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Atmospheric pollution is an important problem in the Metropolitan Zone of Mexico City (MZMC). Concentrations of ozone, sulfur dioxide,
carbon monoxide, nitrogen dioxide and PM10 particles (smaller than 10 micrometers) have been measured in approximately thirty monitoring
stations in different places of the City since 1986, although the data before 1990 are not very confident. The concentration was measured
on an hourly basis. In this work we have analyzed with multifractal analysis the concentration time series of atmospheric pollutants since
1990 to 2005. We applied the Chhabra and Jensen multifractal formalism to the analysis of some MZMC air pollutants time series. We find
that these series are multifractal, which reveals a new level of complexity distinguished by the wide range of necessary fractal dimensions to
characterize the dynamics of air pollutants time series. We discuss the relevance of this fact.

Keywords: Atmospheric pollution; multifractal spectra; time series analysis.

La contaminacíon atmosf́erica es un problema importante en la Zona Metropolitana de la Ciudad de México (ZMCM). Las concentraciones
de ozono, díoxido de azufre, mońoxido de carbono, dióxido de nitŕogeno y part́ıculas PM10 (menores a 10 micrómetros) se han medido
en aproximadamente treinta estaciones de monitoreo en diferentes lugares de la ciudad desde 1986, aunque los datos antes de 1990 no son
confiables. Cada hora, un valor de concentración se mide. En este trabajo se ha aplicado el formalismo multifractal de Chhabra y Jensen al
ańalisis de las series de tiempo de contaminantes del aire de la ZMCM. Se encuentra que estas series son multifractales, lo cual revela un
nuevo nivel de complejidad caracterizado por el rango amplio de dimensiones fractales para caracterizar la dinámica de las series de tiempo
de los contaminantes del aire. Se discute acerca de la importancia de este hecho.

Descriptores: Contaminacíon atmosf́erica; espectro multifractal; análisis de series de tiempo.

PACS: 92.60.Sz; 05.45.Df; 05.45.Tp; 05.45.-a

1. Introduction

Scaling properties of many real time series have attracted the
attention of researchers from different disciplines [1-3]. In
this sense, local and global invariant quantities have been
widely used to describe the fractal properties of diverse time
series. In the study of certain time series, many times it is
assumed that they are monofractal, which means that they
can be described only with one fractal dimension. But this
hypothesis is unrealistic because a lot of time series are het-
erogeneous and non stationary, so their scaling properties are
not the same throughout time and therefore they may require
more fractal dimensions for their description [2]. Multifrac-
tals have been found in an increasing number of physic prob-
lems [2,4]. The multifractal analysis has been employed suc-
cessfully in time series studies, overall those ones with phys-
iological origin, such as heartbeat series [2,5,6].

Atmospheric pollution in the MZMC is a serious prob-
lem with social, economical and political consequences, in
virtue that it is the region which concentrates both the greatest
country population and a great part of commercial and indus-
trial activities. According to the World Health Organization,
maximum permissible concentrations of atmospheric pollu-
tants are exceeded frequently, especially in in-development
countries urban areas; such as Mexico City. In the MZMC,

the environmental monitoring has been limited to criteria pol-
lutants, named in this way due to when their levels are mea-
sured in the atmosphere, they indicate in a precise way the air
quality. Pollution levels are expressed in the Metropolitan Air
Quality Index (IMECA for its Spanish initials), which points
out for each criteria pollutant, a value in the range (0-500)
points; the 100 IMECA limit coincides with the acceptable
limit of each pollutant.

Concentration registers of these air MZMC pollutants
have been analyzed with classic statistical techniques [7].
Nevertheless, it has been starting to analyze air pollutants
time series with methods of Chaos Theory, finding both a
positive Lyapunov exponent and a fractal dimension as well
as certain dynamic similitude with the Zaslavsky Map [8].
These methods based on Dynamical Systems Theory have
been used for example in the interpretation of trends in data
sets [9] and they offer a relatively new perspective in the
study of air pollutants.

The complexity of the atmospheric pollutants dynamics
suggests us to analyze its time series of hourly concentration
registers with the multifractal formalism. So, in this work,
air concentration time series of some MZMC criteria pollu-
tants were studied with the proposed method. The chosen
pollutants to perform this analysis are ozone, sulfur dioxide,
carbon monoxide, nitrogen dioxide and PM10 particles. We
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found that pollutants air concentration time series are mul-
tifractal, for both time series of daily maximums and time
series of daily averages. When we calculate the degree of
multifractality for each time series we know that while more
multifractal are the time series, there is more complexity both
in the time series and in the system from which the measure-
ments were obtained. We studied the variation of the degree
of multifractality over time, by calculating the multifractal
spectra of the time series for each year; we see the variation
in each monitoring station from 1990 until 2005. This is im-
portant because the main cause of the multifractality is the
fact that time series have long-range correlations [10], so that
the multifractal analysis can tell us what kind of correlations
are present in the time series, and it is interesting to consider
how these correlations vary over the years.

Other important aspect of the multifractal analysis
is that it describes if the series are persistent or anti-
persistent [10-16], our results show that for all the pollutants
and all the monitoring stations the time series have long range
correlations and they are highly persistent.

The paper is organized as follows: in Sec. 2 we describe
the multifractal formalism; in Sec. 3 we present how the time
series were measured; we show both our results and their
discussion in Sec. 4; finally, we present our conclusions in
Sec. 5.

2. The multifractal formalism

The behavior of nonlinear dynamical systems can be often
characterized by fractal or multifractal measures. Various
multifractal formalisms have been developed to describe the
statistical properties of these measures in terms of their sin-
gularity spectrum, which provides a description of the mul-
tifractal measure in terms of interwoven sets, with singular-
ity strengthα (the Lipschitz-Ḧolder exponent), whose Haus-
dorff dimension isf (α) [17-19]. One of the advantages of
this method is that it permits a direct calculation of the mul-
tifractal spectrum. We consider the time series as a singular
measureP (x) where the time series is normalized. We cal-
culate the curvef (α) first covering the measure with equal
length boxesL = 2−n and then we calculate the probabil-
ities Pi(L) in each one of the boxes. Then, we build the
one-parametric family of normalized measuresµi(q, L):

µi(q, L) =
[Pi(L)]q∑
j

[Pj(L)]q
(1)

Finally, for each value ofqwe evaluate the numerators on
the right-hand sides of the equations:

f(q) = lim
L→0

∑
i

µi(q, L) ln[µi(q, L)]

ln L
(2)

α(q) = lim
L→0

∑
i

µi(q, L) ln[Pi(L)]

ln L
, (3)

FIGURE 1. Multifractal spectrum for a SO2concentration time se-
ries. Year: 2002, Araǵon monitoring station.

for diminishing size boxes (growingN ). We extractf(q) (the
fractal dimension) andα(q) (the Hölder exponent) from the
straight line slopes which are the graphics of the terms of the
numerators versuslog L. The parameterq permits to explore
different regions of the singular measure. For example, for
q > 1, the most singular regions ofP are amplified, while
for q < 1 the less singular regions are stressed, and finally,
for q = 1 the measureµ(1) reproduces the original measure.
These last equations provide a relationship between the frac-
tal dimensionf and the average power singularitiesα as im-
plicit functions ofq.

Finally, the so-called multifractal spectrum width or de-
gree of multifractality∆α is the difference betweenαmax

andαmin. An importantα-value isα0, the point wheref (α)
has its maximum. If we have thatαmax - α0 is equal to
α0 − αmin then the spectrum is symmetrical. In Fig. 1 we
show the multifractal spectrum for a time series of SO2 in the
2002 year measured in the Aragón monitoring station, obvi-
ously the spectrum is asymmetrical, it is right skewed.

3. MZMC criteria pollutants air concentra-
tion time series

The Automatic Atmospheric Monitoring Network (RAMA
for its Spanish initials) monitors and registers the values of
pollutants concentration in air in the MZMC. Actually, it is
integrated by approximately 34 automatic-equipped remote
stations, which report an every-hour register, and is part of
the Atmospheric Monitoring System (SIMAT for its Spanish
acronym) [20-21]. The stations considered in this study are
shown in Table I, whereas its MZMC distribution is shown
in Fig. 2. We considered for this study only the 28 stations
shown in Table I, which are the oldest stations that have the
more complete data.

Rev. Mex. Fis. S59 (1) (2013) 7–13
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TABLE I. MZMC Stations considered for data processing.

ZONE STATION SPANISH ACRONYM

Northwest

Vallejo VAL

Tacuba TAC

ENEP-Acatĺan EAC

Azcapotzalco AZC

Tlalnepantla TLA

Instituto Mexicano

del Petŕoleo IMP

Tultitl án TLI

Atizapán ATI

Northeast

Los Laureles LLA

La Presa LPR

La Villa LVI

San Agust́ın SAG

Xalostoc XAL

Aragón ARA

Chapingo CHA

Center

Lagunilla LAG

Merced MER

Hangares HAN

Benito Júarez BJU

Southwest

Santa Ursula SUR

Pedregal PED

Plateros PLA

Cuajimalpa CUA

Tlalpan TPN

Southeast

Cerro de la Estrella CES

UAM-Iztapalapa UIZ

Taxquẽna TAX

Tláhuac TAH

It was carried out a data base depuration for each mon-
itoring station for the case of both incongruent and missing
data, caused by instrument failures or human errors. We con-
sider appropriate not to eliminate isolated data because part
of the dynamics would be lost. For this reason, it was decided
to fulfill the data gaps by substituting the missing data with
the arithmetic average of both nonzero extremes, which it is
an easy interpolation technique [22].

4. Results and discussion

After the algorithm was applied to the whole series of pollu-
tants, we confirmed that the pollutants air concentration time
series are multifractal. In Fig. 4, we show the linear fits used
for determiningα(q) andf (q), then we plottedf (q) vs. α(q)
and we obtained multifractal spectra as those that are shown

FIGURE 2. Situation of the RAMA monitoring stations in the
MZMC.

in Fig. 1 for the Araǵon monitoring station. There is no
exception; all the time series of all monitoring stations are
multifractal. The spectra were calculated fromq = −30 to
q = 30, then we smoothed the curves using cubic splines and
extrapolated to obtainαmax andαmin. As an example we see
in Fig. 3, S02 time series of La Villa monitoring station. Af-
terwards, the algorithm was applied to the time series of all
the 28 considered monitoring stations.

Finally, the∆α’s of all MZMC regions were calculated,
with the purpose to infer the possible existence of correla-
tions between pollution indexes and the width of the spectra.
There are many stations and it is difficult to show the results
for all of them, so we classified the monitoring stations ac-
cording to their location in five regions of the MZMC as in
Table I (NE, NW, C, SE and SW, for northeast, northwest,
center, southeast and southwest, respectively). We obtained
the arithmetical average of the∆α in each zone.

FIGURE 3. La Villa monitoring station SO2 time series plots for
both daily and maximum averages throughout 2002 year.

Rev. Mex. Fis. S59 (1) (2013) 7–13
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FIGURE 4. Different linear fits for different q-values for all consid-
ered pollutants.

FIGURE 5. Ozone degree of multifractality in the interval 1990-
2005 for the five regions of the MZMC.

When∆α is plotted versus the respective year, we obtain
graphics as those we show in Figs. 5, 6, 7 and 8 for ozone,
sulfur dioxide, carbon monoxide and nitrogen dioxide, re-
spectively. It is shown in these figures the∆α variation for
different zones in the MZMC for O3, SO2, CO and NO2 from
1990 to 2005. All of them have in common a great variabil-
ity in 1992-1993, these two years the atmospheric conditions
in Mexico City were above the acceptable limit value. It can
be seen an increasing tendency for the∆α of the SO2 time
series, whereas for CO and O3 there are no clear tendency,
their values are oscillating around almost constant values.
For NO2 there is a decreasing tendency although it is not as
marked as in the SO2 case. After 1994 it seems to be that
there were less variability in the concentrations of O3, CO
and NO2. However, as it can be seen in Fig. 6, the sulfur
dioxide shows a tendency towards the∆α increment of this
pollutant and it is accentuated in the 2000 year. This tendency
is more notorious in Fig. 9, where it is depicted the tendency
of these four pollutants for all the monitoring stations of the
city.

FIGURE 6. Sulfur dioxide degree of multifractality in the interval
1990-2005. Note the tendency towards the increment of∆α start-
ing from the year 2000 that is more notorious in Fig. 9.

FIGURE 7. Carbon monoxide degree of multifractality in the inter-
val 1990-2005 for the five regions of the MZMC.

We want to remark that when NO2 photolysis produces
O3, sometimes ozone concentration follows an inverse rela-
tionship with NO2, that is, when the NO2 concentration is
low, the O3 concentration is high [16], preferably during pe-
riods of high photochemical activity. It implies that if ozone
concentrations are greater than those of dioxide nitrogen, it
is because NO2, in the presence of Volatile Organic Com-
pounds (VOC), have been irradiated with sunlight. Therefore
the relationship between NO2 and O3 is important. This fact
could explain why frequently the greater the ozone∆α, the
lower the dioxide nitrogen∆α.

The∆α behavior of PM10 particles time series is shown
in Fig. 10. The variability of these time series has diminished

Rev. Mex. Fis. S59 (1) (2013) 7–13
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FIGURE 8. Nitrogen dioxide degree of multifractality in the inter-
val 1990-2005 for the five regions of the MZMC.

FIGURE 9. The degree of multifractality for all the time series of
the whole monitoring stations in Mexico City.

approximately 30% from the 1992 value; maybe this fact is
related with the strengthening of the government actions to
control this kind of emissions.

We can observe in Fig. 1 that multifractal spectra of the
pollutants time series in MZMC are asymmetrical; we show
in Figs. 11 and 12 the analysis of symmetry of the multifrac-
tal spectra for CO and S02. The spectra of CO time series
are right skewed (as those of O3 and NO2) whereas some of
the spectra of SO2 are left skewed. Right skewed spectra in-
dicate low variability in the time series so the time series of
SO2 have high variability [24].

As is well known, forq > 0, α(q) (the Hôlder expo-
nent) describes the scaling behavior of the segments with
large fluctuations. Generally speaking, multifractal series
with large fluctuations are characterized by smaller scaling
exponentα(q). Forq < 0 the segments with a small variance
dominate and thus, the exponentα(q) describes the scaling

FIGURE 10. PM10 degree of multifractality in the interval 1990-
2005 for the MCMZ.

FIGURE 11. Symmetry analysis for the spectra of carbon monox-
ide time series. They are always right skewed.

behavior of segments with small fluctuations, usually char-
acterized by a larger scaling exponent. So, the multifractal
dynamics for CO, O3 and NO2 do not have large fluctua-
tions in the last years of the analysis, it is because the corre-
sponding spectra are right skewed. As it was mentioned, in a
multifractal system each piece of the system is characterized
by a distinct exponent, so that one needs a large number of
such exponents to completely characterize the system. But
due to the complexity of the atmosphere and the distribution
of the pollutants, heterogeneities exist over multiple scales.
As a result, as one moves from one point to another, broad
distributions of the heterogeneities are encountered, particu-
larly as one passes from one stratum to another one [10]. The
Hurst exponent H is used to describe persistence and anti-
persistence, and it is also used to measure the strength of long

Rev. Mex. Fis. S59 (1) (2013) 7–13
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FIGURE 12. Symmetry analysis for the spectra of sulfur dioxide
time series. It is the only atmospheric pollutant in Mexico City
whose time series are not always right skewed.

range correlations. The Hurst parameter was introduced by
Hurst during his studies on Nile discharges and problems
related to water storage [11,12]. For an uncorrelated white
noise signalH = 0.5, whereas values greater than (less
than) 0.5 are associated to persistent (anti-persistent) pro-
cesses [12-16]. Theoretical processes exhibiting long range
correlations are the self affine processes [13]. Following
Malamud and Turcotte [14], a self affine series can be clas-
sified as: Stationary and persistent ifβ < 0, stationary and
uncorrelated ifβ = 0 (white noise), stationary and weak per-
sistent ifβ ∈ (0, 1) and non-stationary and strong persistence
if β > 1 (β is the spectral Fourier exponent). We calculated
theβ value for the pollutant time series and we encountered
values that belong to persistence and non-stationary. There
is a relation between the Ḧolder and Hurst exponents [16]
and we always obtained values for the Hurst exponent greater
than 0.5, which indicates that the atmospheric pollutant time

series in the MZCM are persistent, so they are represent pro-
cesses that have long memory, and the pollutants tend to re-
main many time in the atmosphere of the MZMC.

5. Conclusions

MZMC criteria pollutants air concentration time series were
analyzed in the interval 1990-2005, all of them probed to
have a multifractal dynamics. For sulfur dioxide, it was
noted an increasing tendency in the degree of multifractality,
it seems to be related with the great variability of these time
series because many of the spectra for this pollutant are left
skewed. We have encountered that pollutant time series in
the atmosphere of the MZCM are persistent, both for criteria
pollutants and PM10 particles. They have long term corre-
lations and strong persistence that reflect in its multifractal
character.

In this first approach to the multifractal analysis of time
series it has been carried out a global study, but a local analy-
sis can be made studying each one of the stations and all the
available data can be included. It is also necessary to stand
out that each value ofq belongs to a fractal dimension, some
of these dimensions are important and it would be worthwhile
to analyze them separately in a future work. For example,
fractal dimension that corresponds toq = 1 is called infor-
mation dimension.

Therefore, we remark that comprehending both fractal
and multifractal character of these criteria pollutants, maybe
helpful when more precise environmental models are elabo-
rated. The multifractal analysis could be a useful auxiliary
tool in the analysis of time series of atmospheric pollutants.

Acknowledgments

This work was partially supported by SIP, EDI and COFAA-
IPN.

1. B. D. Malamud, and D. L. Turcotte,Self-affine time series: I.
Generation and analysis, Advances in Geophysics40 (1999)
1-90.

2. S. Buldyrev, A. Goldberger, S. Havlin, C. K. Peng, and H. E.
Stanley,Fractals in Biology and Medicine: From DNA to heart-
beat(Springer-Verlag, Germany, 1994).

3. P. C. Ivanov, A. Goldberger, and H. E. Stanley,Fractal and
Multifractal Approaches in Physiology, in The Science of Dis-
asters, Bunde A., Knopp J., Schellnhuber, H. J. Eds. (Springer-
Verlag, Germany, 2002).

4. T. C. Halsey, M. H. Jensen, L. P. Kadanoff, I. Procaccia, and B.
I. Shraiman,Phys. Rev. A33, 1141 (1986).

5. P. C. Ivanovet al., Nature399(1999) 461-465.
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