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Within the context of Finite Time Thermodynamics (FTT) we study a model of an irreversible thermal engine in terms of the costs involved
in the plant’s performance. Our study is made by the maximization of objective functions defined as the ratio of the power output and the
ecological function and the total performing costs respectively. In this work we study the thermoeconomics of an irreversible heat engine
with losses due to heat transfer across finite time temperature differences, heat leak and internal irreversibilities in terms of a parameter
which comes from the Clausius inequality. We calculate the optimal thermal efficiencies under both the maximum power and the maximum
ecological function conditions in terms of a economical parameter which is associated to the fractional fuel cost. We show that under
maximum ecological conditions the plant dramatically reduces the amount of heat rejected to the environment, and a lost of profits is
translated in to an usage of fuels that dramatically reduces the heat rejected towards the environment respect to that of a maximum power
regime.

Keywords: Finite time thermodynamics; thermoeconomics optimization; irreversible heat engines.

Dentro del contexto de la Termodinámica de Tiempos Finitos (TTF) estudiamos un modelo de máquina t́ermica irreversible en términos de los
costos de funcionamiento de la planta de potencia. Nuestro estudio consiste en la maximización de funciones objetivos definidas en términos
de la potencia de salida del modelo de máquina t́ermica y la llamada función ecoĺogica y los costos de inversión y de combustible. En el
modelo se consideran pérdidas de calor a través de la transferencia directa de energı́a entre los almacenes térmicos, conocido como corto
circuito t́ermico (heat leak) e, irreversibilidades internas en términos de un parámetro que proviene de la desigualdad de Clausius. Calculamos
las temperaturaśoptimas de la sustancia de trabajo y la eficienciaóptima del modelo de ḿaquina t́ermica en t́erminos de paŕametros de disẽno
y un paŕametro ecońomico asociado al costo de la inversión y al costo asociado a las secciones transversales de los intercambiadores de calor.
Aśı tambíen, se calcula el impacto ambiental del modelo de máquina t́ermica a trav́es de la energı́a disipada al medio ambiente bajo los
reǵımenes de operación de ḿaxima potencia y ḿaxima funcíon ecoĺogica. Nuestro modelo reproduce las curvas tipo rizo representativas de
los modelos de ḿaquinas t́ermicas irreversibles estudiados en la literatura.

Descriptores: Termodińamica de tiempos finitos; ḿaquina endorreversible; optimización.

PACS: 44.90.+c

1. Introduction

Within the context of Finite-Time Thermodynamics (FTT)
different economic analysis for thermodynamic cycles have
been done. Salamon and Nitzan [1] viewed the operation of
the endoreversible heat engine as a production process with
work as its output. They carried out the economic optimiza-
tion of the heat engine with the maximum profit rate as the
objective function. The profit rate of the cycle was defined as

π = ψ1εout− ψ2εinput, (1)

whereψ1 and ψ2 are the prices of exergy output rate and
the exergy input rate, andεout andεinput are the exergy output

rate and the exergy input rate. This FTT economic analysis
was termed as finite time exergoeconomic analysis [2–6] to
distinguish it from the endoreversible analysis with pure ther-
modynamic objectives and the exergoeconomic analysis with
long-run economic optimization. The effect of heat transfer
laws were also investigated [7–9]. Another FTT economic
analysis was proposed by De Vos [10]. In his 1995 paper,
De Vos [10] made a thermoeconomic analysis of a model of
power plant of the Novikov type [11] such as the one depicted
in Fig. (1a). De Vos analyzed this endoreversible power plant
with respect to economical exploitation, and he took the op-
timal exploitation point lying somewhere between the maxi-
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FIGURE 1. Endoreversible engines. a) Novikov model; b) Curzon-
Ahlborn engine.

FIGURE 2. Comparison between optimum efficiencies for both
maximum power and maximum ecological regimes (the former E
function and the modified ME) forτ = 1/2.

maximum-power point, that is, Curzon-Ahlborn (CA) effi-
ciency and the maximum-efficiency point (Carnot efficiency),
with an optimum efficiencyηopt such that,

ηMP < ηopt < ηC , (2)

where the subscriptsMP andC mean maximum power and
Carnot respectively. De Vos [10] found for the Novikov’s
model thatηopt is given by

ηopt(τ, f) = ηN
mp = 1− f

2
τ −

√
4(1− f)τ + f2τ2

2
, (3)

wheref is the fractional fuel cost, which is defined as the ra-
tio of the cost of the fuel consumption and the running costs
of the power plant;τ = TL/TH with TH andTL the tem-
peratures of the hot and cold thermal reservoirs respectively
(see Fig. (1a)), the superscriptN means Newtonian. Figure 2

shows how the De Vos optimal efficiency (Eq. (3)) smoothly
increases from the MP-efficiency,f = 0, corresponding to
energy sources where the investment is the preponderant cost
towards the Carnot value forf = 1, that is, for energy sources
where the fuel is the predominant cost [10]. Equation (3)
gives the optimal efficiency for a Novikov power plant work-
ing at maximum profit in terms of the fractional fuel costf
when the heat fluxes in Fig. (1a) are given by a linear New-
tonian heat transfer law. Recently, Barranco-Jiménez and
Angulo-Brown [12] also studied a Novikov engine follow-
ing the thermoeconomical approach used by De Vos, but by
means of the so-called modified ecological optimization cri-
terion [13, 14]. The ecological criterion combines the power
output (high power output) and the entropy generation rate
of the power plant (low entropy production), in terms of the
maximization of the following expression [13],

E = W − TLσ, (4)

whereW is the plant’s power output,TL is the absolute tem-
perature of the cold reservoir andσ is the total entropy pro-
duction of the endoreversible power plant model. The so-
called modified ecological optimization [14] consists in the
maximization of the modified ecological functionEM given
by

EM = W − ε(τ)TLσ, (5)

where ε is a parameter depending on the heat transfer
law [14]. The properties ofE andEM have been discussed
in several papers [14–16]. This criterion also leads to an ef-
ficiency ηME

opt = ηN
me betweenηMP and ηC and drastically

reduces the entropy production of the engine [12]. These
authors found that the optimal efficiency under the modi-
fied ecological regime, with a Newtonian heat transfer law
is given by

ηN
me(τ, f) = 1− f

2
τ −

√
4(1− f)τ3/2 + f2τ2

2
. (6)

Figure 2 also shows howηN
me smoothly varies withf (for a

given τ ) from the maximum ecological function point with
f = 0 (ηE = 1− τ3/4) [14,17] until the Carnot pointf = 1,
in an analogous way to the De Vos-efficiency (see Fig. 2).
In this figure it is also shown a curve corresponding to the
former ecological function given by Eq. (4) [13]. The profit
q in the De Vos approach [10] is defined asq = W/C, with
C the running costs defined byC = aQmax + bQH , where
Qmax = g (TH − TL) is the maximum heat that can be ex-
tracted from the heat reservoir without supplying work (see
Fig. 1a)),Qmax was taken by De Vos as a proper measure
of the plant’s size and the proportionality constantsa andb
have units of Joule [10] and beingg a thermal conductance.
This functionq is less for theηN

me curve in Fig. 2 than for
theηN

mp one [12]. However, this loss of profits is concomitant
with a better efficiency for a givenf , and with an impor-
tant reduction of wasted energy (≈ 55%) to the environment
compared with the MP-operation of the plant [15, 16]. In a
similar way to De Vos [10], Sahin and Kodal [18] made a
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thermoeconomic analysis of a Curzon-Ahlborn engine [18].
They maximized a profit function defined by

FP =
W

Ci + Cf
(7)

whereCi and Cf are the annual investment and fuel con-
sumption costs, respectively. Sahin and Kodal assumed that
the plant’s size can be taken proportional to the total heat
transfer area, instead of the maximum heat input previously
considered by De Vos [10]. Thus, the yearly investment cost
of the system can be given as

Ci = γi(AH + AL) (8)

whereAH andAL are the heat transfer areas of the heat ex-
changers in both the hot and the cold reservoirs and the pro-
portionality coefficient for the investment costγi is equal to
the capital recovery factor times investment cost per unit heat
transfer area. The annual fuel consumption cost is propor-
tional to the heat rate input, that is

Cf = γfQH (9)

where the coefficientγf is equal to the annual operation hours
times the price per unit heat input. Sahin and Kodal [18] also
showed that the variation of the optimal thermal efficiency
with respect to the fuel cost parameterf = γi/(γi + γf )
in the interval0 < f < 1 under maximum power condi-
tions satisfies the following inequalityηMP < ηopt < ηC ,
that is the Carnot (ηC) an the maximum power (ηMP ) effi-
ciencies are the superior and inferior bounds of the optimum
thermal efficiencies. The Sahin and Kodal economic criterion
was applied to study the performance of endoreversible heat
engine [18], refrigerator and heat pump [19], combined cy-
cle refrigerator [20], combined cycle heat pump [21], as well
as irreversible heat engine [22], irreversible refrigerator and
heat pump [23], combined cycle refrigerator [24], combined
cycle heat pump [25] and three-heat-reservoir absorption re-
frigerator and heat pump [26]. This method was also applied
to the optimization of an endoreversible four-heat-reservoir
absorption-refrigerator [27].

Recently, Barranco-Jiḿenezet al. [28, 29], following the
Sahin and Kodal procedure, studied the thermoeconomic op-
timum operation conditions of a solar-driven heat engine. In
these studies, Barranco-Jiménezet al. [28, 29] considered
three regimes of performance: The maximum power regime,
the maximum efficient power and the maximum ecological
regime. In this work, following the analysis presented by
Sahin and Kodal [22], we analyze a thermoeconomic opti-
mization of a irreversible thermal heat engine under maxi-
mum ecological conditions. In this work we study the ther-
moeconomics of an irreversible heat engine with losses due to
heat transfer across finite time temperature differences, heat
leak and internal irreversibilities in terms of a parameter that
comes from the Clausius inequality. We calculate the opti-
mal thermal efficiencies under both the maximum power and
the maximum ecological function conditions in terms of a

economical parameter which is associated to the fractional
fuel cost. The article is organized as follows: In Sec. 2, we
present the irreversible heat engine model; in Sec. 3, the nu-
merical results and discussion are presented, and finally, in
Sec. 4, we present our conclusions.

2. Theoretical model

The theoretical model considered is shown in Fig. 3 the ir-
reversible heat engine operates between a heat source of
temperatureTH and a heat sink of temperatureTL. A T-
S diagram of the model including heat leakage, finite time
heat transfer and internal irreversibilities is also shown in
Fig. 3(b). During the isothermal expansion of the working
fluid, the fluid has temperatureTX , the same happens for
isothermal compression, in that branch the working fluid gets
a TY temperature. In this model we considered that the rate
of heat flowQ̇H from the hot source to the heat engine is
given by,

Q̇H = UHAH (TH − TX) , (10)

and in the same way for heat flow from working substance to
heat sink,

Q̇L = ULAL (TY − TL) , (11)

whereUH andUL are the heat transfer coefficients, andAH

andAL are the heat transfer areas of the hot-side and cold-
side heat, respectively. Also it is considered a heat loss from
heat exchange between hot thermal source and cold thermal
sink directly, the rate of this heat leakageQ̇LK from the hot
reservoir at temperatureTH to the cold reservoir at tempera-
tureTL given by,

Q̇LK = CI (TH − TL) = ξUHAH (TH − TL) , (12)

whereCI is the internal conductance of the heat engine and
ξ denotes the percentage of the internal conductance with
respect to the hot-side convection heat transfer coefficient
and heat transfer area, that is,ξ = γ/UHAH . Then the
total heat rateQ̇HT transferred from the hot reservoir is,
Q̇HT = Q̇H + Q̇LK and the total heat ratėQLT transferred
to the cold reservoir iṡQLT = Q̇L +Q̇LK . Applying the first
law of thermodynamic, the power output is given by,

FIGURE 3. Schematic diagram of the irreversible heat engine and
its T − S diagram.

Rev. Mex. Fis. S59 (1) (2013) 204–211
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FIGURE 4. Performance of profits functions a) Associated to power
output and b) associated to ecological function,versusθ for several
values ofR (TH = 1200 K, TL = 400 K, AR = 1, f = 0.7,
ψ = 0.5 andξ = 0.02)

Ẇ = Q̇HT − Q̇LT = Q̇H − Q̇L

= UHAH (TH − TX)− ULAL (TY − TL) . (13)

On the other hand, applying the second law of thermody-
namic to the internal part of the model we get,

∮
dQ

T
=

Q̇H

TX
− Q̇L

TY
< 0. (14)

One can rewrite the inequality in Eq. (14), as,

Q̇H

TX
= R

Q̇L

TY
, (15)

where R is the so-called nonendoreversibility parameter
[30, 31]. Substituting Eq. (10) and (11), into Eq. (15), a
relationship betweenTY andTX is obtained as,

TY

TL
=

1

1− ψAR

R
(1−θ)

θ

; (16)

whereψ = UH/UL, AR = AH/AL andθ = TX/TH . The
efficiency for this heat engine is given by

η = 1− Q̇LT

Q̇HT

=
Q̇H − Q̇L

Q̇H + Q̇LK

; (17)

A thermoeconomic analysis of power plants consists in
to optimize a profit function defined as the quotient of the
appropriate functions (the power output [10,22,32] and eco-
logical function [12, 15, 16]), an the annual investment cost
taking account both investment and fuel consumption costs.
In the same sense as in Eq. (7) for the case of power output,
the profit function in terms of modified ecological function is
given by,

FE =
W − ε(τ)TLσ

Ci + Cf
, (18)

in this case, for our study the total costs are given by
Ci = a (AH + AL) and Cf = bQHT , andσ is the total
entropy production for the engine. Applying the second law
of thermodynamic (see Fig. 3)σ can be written as

σ = − Q̇H

TH
+

Q̇H

TX
− Q̇L

TY
+

Q̇L

TL
−

˙QLK

TH
+

˙QLK

TL
(19)

By using Eqs. (7) - (12), (18) and (19), it is possi-
ble to obtain the normalized profit functions. The objec-
tive function associated to the power output is given by,
FP = aFP /UHTL and the expression for the objective
function associated to the ecological function is given by,
FE = aFE/UHTL, after some manipulations they can be
written as:

FP =
1−

(
τ

Rθ−ARψ(1−θ)

)
(

1−f
f

)(
AR+1

UHTHAR(1−θ)

)
+ 1 + ξ

(
1−τ
1−θ

) (20)

FE =
1 + τ −

(
2τ

Rθ−ARψ(1−θ)

)
+

(
1
R − 1

)
τ
θ + ξ(τ − 1) 1−τ

1−θ(
1−f

f

)(
AR+1

UHTHAR(1−θ)

)
+ 1 + ξ

(
1−τ
1−θ

) . (21)

Rev. Mex. Fis. S59 (1) (2013) 204–211
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FIGURE 5. Performance of profits functions associated to power
outputvs. η, for several values of a)f and, b) several values ofR
(TH = 1200 K, TL = 400 K, AR = 1, f = 0.7, ψ = 0.5 and
ξ = 0.02).

The parameterf , is the relative investment cost of the hot
size heat exchanger and cold side, defined as

f =
a

a + b
(22)

On the other hand, By using Eqs. (10), (11), (12)
and (17), after some algebra an expression for thermal effi-
ciency can be written as:

η =
1− τ

Rθ−ψAR(1−θ)

1 + ξ(1−τ)
1−θ

. (23)

In Fig. 4 we show the profits function (FP andFE) re-
spect to independent variable,θ = TX/TY , for several values
of R, as we can observe from Fig. 4 there is a critical value
for θ that maximize the profits function, for different values
of ψ and f . Then, it is possible to optimize both normal-
ized profits functions (Eqs. (20) and (21)) respect toθ. This
procedure will be numeric in Sec. 3.

In Fig. 5, for the case of power output, we show the be-
havior of profits function versus the thermal efficiency of heat
engine model, as can be observed it presents loop paths, dis-
tinctive for models with heat leakage [22].

FIGURE 6. Critical relative temperatures (θ∗) vs. economical pa-
rameterf for several values ofR. a) For maximum power output
and b) for maximum ecological function(TH = 1200 K, TL = 400
K, AR = 1, ψ = 0.5 andξ = 0.02).

As can be observed from Fig. 5(a), the profits increases as
f increases and the thermal efficiency is independent of this
parameter. In Fig. 5(b) the global performance curves are
presented for several values of the parameter of internal irre-
versibility R. We also observed that both the profits and the
thermal efficiency at optimum thermoeconomical conditions
decrease asR increases.

3. Performance Optimization

In Figs. 4(a) and 4(b), we observed that the maximum values
for profits function associated to power output and ecological
functions, respectively, decrease asR, the internal parameters
of internal irreversibility, increases. That is, there is a critical
value forθ that maximizes both profits functions. The criti-
cal valueθ∗ that gives maxima values of objective functions
(Eqs. (20) and (21)), are obtained by numerically solving
next equations:

dFP

dθ

∣∣∣∣
θ∗

= 0, (24)

dFE

dθ

∣∣∣∣
θ∗

= 0. (25)

In Fig. 6, it is shown the numerical solutions forθ∗, the
quotient of hot-side temperatures, for optimum profits func-
tion associated to the power output (see Fig. 6(a)) and the

Rev. Mex. Fis. S59 (1) (2013) 204–211



THERMOECONOMIC OPTIMIZATION FOR AN IRREVERSIBLE HEAT ENGINE MODEL UNDER MAXIMUM. . . 209

FIGURE 7. Performance of optimal efficiencies in terms off for
several values ofR, a) At maximum power output and b) maxi-
mum ecological functions (TH = 1200 K, TL = 400 K, AR = 1,
ψ = 0.5 andξ = 0.02).

optimum profits function associated to the ecological func-
tion (see Fig. 6(b)). In Fig. 7, we show the optimal thermal
efficiencies in terms of parameterf , for several values ofR.
As it can be observed, for all values off , the next inequality
is satisfied,

ηCA < ηmp
opt < ηme

opt < ηC . (26)

Previously, this result has been obtained for optimization
of endoreversible heat engines with different heat transfer
laws at the thermal couplings [12,15,16].

On the other hand, by using the second law of thermo-
dynamics in the heat engine model presented in Fig. 3, we
obtain

Q̇L =
1

1− ARUH

RUL

(
1−θ

θ

) − 1 + ξ
UH

UL
AR(τ − 1), (27)

being,Q̇L the heat flow away to thermal heat sink for the ir-
reversible engine model. Thus, if the heat engine works at
MP regime,

Q̇P
L =

1

1− ARUH

RUL

(
1−θ∗P

θ∗P

) − 1 + ξ
UH

UL
AR(τ − 1) (28)

Analogously, if the heat engine works at ecological
regime,

Q̇E
L =

1

1− ARUH

RUL

(
1−θ∗E

θ∗E

) − 1 + ξ
UH

UL
AR(τ − 1). (29)

FIGURE 8. Heat flows rejected to cold thermal source at maximum
profits function associated to power output and ecological functions
respect tof .

From Eqs. (28) and (29), it is possible to calculate the
energy entering to cold thermal sink for every value off , at
both MP and ME regimes, and as can be seen in Fig. 8, the
next inequality is satisfied,

Q̇E
L < Q̇P

L . (30)

The previous inequality was recently obtained for the
case of a non endoreversible model of the Novikov plant us-
ing several heat transfer laws [15].

4. Conclusions

In this work, we presented a thermoeconomic performance
analysis for an irreversible heat engine model, taking into ac-
count the heat leak loss between the external heat reservoirs,
and internal dissipation of the working fluid by means of a
parameter that comes from the Clausius inequality. We cal-
culated the optimal temperatures of the working fluid and,
the optimum efficiencies of thermal heat engine in terms of
design parameters and another economical parameter associ-
ated to investment cost and to the heat transfer areas of the
heat exchanger. The effects of the major irreversibilities and
the the relative fuel cost parameter on the general and op-
timal conditions are analyzed and discussed. We obtained
that, if there is a heat leakage irreversibility, the global per-
formance curves (F vs. η) have closed loop shape, a typical
behavior observed for this kind of irreversibles heat engines.
We also presented the analysis of environment impact of the
thermal heat engine by means of the heat entering to cold
thermal source, when the engine operates at both optimum
profits function associated to the power output and associate
to the ecological function, respectively. Our results show that
at maximum power output the waste energy to environment is
bigger than at maximum ecological regime, this same result
was previously reported for the case of a nonendoreversible
model of the Novikov Plant.

Rev. Mex. Fis. S59 (1) (2013) 204–211
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1. P. Salamon and A. Nitzan, “Finite time optimizations of a new-
ton’s law carnot cycle,”J. Chem. Phys, vol. 74, pp. 3546–3560,
1981.

2. F. S. F. Wu, L. Chen and C. Wu, “Finite-time exergoeconomic
performance bound for a quantum stirling engine,”Int. J. Engi-
neering Science, vol. 38, pp. 239–247, 2000.

3. F. S. L. Chen and W. Chen, “Finite time exergoeconomic
performance bound and optimization criteria for two-heat-
reservoir refrigerators,”Chinese Sci. Bull., vol. 36, pp. 156–
157, 1991.

4. F. S. L. Chen and C. Wu, “Maximum profit performance of an
absorption refrigerator,”Int. J. Energ., Environ., and Econom.,,
vol. 4, pp. 1–7, 1996.

5. F. S. L. Chen and C. Wu, “Maximum profit performance for
generalized irreversible carnot engines,”Appl. Energy, vol. 79,
pp. 15–25, 2004.

6. F. S. Z. Zheng, L. Chen and C. Wu, “Maximum profit per-
formance for a class of universal steady flow endoreversible
heat engine cycles,”Int. J. Ambient Energy, vol. 27, pp. 29–36,
2007.

7. L. C. C. Wu and F. Sun, “Effect of heat transfer law on finite
time exergoeconomic performance of heat engines,”Energy,
The Int. J., vol. 21, pp. 1127–1134, 1996.

8. L. C. C. Wu and F. Sun, “Effect of heat transfer law on finite
time exergoeconomic performance of a carnot heat pump,”En-
erg. Convers. and Manage., vol. 39, pp. 579–588, 1998.

9. C. W. L. Chen and F. Sun, “Effect of heat transfer law on finite
time exergoeconomic performance of a carnot refrigerator,”Ex-
ergy, An Int. J., vol. 1, pp. 295–302, 2001.

10. A. De Vos, “Endoreversible thermoeconomics,”Energy Con-
version and Management, vol. 36, no. 1, pp. 1–5, 1995.

11. I. I. Novikov, “The efficiency of atomic power stations (a re-
view),” Atomimaya Energiya, vol. 3, p. 409, 1957.
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