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Low frequency vibration modes of very small nanoparticles
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The normal modes of vibration of a set of parallel atomic planes enclosed in a very small spheroidal nanoparticle are computed using a
simple discrete model. The results are compared to the low frequency Raman spectra obtained for Bi nanoparticles embedded in amorphous
germanium, as a function of size. A good agreement is obtained with the experimental results, in particular for the smallest nanoparticles
where previous continuous elastic models failed.

Keywords:Raman; bismuth; low frequency vibrations; nanoparticles.

Los modos normales de vibración de un grupo de planos atómicos paralelos encerrados en muy pequeñas nanopartı́culas esferoidales han
sido calculados utilizando un modelo discreto sencillo. Los resultados son comparados a los espectros Raman de baja frecuencia obtenidos
con nanopartı́culas de Bi embebidas en una matriz de germanio amorfo, en función del tamãno. Un buen acuerdo con los resultados
experimentales es obtenido, en particular para las nanopartı́culas ḿas pequẽnas donde los modelos continuos anteriores han fallido.

Descriptores: Raman; bismuto; vibraciones de baja frecuencia; nanopartı́culas.

PACS: 61.46.+w; 62.30.+d; 63.22.+m

1. Introduction

The normal modes of vibration of spherical macroscopic bod-
ies have been the subject of several works since an analytic
solution was first published [1-2]. These calculations were
performed by applying the theory of elasticity to continu-
ous media. More recently, these modes have been observed
in a variety of different situations, such as during earth-
quakes [3-5].

In 1969, De Gennes and Papoular [6] suggested that
these modes could be present in nanometric globular pro-
teins and should be observable by Raman spectroscopy. This
kind of modes has been observed and investigated in micro-
scopic organic systems, such as globular proteins [7], spher-
ical viruses [8] and also in inorganic nano-scaled materi-
als [9-13]. The theoretical models used to explain the low
frequency Raman features were based on the elasticity theory
of continuous media [14], considering at first free standing or
embedded spheres, and subsequently non-spheroidal objects.

Recently [15], we applied the theory of elasticity to
the study of low frequency vibration modes of free oblate
nanocrystals (NCs), and compared our experimental data
obtained by Raman scattering on bismuth NCs [16]. The
method was quite suitable for the largest NCs but very poor
for the smaller ones; nevertheless, it has been observed in the
latter case that the frequency of the vibration modes is consid-
erably decreased with respect to the elastic model. Besides,
continuous elastic models are expected to fail for the smallest
particles since lattice discreteness has to be considered.

There have been a number of studies on the low vibra-
tional frequency bands of nanoparticles as a function of size.
The majority deals with sizes greater than 3 nm where an

elastic theory seems to apply [10,17-19]. For smaller parti-
cles, the experimental frequency is much lower than the one
obtained using the elastic theory [16,20]. It is precisely for
the larger nanoparticles that the elastic theory of continuous
media shows some sort of agreement with the experimental
results but it is not definitely so for the smaller particles where
the discreteness of the experimental system seems to domi-
nate the physical behavior [15]. Wittmeret al. and Tanguyet
al., using numerical simulation [21-22], have shown that the
continuum elastic model becomes erroneous for nanometric
structures with less than 1600 atoms. We consequently con-
sider, in the present work, a different approach to describe
the vibrational properties of very small nanoparticles, based
on a classical discrete model. The nanoparticle is considered
in a first approximation as a set of parallel crystallographic
planes enclosed into it. This reduces the system to a set of
interacting masses through effective springs. With this ap-
proach, we have investigated size and shape effects. The re-
sults are compared with experimental low frequency Raman
spectroscopy data of Bi nanoparticles enclosed in an amor-
phous germanium matrix. Nevertheless, matrix effects in the
present model can be neglected in a first approximation since
Bi and Ge form a eutectic system with a low mutual solubil-
ity [23].

2. Description of the model

According to experimental evidences [16], the Bi NCs are
considered as oblate spheroids; besides, X-ray diffraction
measurements have shown that the NCs are partially ordered,
having all the [110] axis of the rhombohedral structure nor-
mal to the plane of deposition.
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TABLE I. The size parameters and the number of Bi planes in each NC used in the calculation.

Sample BG12 BG25 BG50 BG100 BG200

a (nm) 1.15 1.25 3.5 8.5 11.5

b (nm) 0.25 0.42 0.87 1.87 3.09

Planes 3 4 6 12 20

Atoms by plane 1, 37, 1 5, 34, 34, 37, 245, 141, 779, 95, 725, 1415, 2031,

5 349, 349, 1317, 1677, 2543, 2975, 3327,

245, 37 1951, 2087, 3579, 3753, 3779,

1951, . . . ., 141 3753,. . . ., 725, 95

Number of atoms 39 78 1262 15811 48444

The model includes the above mentioned features by de-
scribing the nanoparticle as an oblate spheroid with its long
axis parallel to the plane of deposition, filled with (110) crys-
tallographic planes perpendicular to the minor axis as the
system is strongly confined in this direction. These planes
are thus circles of variable radii. Clearly, the number of
planes included in the NC depends on the height of the oblate
spheroid with half mayor (minor) axisa (b) (Table I).

In the case of bismuth, the (110) planes of the structure
are separated by a distanced110, equal to 0.328 nm. Each
(110) plane of the nanoparticle is thus bounded by a circle
of radiusyj , for thej-th plane, related to thez coordinate of
each plane by:

y2
j = a2

(
1− z2

j

b2

)
(1)

wherezj = ±d110× j for an odd number ofxyplanes, while
zj = ±d110 × (1/2 + j) if the number of planes is even.

Since Bi has two atoms by rhombohedral unit cell, the in-
tersection of each (110) plane with the rhombohedral unit cell
is a rectangle of areaA110 that contains two atoms, one from
the same rhombohedral unit cell, and the other from a neigh-
boring unit cell. Then, the number of atoms and the mass of
each plane is exactly determined. Moreover, to check this,
we calculated the density of each nanoparticle and compared
it against the known density of Bi. To compute the number
of planes enclosed in the NC we have considered the number
of intervalsd110 included in its height. Once the number of
(110) planes included in the NC is known, the mass of each
plane can be calculated:

mj =
πy2

j

A110
× 2mBi = njmBi (2)

wheremBi is the mass of an atom of Bi,A110 = 0.216 nm2

andnj is the number of atoms in each plane.
First nearest neighbor interactions between atoms be-

longing to parallel planes are included as follows: to each
pair of Bi atoms in adjacent planes a spring with a constant
k is associated. Two limiting cases have been considered:
an uncoupled and a completely coupled bismuth nanoparti-
cle. In the latter case this was done by associating a spring

constantk0 between atoms of the end plane of the NC and
atoms of a fixed wall. The case of an uncoupled particle was
obtained makingk0 = 0.

In order to further simplify the problem, we consider a
model made of a linear series of masses and springs. The
masses are given by (2) for the Bi planes.

The effective force constants between adjacent planes of
bismuth are computed according to:

Cj = αjk (3)

whereαj is the number of Bi atoms in a plane facing an-
other Bi atom on an adjacent plane. The parameterαj can be
exactly determined if it is assumed that each bismuth atom
is directly linked with its counterpart on the adjacent planes,
both having the samexycoordinates.

In other words, the lagrangian corresponding to this
model is then

L =
N+1∑

j=0

1
2
mj ẋ

2
j −

1
2
Cx2

0 −
N+1∑

j=0

1
2
Cj (xj − xj+1)

2

− 1
2
Cx2

N+1 (4)

whereN is the total number of Bi planes.

By supposing harmonic oscillationsxj (t) = Aje
iΩt the

equation of motion is given by the following system:

(
C0 + C1 − Ω2m1

)
A1 − C1A2 = 0

− Cj−1Aj−1 +
(
Cj−1 + Cj − Ω2mj

)
Aj − CjAj+1 = 0;

j = 2, ..., N − 1

− CN−1AN−1 +
(
CN−1 + C0 − Ω2mN

)
AN = 0 (5)

where Ω is the frequency,Aj are the amplitudes and
C0 = n1k0.
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Finally, using the definitions of the elastic constants, the
above system can be rewritten as:
(

C0

ω2
+ α1 − Λ2n1

)
A1 − α1A2 = 0

− αj−1Aj−1 +
(
αj−1 + αj − Λ2nj

)
Aj − αjAj+1 = 0 ;

j = 2, 3, ..., N − 1

− α1AN−1 +
(

α1 +
C0

ω2
− Λ2n1

)
AN = 0 (6)

where

Λ2 =
Ω2

ω2
, ω2 =

k

mBi
, nj =

mj

mBi
.

3. Results and discussion

In Table I, the size parameters and the number of Bi planes
in each NC used in the calculation are shown. The spring
constants were taken from FT-IR experiments [24] on glassy
GeBiSe compounds:k = 44 Nm−1 between Bi atoms and
k0 = 59.3 Nm−1 between Ge and Bi atoms in the case of the
totally coupled particles (all the atoms of the last Bi plane are
linked to an infinite wall of Germanium).

The vibrational modes studied here are equivalent to the
longitudinal accordion modes (LAM) of alkanes or long
chain molecules [25-27]. The main difference is that the
point masses are not identical. In the case of totally coupled
particles, the vibration of the nanoparticle as a whole (analo-
gous to the libration mode) has a non-zero frequency that is,
however, Raman unactive since it is not a centrosymmetric
vibration. The first Raman active mode that can be observed
will have a node of vibration in the middle of the nanoparticle
with all the planes of one half the NC moving out of phase
with respect to the other half.

The calculated eigenfrequencies of the first Raman ac-
tive, accordion-like, modes are shown in Fig. 1 for the un-
coupled nanoparticle to the matrix and the completely cou-
pled nanoparticle. The first one (open squares) is obtained
considering that there is no interaction with the matrix (i.e.,
when dealing with uncoupled oblate spheroids). As it can
be observed, the experimental frequency of oblate NCs does
not follow a linear behavior with respect to the inverse of
size; in particular, we must note that for the smallest NCs the
frequency is significantly decreased. The second case (full
squares) corresponds to completely coupled oblate spheroids
in the amorphous Ge matrix. In this figure the experimental
points for the bigger nanoparticles are closed to the theoreti-
cal curves (uncoupled and coupled); however, the experimen-
tal frequencies of the smallest particles lay well below the un-
coupled curve. Our results are consistent with the estimation
given in Ref. 21 since the three smallest nanoparticles have
less than 1600 atoms (Table I). The free torsional mode of
the continuous elastic model is represented by the solid line
(n = 1, l = 1) [15,29,30].

FIGURE 1. Variation of the calculated first Raman active low fre-
quency mode of the nanocrystal in the uncoupled (¤) and totally
coupled (¥) cases compared to the experimental values (open cir-
cles) and the free torsional mode (solid line) of the elastic theory
(n = 1, l = 1). Error bars have been calculated from the estimated
experimental error on the nanocrystal size [28].

For large particles, the continuum theory as used by Mur-
ray and Saviot [31] is appropriate. However, these continuum
models would give linear dependence in 1/b and predict much
higher frequency values for larger 1/b ratios than observed. It
is important to mention that in this reference the calculation
is made for only one particle size which is of the same order
of our biggest particle height (b = 3 nm). The lowering of the
frequency is a consequence of the lattice discreteness, similar
to the flattening of the acoustic branch in the phonon disper-
sion curve for large wavevectork, i.e. near the Brillouin zone
edge [16].

In a recent paper [32], Krivtsov and Morozov have stud-
ied the mechanical characteristics of nanocrystals as well as
their size dependence, considering a two dimensional single
crystal strip. In particular, they have shown that in the case of
infinitely long thin films of hexagonal closely packed struc-
ture, the Poisson ratio and the Young modulus are only de-
pendent on the number of planes in the perpendicular direc-
tion. Accordingly, we have performed the calculation main-
tainingb constant and considering NCs with differenta, from
a sphere (a = b) to a very large oblate object (a = 15b). The
change in frequency when the NC goes from a sphere to a
large oblate was found to be 1.6%, 0.5% and 0.1% for the
BG50, BG100 and BG200 NCs, respectively. For the two
smallest NCs, the frequency does not change. This implies
that the significant dimension in this problem is the minor
axis of the oblate spheroids and not their extension (major
axis).

Frequency error bars in Fig. 1 have been calculated from
the experimental size error estimated at 20% by Sernaet
al. [28]. Heating effects have been also studied in detail in
this system [33], as the power at the laser head was 50mW.
These effects are neglected.
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4. Conclusions

In this work, a mathematically simple discrete model is used
to describe the normal modes of vibration of nanoparticles.
This model takes into account the parallel crystallographic
planes that compose the nanoparticle and the interactions
among them. It was applied to study the low frequency Ra-
man spectra of Bi nanoparticles of different sizes embedded

in an amorphous Ge matrix for two extreme cases (uncoupled
and totally coupled). The agreement between theory and ex-
periment is very good. Finally, the atomic nature of small
nanoparticles could be the best approach to calculate their
acoustical vibration modes to explain the flattening for small
NCs as we have seen above. Furthermore, our results also
explain the larger-size particle behaviour, thus successfully
covering a range far wider than other models can.
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