN (open symbols). The
continuous line is0.62N , the best linear fit to the numerical data.
The average of max[ξ′(x)] was taken over 100 profile realizations,
i.e. 100 different sequences of random numbersAn were used in
Eq. (1).

play the role of the action-angle variables andK is the
stochasticity parameter (see,e.g, [3]

We numerically found that max[ξ′(x)] ≈ 0.62N , see
Fig. 4. So

K ≡ 2.5WLyN.

Chirikov’s overlapping resonance criterion predicts that tran-
sition to global chaos occurs forK>1 [3]. Global chaos
means that chaotic regions are interconnected over the whole
phase space (stability islands may still exist but are suffi-
ciently small that the chaotic region extends throughout the
vast majority of phase space). For our waveguide, this reads
as

WLyN > Kchaos≈ 0.4. (8)

In Fig. 5 we present Poincaré maps from the exact dy-
namics of particles moving inside waveguides withN = 1,
25, 50 and 100. In all cases we setWLyN ≈ 0.8 ≈ 2Kchaos.
Only a single trajectory was used to construct these maps.
We chose the modulated boundary of the waveguide as sur-
face of section: each time a ray impinges on that wall, we
plot the positionx andcos(α), whereα is the angle the ray
makes with the tangent of the boundary atx.

We have observed that Eq. (8) works well as the condi-
tion for global chaos for our corrugated waveguides when
N > 10, see for example Figs. 5(b-d). However, forN ∼ 1
we concluded thatKchaosis approximately 2. See for exam-
ple Figs. 5(a), where the Poincaré map in the caseN = 1 still
shows stability islands forWLyN ≈ 0.8.

FIGURE 5. Poincaŕe plots for the exact dynamics of particles moving inside waveguides with (a)N = 1, W/2π = 0.02, (b) N = 25,
W/2π = 0.0008, (c) N = 50, W/2π = 0.0004, and (d)N = 100, W/2π = 0.0002. Ly = 2π. In all casesWLyN ≈ 0.8 ≈ 2Kchaos.
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FIGURE 6.
〈∑N

n=1(nAn)2
〉

as a function ofN (symbols) and

0.218N1.8 (dashed line). The average of
∑N

n=1(nAn)2 was taken
over 100 profile realizations,i.e. 100 different sequences of random
numbersAn were used in Eq. (1).

FIGURE 7. D as a function ofN for several values ofW (sym-
bols). The dashed lines are0.436 W 2N1.8.

4. Angle diffusion

Let us consider the set of parameters producing global chaos
on the dynamics of particles moving inside the corrugated
waveguide,i.e. WLyN > Kchaos. In this case, the change in
angleδθ in the map of Eq. (7) is large:

δθn+1 − δθn = Kf(xn) ∝ ξ′(x),

where max[ξ′(x)] ∝ N . Moreover, the change inθ,
∆θ=θn+1 − θn, in map (3) is expected to be of the same
order. Then, we can considerθn as an effectively random
variable uniformly distributed over the interval[0, 2π) and
uncorrelated for different iteration steps. Under these con-
ditionsθ behaves as a random walk with step size∆θ. The
evolution ofθ follows a diffusion process with diffusion co-
efficient [13]

D =

〈
(∆θ)2

〉

∆t
, (9)

where ∆t is the time between successive map iterations
∆t=(n + 1)− n = 1 and〈·〉 means average.

By the substitution of map (3) in Eq. (9), the diffusion
coefficient reads

D = 4
〈
arctan2[Wξ′(x)]

〉
x

,

where the average is taken over one period ofξ′(x). So,

D =
2
π

2π∫

0

arctan2[Wξ′(x)]dx ≈ 2W 2

π

2π∫

0

[ξ′(x)]2dx.

The last approximation is valid whenWξ′(x) ¿ 1.
Now, with the help of Eq. (1) we get

D ≈ 2W 2

〈
N∑

n=1

(nAn)2
〉

.

Since we numerically found that

N∑
n=1

(nAn)2≈0.218N1.8,

as can be seen in Fig. 6, we can finally write and expression
for D as a function ofW andN :

D(W,N) ≈ 0.436W 2N1.8 . (10)

In Fig. 7 we plotD calculated from the dynamics gener-
ated by the mapM , Eq. (3), together with the expression for
D(W,N) given in Eq. (10). It is clear from this figure that
Eq. (10) gives a very good estimate ofD.

Notice that D, as defined in Eq. (9), does not de-
pend onLy. However, to calculateD in Fig. 6 we used
WLyN>KchaosassumingLy = 2π.

5. Scaling of angle’s dispersion

In a recent series of papers, see a review in Ref. 14, it has been
shown that generic two-dimensional area preserving maps
exhibiting an integrability-to-chaos transition can be classi-
fied according to their scaling properties. In particular, the
scaling properties of the cosine waveguide [12] (i.e. our cor-
rugated waveguide withN = 1) were found to be the same
as those of Chirikov’s standard map [15]. It is the purpose
of this Section to study the the scaling of the angle disper-
sion as the roughness in the waveguide is increased (i.e., as
N increases)

We define the angle dispersion as

Ω(n,W ) ≡ 1
H

H∑

j=1

√〈
θ2

j (n,W )
〉− 〈θj(n, W )〉2 , (11)

where

〈θ(n,W )〉 =
1
n

n∑

j=1

θj , (12)

Rev. Mex. Fis. S58 (1) (2012) 6–12
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FIGURE 8. (a) Ω(n, W ) as a function ofn for N = 1 and some values ofW . ScaledΩ(n, W ) for (b) N = 1, (c) N = 50, and
(d) N = 100.

H is the number of trajectories (or initial conditions) used
to calculateΩ(n,W ), andn is thenth iteration of map (3).
Below concentrate in the regime of small perturbations:
W¿Ly.

We do not want to reproduce here the comprehensive
derivation of the scaling ofΩ(n,W ) for N = 1 made in
Ref. 12, which in fact is applicable to our corrugated waveg-
uide with arbitraryN . Instead we concentrate on the results
and refer the reader to Ref. [12] for details.

In Fig. 8(a) we plotΩ(n,W ) as a function ofn for N = 1
and some values ofW and in Fig. 8(b) the scaled data accord-
ing to Refs. 12 and 15. Then in Figs. 8(c) and 8(d) we show
the scaledΩ(n, W ) for N = 50 andN = 100, respectively.
With this result forN À 1 we confirm the hypothesis made
in Ref. 15 on the universality of the scaling of Chirikov’s-like
maps. The only effect produced by the increase of waveguide
corrugation is a delay in the saturation ofΩ(n,W ), as seen
in Fig. 8.

6. Conclusions

In this paper we study the classical, or ray, dynamics of point
particles moving inside corrugated waveguides by means of
a two-dimensional area preserving map.

The results presented above can be summarized in the fol-
lowing three points:

(i) By the use of Chirikov’s overlapping resonance crite-
rion, applied to the linearized map, we are able to iden-
tify the onset of global chaos as a function of the ge-
ometrical parameters of the waveguide (mean width,
corrugation amplitude and corrugation complexity).

(ii) In the regime of global chaos we derive an heuristic ex-
pression for the diffusion coefficient of the angle that
depends on the corrugation amplitude and corrugation
complexity only.

(iii) Our calculations are in agreement with the universality
of the scaling of the angle dispersion, predicted for the
Standard map.

We believe that our results might be relevant in the study
of the dynamical and transport properties of the quantized
version of our corrugated waveguide, which will be the sub-
ject of a future publication.
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