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Some mathematical features of solvable one dimensional chaotic systems
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e-mail: jrle@correo.azc.uam.mx

Recibido el 23 de Marzo de 2010; aceptado el 27 de Abril de 2011

We give a brief description of the statistical properties of deterministic chaotic systems. We study invariant measures for discrete maps. We
support our study on some numerical and experimental evidence reported on nonlinear systems. Our approach is concerned with functional
equations: the Frobenius-Perron, Schröder, Poincaŕe-Picard and Julia functional equations. Exactly solvable maps are worked out in detail
to expose our method. To this end, we give a brief review of basic concepts before working out some new examples.

Keywords: Chaos; invariant measures; Frobenius-Perron equation; Schröder equation.

Se presenta una breve descripción de las propiedades estadı́sticas de sistemas caóticos deterministas. Estudiamos las medidas invariantes para
sistemas discretos. Nuestro estudio está basado en la evidencia numérica y experimental reportada en la literatura de sistemas no lineales.
Nuestro enfoque concierne con las ecuaciones funcionales de Frobenius-Perron, de Schröder, de Poincaré-Picard y de Julia. Ejemplos con
solucíon exacta son expuestos con detalle. Para este fin, hacemos una breve revisión de los conceptos básicos antes de abordar un nuevo
resultado.

Descriptores: Caos; medidas invariantes; ecuación de Frobenius-Perron; ecuación de Schr̈oder.

PACS: 05.45.-a; 02.30Ks

1. Introduction

Since the XIX century, the existence of exactly solvable
maps which are related to Newton’s iteration method is
well known. Some of these maps display the phenomenon
called chaos nowadays. Of course, at that time the notion
of chaos did not possess the same meaning as the current
one. That may be the reason why a class of examples dis-
covered by Ernest Schröder and others were overshadowed
and are currently been rediscovered mainly in the last thirty
years, in the context of exactly solvable chaotic discrete sys-
tems. We show, following previous published work by the
author [2], that the invariant measure for a class of one-
dimensional chaotic maps, is a solution of a functional equa-
tion which is the derivative of theSchr̈oder functional equa-
tion, q(T (x)) = λq(x), associated to these maps. More-
over, such equation is related to theJulia functional equation.
Our approach is a formal adjoint problem for the Frobenius-
Perron functional equation. In the last decade a renewed in-
terest in the physical and mathematical significance of ex-
actly solvable chaos is noted, see for example [2–4] and ref-
erences cited there.

The paper is organized as follows: in Sec. 2. we introduce
a discrete dynamical system; in Sec. 3. we report numerical
and experimental results associated to maps; in Sec. 4. we
discuss about solvable chaotic maps; in Sec. 5. we review
the concept of topological conjugacy with the examples of
Chebyshev and logistic maps; in Sec. 6. is concerned with
invariant measures and its relation to the Frobenius Perron,
Schr̈oder, Julia and the Poincaré-Picard equations, and the
logistic map as an example; in Sec. 7. we study the invariant
density for the chaotic Newton’s iterations; in Sec. 8. presents
Newton’s method; Sec. 8 deals with Bachet’s map and the

Weierstrass℘(z) elliptic function, and finally in Sec. 9 we
present the discussion and conclusions.

2. discrete dynamical systems

Let x ∈ I ⊆ R andT : I ⊆ R→ I, the iteration

xn+1 = T (xn), (1)

defines a discrete dynamical system. For anyx0 ∈ I theor-
bit of x0 is defined byO(x0) = {x0, T (x0), T 2(x0), . . .}.
The notion of chaos is introduced to characterize the intrin-
sic stochasticity observed in these orbits. Usually, the exis-
tence of positive Lyapunov exponents is the common indica-
tor of the presence of such behavior. We prefer to speak about
chaos if the corresponding system has an invariant measure
determining its statistical properties. In that sense we are con-
cerned in the present work with the methods to compute the
invariant measures.

3. experimental and numerical evidence of
discrete chaos

From the experimental point of view the observed phenom-
ena can be coded in a time sequence of measurements in-
volving one relevant physical observable. It is well known
that such variablex(t) can be, in general, monitored only in
regular time steps. Also, from this time sequence we select
the maximum measured valuexmax. In some systems we can
observe that building a plot of(xn, xn+1), these points are
falling on a narrow band, enclosing a curve that can be con-
sidered as a function,i.e. xn+1 = T (xn). The associated
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functionT is called a map. Of course, such functionT is a
fitting of experimental data. The following list of examples
give us some idea of the significance of studying such one
dimensional maps:

1. Varactor diode. The actual currentI(t) in a circuit con-
taining a nonlinear element, the varactor diode, is mea-
sured at regular timestn, then the consecutive values
of In satisfy a functional relation Eq. (1), see [5] for a
plot of such function.

2. Optical bistability. A simplified model of Maxwell-
Bloch equations, see [6] for details, is given by:

Ė = −2(E + Ei/
√

T )− 14iE − 20000P

Ṗ = −100(1 + 70i)P + 100ED (2)

Ḋ = −D + 1− (1/2)(EP ∗ + E∗P ),

where E,D and P are the field, the inversion and
the polarization, respectively. Also, the expressions
P ∗, E∗ means complex conjugates quantities. Numer-
ical study of that system shows that the obtained values
En lie in a curve fitted by a function on some interval.

3. Belousov-Zhabotinskii chemical reactions. An-
other example, for a very complicated chemi-
cal reaction, containing about 25 components, the
measurement of one of these components, the
concentration of the ion BromideB(t) is re-
ported. By construction ofm−dimensional space
Xi=(B(ti), B(ti+1), . . . , B(i + m)), the maximum
value attained byB in a cross section of that space is
again fitted on a function on some interval, see [7].

4. Lorenz system. A very drastic reduction of the Navier-
Stokes equations associated to a model of convective
atmospheric flow [8]:

ẋ = σ(y − x), (3)

ẏ = x(ρ− z)− y, (4)

ż = xy − βz, (5)

where the adopted parameter values areσ = 10,
β = 8/3, ρ = 28. The maximum value attained by
z falls in a given function.

5. Ecological models. As it is remarked by R. May in his
article [9] the population dynamics in ecology studies
obeys an equation of the type

Nt+1 = F (Nt). (6)

The celebrated model, called the logistic function, is
given by the functionF (X) = 4X(1−X).

As we can see the study of maps becomes a very important
topic in the understanding of chaos in nonlinear physical phe-
nomena.

4. Solvable chaotic maps

In the context of discrete chaos we call a nonlinear system, of
the form given by Eq(1), solvable if there exists a function
φ(x) such thatxn = φ(x0; n). We give an example of that:
if the functionT in the last system is given by any Cheby-
shev’s polynomialPr(x) of r−th degree then by definition
Pr(x) = cos(r cos−1 x) such thatxn = cos(rn cos−1 x0),
henceφ(x0; n) = cos(rn cos−1 x0), see [10]. As it is well
known, these polynomials form an orthogonal family on the
interval [−1, 1], and is worth noticing that the invariant den-
sity for these maps is given precisely by itsweightfunction.

5. Topological conjugacy

Let us consider a nonsingular transformationS of an interval
I onto itself, which preserves the probability measureµ, i.e.
µ(A) = µ(S−1(A)). If y ∈ I, the iteration

yn+1 = S(yn) , (7)

defines a discrete dynamical system. Now, if there is a trans-
formationT : I → I as given by Eq. (1), then ifT and
S are related by a change of variablesT (h(x)) = h(S(x)),
whereh : I → I is a continuous one-to-one function, then
we say that the mapsT andS are topologically conjugated.
Moreover, their invariant densities are related by, [10,12]:

ρT (x) =
ρS(h−1(x))
|h′ ◦ h−1(x)| . (8)

Thus if we know the invariant density for a mapS that is sim-
pler than that ofT , the invariant density forT is given by the
last equation.

FIGURE 1. The logistic functionF (x) = 4x(1− x), the tent map
and the conjugation functionh(x) = sin2(πx/2).
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FIGURE 2.The invariant density for the logistic map
ρ(x) = 1/π

√
x(1− x)

5.1. Chebyshev’s maps

As stated above in Sec. 4, an important example of discrete
dynamical systems is provided by the Chebyshev polynomi-
als considered as a maps. It is well known that they areer-
godicandmixingmaps [10]. From its definition:

Pr(x) = cos(r cos−1 x) (9)

for x ∈ [−1, 1] and anyr = 1, 2, 3, . . .. We point out that
they are conjugated to the piecewise continuousNr(x) maps,
given by [11],

Nr(x) := (−1)[rx]{rx} , (10)

where[rx] is the integer part ofrx and{rx} meansrx mod
1 = rx−n, wheren is the largest integer such thatrx−n ≥ 0
for any r ∈ N. To show this, we start with the function
h(x) = cos(πx) and obtainingPr(x) = h[Nr(h−1(x))].
Hence, using Eq. (8)

ρT (x) =
1

π
√

1− x2

Hence, the invariant measure is

µ(x) =
1
π

arccos(x).

Observe moreover thatF (x) is also conjugated toT2(x) via
N2(x).

5.2. The logistic map

Let us consider the quadratic mapF (x). The function

h(x) = sin2

(
π

2
x

)
,

x ∈ [0, 1] satisfiesF [h(x)] = h[N2(x)] hence, using Eq(8)

ρF (x) =
1

π
√

x(1− x)
. (11)

Therefore, the invariant measure forF is

µ(x) =

x∫

0

1
π
√

y(1− y)
dy , x ∈ I , (12)

=
2
π

arcsin(
√

x) , (13)

in other words,µ(x) = h−1(x). We give a plot ofF, h and
N2 in Fig. 1. Moreover, in Fig. 2 the corresponding invariant
density is given.

6. Invariant measures

The notion of an invariant measure plays a central role in
the statistical characterization of chaotic dynamical systems.
In the case of chaotic maps it is well known that if the in-
variant measure has a density, this one is a solution of the
Frobenius-Perron functional equation. In one dimensional
dynamics, some rigorous results about the existence of such
measures are known, see for example [10, 12–15]. There
is not doubt about the physical significance of the invariant
measures, with them we can computeensamblesaverages,
i.e. higher order statistics of orbits like< xm > and corre-
lations functions,< xTm(x) > and Lyapunov exponents. In
particular modeling non-equilibrium states [16]. Therefore to
find reliable analytical methods to construct these measures
has special interest.

6.1. Frobenius Perron functional equation

Let us consider a nonsingular transformationT of an inter-
val I onto itself, which preserves the probability measureµ,
i.e. µ(A) = µ(T−1(A)). By definition, ifµ(x) has a density
ρ(x), then

µ(x) =

x∫

0

ρ(y)dy , x ∈ I . (14)

Now, the preservation of probability implies thatρ(x) sat-
isfies theFrobenius-Perronfunctional equation, [12]:

ρ(x) =
r∑

i=1

ρ(T−1
i (x))∣∣T ′ ◦ T−1

i (x)
∣∣ , (15)

which can also be written in an integral form:

ρ(x) =
∫

I

δ(x− T (y))ρ(y)dy . (16)
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6.2. The Schr̈oder equation

Using the last equation, we pose the problem of finding the
left eigenvalue for the Frobenius-Perron equation, defined by:

λα(x) =
∫

I

α(y)δ(y − T (x))dy = α(T (x)) .

This equation is just the Schröder’s functional equation,
[1,17–19]:

λα(x) = α(T (x)) , (17)

whereλ ∈ R andα(x) is a function of a real variable. Hence,
the iteration Eq. (7) is linearized, such that itsn-th iterate is
(at least locally):λnα(x) = α(Tn(x)).

6.3. The derivative of the Schr̈oder equation

Now we will consider a differentiable mapT : I → I con-
jugated toNr(x), thenT hasr monotonic pieces onI, and
T−1 hasr branches onI. We proceed as follows: taking the
derivative on both sides of the Schröder’s equation Eq. (17)
and after taking its absolute value, we obtain

|λ| |α′(x)| = |T ′(x)| |α′(T (x))| . (18)

In paper [2] we give a proof that this equation is equivalent to
the Frobenius-Perron equation for|α′(x)|, therefore, if there
exists a functionα(x) defined onI, providing a global solu-
tion of Eq. (18), for|λ| = r, then the corresponding invariant
measure ofT is

µ(x) =

x∫

0

|α′(y)| dy, y ∈ I. (19)

6.4. Logistic map

To give an example, we consider the logistic map. First, take

F−1
± (x) =

1±√1− x

2

in the LHS of Eq. (18),

|λ| ρ(F−1
± (x)) =

|λ|
π
√

F−1
± (x)(1− F−1

± (x))
=

2 |λ|
π
√

x
(20)

and in RHS of Eq. (18), such that

∣∣F ′(F−1
± (x))

∣∣ ρ(x) =
4
√

1− x

π
√

x(1− x)
=

2
π
√

x
(21)

then, we have an equality if and only if|λ| = 2. In other
words, the functionα satisfies the Schröder equation, [2].

6.5. The Poincaŕe-Picard equation

The formal inverse of the Schröder equation is called the
Poincaŕe-Picard functional equation, [18],

F (C(t)) = C(κt), (22)

whereκ is a real parameter. As we already see, for example
F4(sin2(πx)) = sin2(2πx) andPk(cos(πx)) = cos(2πx)
for the Chebyhev maps. These two furnish examples of the
functional equation. We call suchC an invariant function for
the mapF .

7. Newton’s method

Another important example is given by the search of the ze-
ros of a real functionf(x), i.e. the implementation of the
iterative Newton method:

xn+1 = xn − f(xn)
f ′(xn)

. (23)

In particular, the functionf(x) = x2 + 1 has not real zeros,
then an interesting question emerges: what happens if we use
the Newton method for this function. The associated iteration
scheme is given by:

T (x) =
1
2

(
x− 1

x

)
. (24)

This is an example of an exactly solvable and chaotic
map!, [20, 21]. It is an example of a semiconjugacy of
maps [10]. In other words, the relationT (cot(x)) = cot(2x)
is satisfied, and the respective invariant density is, [2,21]

ρ(x) =
1

π(1 + x2)
. (25)

In Fig. 3 a plot of such density is given.

FIGURE 3. The invariant density for the chaotic Newton’s iteration
Eq. (24),ρ(x) = 1/π(1 + x2)

Rev. Mex. Fis. S58 (1) (2012) 21–26
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8. Rational maps

To describe how the Schröder method works, we give the fol-
lowing example: the Weierstrass℘(z) elliptic function is de-
fined as, [22,23]:

℘(z) =
1
z2

+
∑
m,n

1
(z − 2mω1 − 2nω2)− (2mω1 + 2nω2)

, (26)

wherez ∈ C andω1, ω2 are two numbers the ratio of which
is not real, and the summation is take over allm,n ∈ Z but
excepting the case whenm = n = 0 simultaneously. The
function℘(z) is usually parametrized by means of two num-
bers,g2 andg3 which are called the elliptic invariants (and
are functions ofω1, ω2). The function℘(z) has the following
well known duplication formula [23]:

℘(2z) = −2℘(z) +
[

℘′′(z)
2℘′(z)

]2

.

From the duplication formula and using the identities:

℘′′(z) = 6℘2(z)− g2

2
,

and
(℘′)2(z) = 4℘3(z)− g2℘(z)− g3

we can build a two parametric rational function [2,24]

Tg2,g3(z) =
z4 + g2

2 z2 + 2g3z + ( g2
4 )2

4z3 − g2z − g3
, (27)

having℘(z) as an invariant function,i.e.

℘(2z)=Tg2,g3(℘(z)).

Then, if we wish to compute the associated invariant den-
sity for this map by means of the Frobenius Perron equa-
tion then we must compute the inverse function ofT , given
by Eq. (26), and its derivative. Instead of this, we pro-
ceed to compute the solution of the corresponding Schröder’s
equation. For sake of simplicity, let us consider the case
g2, g3 ∈ R, then℘ takes real values on the real line. The
inverse function for℘ is also known [22]:

℘−1(u) =

∞∫

u

ds√
4s3 − g2s− g3

.

Hence we find that the invariant density is given by

ρ(x) =
∣∣∣∣

d

dx
℘−1(x)

∣∣∣∣ =
1√

4x3 − g2x− g3

, (28)

i.e., the eigenfunction of Eq. (17) induced byTg2,g3 and hav-
ing eigenvalue|λ| = 2.

FIGURE 4. The invariant density for the Bachet map, Eq. (29),
ρ(x) = 1/

√
x3 + c with c = −1.

8.1. Bachet’s map

An interesting example given by Veselov, in Ref. 25, and it
is called Bachet’s map, which is defined by

T (x) =
x4 − 8cx

4(x3 + c)
. (29)

It has been shown that the Weierstrass℘(z) elliptic function
satisfiesT (℘(x)) = ℘(2x), see [25] for details. In other
words, there is a conjugacy between the map Eq. (29) and the
piecewise continuous doubling map. In particular, this map
ia particular case of the rational map Eq. (27),i.e. if g2 = 0 y
g3 = −4c, we have the Bachet map. Therefore, the invariant
density for the Bachet map is

ρ(x) =
1

2
√

x3 + c
. (30)

We give a plot of such density, for the particular choice of
c = −1, in Fig. 4.

9. Discussion and conclusions

We give a brief review of the basic theory of invariant mea-
sures for discrete one dimensional chaotic systems. Also we
give new exactly solvable examples of chaotic maps, particu-
larly examples in sections VII and VIII , computing their in-
variant measures using methods of functional equations. The
Schr̈oder functional equation dates back to the end of the XIX
century, so in this work we are presenting a new way to look
to this equation. The usual approach to compute invariant
measures, the Frobenius Perron equation is considered as a
formal adjoint to that equation. Also, the Julia and Poincaré-
Picard equations are related to this problem.

An interesting questions arise from the topics exposed in
this work: How to generalize our method for higher dimen-
sional systems? What about continuous iteration problems?

Rev. Mex. Fis. S58 (1) (2012) 21–26
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some partial answers to these questions will be given else-
where.
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