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We consider the motion of a Brownian particle bound by a harmonic force in a thermal bath driven from equilibrium by a uniform shear
imposed externally. We extend the classical theory of Brownian motion to calculate the probability distribution function for finding the
Brownian particle in a phase-space volume element when it is in the presence of the external shear. We find the explicit form of the reduced
distribution for velocities in the stationary limit and show that it becomes anisotropic by extending itself over the direction of the imposed
shear. We also consider the effects of the imposed shear on the time correlation functions of the Brownian particle and show that these
quantities acquire contributions depending exclusively on the nonequilibrium state of the solvent, which render them non symmetric and
time-irreversible. In order to verify these conclusions we develop a hybrid mesoscopic simulation technique based on Molecular Dynamics
and Multi-particle Collision Dynamics. We observe a very good agreement between the predictions of the model and the results obtained
independently from the simulation method, thus suggesting that the latter could be used as a complement to current experimental procedures.
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1. Introduction

The formulation of nonequilibrium thermodynamics for sys-
tems under shear represents a long standing problem that has
received considerable attention during several decades [1,2].
Special interest has been given to the case of Brownian mo-
tion in a shear flow, seee.g. Ref. 3 and references therein,
since it represents one of the simplest models coupled to
a nonequilibrium bath in which the effects of the external
forces on the thermodynamic and transport properties can
be investigated with significant detail. Diverse models rang-
ing from kinetic theory [4, 5], Langevin and Fokker-Planck
equations [6,7], and Mesoscopic Nonequilibrium Thermody-
namics [8–12], have been used to achieve this goal. In addi-
tion, Brownian motion in a shear flow has been proved to be
amenable for experimental [13–16], and numerical [17–19]
work.

The dynamics of a Brownian particle (BP) in a sheared
fluid exhibits special features not observed in Brownian mo-
tion in an equilibrated thermal bath. In particular, shear mod-
ifies the motion of the BP by introducing non-thermal con-
tributions in the diffusion tensor increasing with the magni-
tude of the velocity gradient of the imposed flow [3,7]. It has
been suggested that this dependence of diffusion on the exter-
nal shear implies that the fundamental fluctuation-dissipation
relation used in Langevin descriptions of Brownian motion
is not longer valid out of equilibrium, but must be corrected
to consider the effect of the external shear on the strength of
the stochastic forces [7, 10]. In addition, the externally im-
posed flow breaks down the spatial symmetry and the time-
reversibility of the dynamics of the BP [7]. This effect is
exhibited by the behavior of the correlation functions of the

position and velocity vectors of the BP, which acquire asym-
metric and time-irreversible contributions increasing with the
magnitude of the shear rate [7].

In the present paper we will consider another relevant re-
lated model consisting of a BP in the presence of a simple
shear flow and simultaneously bound by a harmonic force.
Harmonic Brownian motion in flowing fluids was firstly con-
sidered several decades ago in Ref. 20. There, interest was
focused in showing that harmonic constrains might lead to
a sufficiently fast decay of the velocity correlation function
of the BP to ensure the existence of a long-time diffusion
behavior in external Couette and Poiseuille flows. Renewed
interest for harmonically bound Brownian motion in exter-
nal flows has been observed recently [21–23]. This inter-
est has been greatly inspired by the development of experi-
mental techniques based on optical tweezers which allow for
manipulation of micro-sized particles, as well as for detailed
measurement of their fluctuations. Theoretical analysis and
experimental results confirm that harmonically bound Brow-
nian motion in the presence of shear also exhibits the spatial
asymmetry and time-irreversibility features predicted firstly
for free Brownian motion in sheared fluids. More precisely,
experiments with harmonically trapped BP’s in a simple Cou-
ette flow have shown that cross correlation functions between
displacements along the directions of shear and velocity gra-
dient are indeed asymmetric and time-irreversible [21]. This
result has been justified by a Langevin model [22], and has
been also predicted to exist in the problem of controlling the
trajectory of individual colloidal particles by means of opti-
cal traps in flowing fluids [23]. In the latter case, asymmetric,
time-irreversible correlations have been observed by means
of molecular simulations [23]. Although a similar nonequi-
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librium behavior is expected for the velocity correlation func-
tions, experimental techniques are not able to perform the
corresponding measurements yet [21, 22]. The main contri-
bution of the present work will consist in introducing a sim-
ulation technique from which it will be possible to verify the
theoretical predictions about the behavior of the velocity cor-
relation functions of a harmonically bound BP in a sheared
fluid.

Our numerical implementation will consist of a hybrid al-
gorithm combining Molecular Dynamics (MD) [24], which
is used to describe the evolution of systems at the micro-
scopic time scale; and Multi-particle Collision Dynamics
(MPC) [25, 26], that allows for incorporating thermal fluc-
tuations and hydrodynamic effects. Both MD and MPC are
particle-based methods and their coupling has been used in
simulations to incorporate a bridge that spans the two widely
separated characteristic time scales occurring in Brownian
motion, corresponding to the relaxation time of the solvent
to thermodynamic equilibrium and to the time it takes to the
BP to move a distance comparable with its own size. Numer-
ical experiments combining MD and MPC have been suc-
cessfully used to study concentrated nanocolloidal suspen-
sions [26], colloid-fluid interactions [27], colloid sedimenta-
tion [28], backtracking of colloidal particles [29], colloidal
flow in microfluidic channels [30], and tracking control of
colloidal particles in fluids in stationary flow [23].

In Sec. 2 we will revisit the Langevin model for a har-
monically bound BP in a sheared environment. We will care-
fully study the conditions under which the classical theory
of Brownian motion can be indeed extended to this nonequi-
librium situation. The formal solution of this model will be
presented from which we will calculate the probability dis-
tribution function (PDF) for observing the BP in a given vol-
ume element of its phase-space. We will show that this dis-
tribution deviates by a significant amount from the canoni-
cal equilibrium distribution when the Brownian motion takes
place in the presence of the velocity gradient. Subsequently,
we will calculate the matrix of two-time correlation functions
for the velocity components of the BP. These functions will
be shown to be non symmetric and time-irreversible due to
the external shear, in a similar fashion as it has been obtained
for ordinary Brownian motion in a plane Couette flow. In
Sec. 3 we will describe the implementation of the simulation
method combining MD and MPC, designed to verify the pre-
dictions of the previously described model. In Sec. 4 we will
present a comparison between the analytical and the numeri-
cal results. We will verify that the model based on Langevin
dynamics and the implemented numerical method exhibit the
same quantitative behavior, and that the latter can be ef-
fectively used to observe the breakdown of the spatial and
temporal symmetry of the velocity correlation functions of a
trapped BP under shear. Finally, in Sec. 5 we will summarize
our conclusions and discuss the limitations of our analysis.

2. Harmonic Brownian Motion under Steady
Shear

2.1. Langevin Dynamics

In the present section we will study the motion of a spherical
BP of massM and radiusR, immersed in an incompressible
Newtonian fluid which is in a nonequilibrium stationary state
induced by a uniform shear. Specifically, we will consider
the case in which the velocity field of the unperturbed fluid is
a plane Couette flow of the form~v (~r) = ~v (0) + Z · ~r, where
~r, ~v (0) andZ represent, respectively, the position vector, the
velocity at the origin and the constant velocity gradient ten-
sor of the flow. Moreover, the flow will be assumed to be
sheared along thêe3-axis with velocity increasing along the
ê1 direction, where vectors{ê1, ê2, ê3} represent the standard
Cartesian basis. Thus,Z will take the form

Z =




0 0 0
0 0 0
γ̇ 0 0


 , (1)

whereγ̇ is the magnitude of the velocity gradient.
We will consider the presence of an external force,~F , act-

ing on the BP and use a Langevin model to describe its evolu-
tion in time, under the assumption that its dynamics occur at
a time scale much larger than the corresponding to the fluctu-
ations of the surrounding fluid. From now on, we will use the
symbol ~A to denote the stochastic force that models the ran-
dom collisions of the BP with the molecules of the solvent.
Finally, we will suppose that the friction term can be modeled
by the Fax́en theorem for the motion of a sphere through a
viscous fluid in a non-homogeneous stationary flow [31, 32].
Therefore, the equation of motion of the BP will read

M
d2~x

dt2
= −γ

d~x

dt
+ γ~v s (~x ) + ~F + ~A, (2)

whereγ is the drag coefficient and~v s (~x ) represents the av-
erage of the unperturbed velocity field over the surface of the
BP [32].

Let us assume now that the external force has the form

~F = −k (~x− ~r0) , (3)

wherek is the restoring coefficient of an isotropic harmonic
trap. This force is meant to constrain harmonically the mo-
tion of the BP around a fixed position in space,~r0, that with-
out loss of generality is chosen in such a way that the velocity
field ~v vanishes there,i.e. ~v (~r0) = 0.

In addition, under the restriction of considering only
Brownian motion in a plane Couette flow, we can write~v s (~x)
in terms ofZ, ~x and~r0, namely~v s (~x) = Z · (~x− ~r0) . By
substituting~v s (~x) and Eq. (3) into Eq. (2), we obtain

d2 ~X

dt2
+ β

d ~X

dt
+

[
ω21− βZ

] · ~X = ~A, (4)

where we have written the result in terms of the position of
the BP relative to the point~r0, ~X = ~x − ~r0; the damping
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ratioβ = γ/M ; the frequencyω =
√

k/M ; the unit matrix,
1; and the stochastic force per unit mass~A = ~A/M .

Then, it can be noticed that Eq. (4) is equivalent to a set
of three stochastic damped oscillators asymmetrically cou-
pled by the velocity gradient tensorZ. Actually, since in the
present model the position of the BP is controlled around~r0

by a harmonic force, Eq. (4) turns out to be formally the same
as the one obtained for the general problem of tracking con-
trol of colloidal particles in fluids in uniform shear, Eq. (23)
in Ref. 23. In that reference attention was focused mainly in
showing that harmonic forces can be properly tuned to obli-
gate colloidal particles to follow any prescribed trajectory in
spite of the presence of the external flow. Here, on the other
hand, we will provide a full characterization of the stochas-
tic dynamics of the trapped BP. For this purpose, we will use
the formal solution of Eq. (4), obtained also in Ref. 23, and
extend it to consider both the relative position vector,~X, and
the velocity vector,~U = d ~X/dt. It will prove to be conve-
nient to write these functions in the form

~X (t) = ~Xd (t) +

t∫

0

dξ Ψ (t− ξ) · ~A (ξ) , (5)

~U (t) = ~Ud (t) +

t∫

0

dξ Φ (t− ξ) · ~A (ξ) , (6)

where ~Xd (t) and ~Ud (t) represent the deterministic part of
the solution of Eq. (4) ; andΨ andΦ are auxiliary matrices
to be defined below.

The components of~Xd were already presented by one of
us in Eqs. (36)-(38) in Ref. 23.

The components of~Ud are obtained by derivation,i.e. by
~Ud = d ~Xd/dt, and explicitly read

Ud,1 (t) =
1

µ1 − µ2

[
µ2 (µ1X0,1 − U0,1) eµ2t

− µ1 (µ2X0,1 − U0,1) eµ1t
]
, (7)

Ud,2 (t) =
1

µ1 − µ2

[
µ2 (µ1X0,2 − U0,2) eµ2t

− µ1 (µ2X0,2 − U0,2) eµ1t
]
, (8)

and

Ud,3 (t) =
1

µ1 − µ2

[
µ2 (µ1X0,3 − U0,3) eµ2t − µ1 (µ2X0,3 − U0,3) eµ1t

]

+
γ̇χ

µ1 − µ2

{
eµ1t

[(
1 + µ1

(
t− 2

µ1 − µ2

))
(U0,1 − µ2X0,1) + µ1X0,1

]

+eµ2t

[(
1 + µ2

(
t− 2

µ2 − µ1

))
(U0,1 − µ1X0,1) + µ2X0,1

]}
. (9)

In the previous expressionsX0,i and U0,i, for
i = 1, 2, 3, represent the initial conditions;µ1,2 = −β/2 ±
((β/2)2 − ω2)1/2, are the roots of the characteristic poly-
nomial of the homogeneous part associated to Eq. (4); and
χ = (µ1 + µ2) / (µ2 − µ1) is a dimensionless parameter.

The matrixΨ will be cast in the form

Ψ (t− ξ) =




ψ (t− ξ) 0 0
0 ψ (t− ξ) 0

γ̇κ (t− ξ) 0 ψ (t− ξ)


 , (10)

where the functionsψ andκ are defined through

ψ (t− ξ) =
1

µ1 − µ2

(
eµ1(t−ξ) − eµ2(t−ξ)

)
, (11)

κ (t− ξ)=χ

[
(t−ξ) ζ (t−ξ)− 2

µ1−µ2
ψ (t−ξ)

]
, (12)

with

ζ (t− ξ) =
1

µ1 − µ2

(
eµ1(t−ξ) + eµ2(t−ξ)

)
; (13)

and the matrixΦ can be obtained fromΦ = dΨ/dt.

It should be mentioned here that it is in fact debatable to use
a Langevin model like the one presented in this subsection
for describing Brownian motion in fluids in nonequilibrium
states. The main criticism that can be formulated against this
procedure lays on the lack of a well established theory for de-
scribing the statistical properties of the stochastic forces pro-
duced by nonequilibrated baths, while in the case in which
the solvent is in equilibrium~A is very well modeled as a
Markov-Gaussian process [33,34].

For Brownian motion in sheared fluids, analytical mod-
els [10], experimental results [14] and numerical simula-
tions [17] suggest that the fluctuating force is modified by
the imposed velocity gradientZ. However, it has been also
discussed that nonequilibrium corrections to the strength of
the stochastic forces are expected to be negligible since they
have been shown to be of the order of the ratio of the fluid
molecular relaxation time to the characteristic time of the
imposed shear,i.e. to the ratio of a microscopic to a macro-
scopic quantity [5]. In the following we shall assume that
the time scales of the white noise and the imposed flow are
well separated and that, consequently, in the nonequilibrium
situation ~A is still a Markovian Gaussian stochastic vari-
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4 J. FERŃANDEZ AND H. HÍJAR

able, with zero mean and obeying the classical (equilibrium)
Fluctuation-Dissipation relation

〈 ~A (t′) ~A (t)〉 =
2kBTβ

M
δ (t′ − t) 1, (14)

where the brackets,〈〈. . . 〉〉, indicate the average over fluctu-
ations and initial conditions;kB is the Boltzmann constant;
T is the temperature of the bath; andδ (t′ − t) is the Dirac
delta function.

2.2. Nonequilibrium Probability Distribution Function

Equations (7)-(13) clearly illustrate that the nonequilibrium
coupling induced by the velocity gradient in the motion of the
harmonically bound BP is asymmetric since the components
along the shear are perturbed by the stochastic forces and ini-
tial conditions in the direction of the velocity gradient, but
the converse fact is not true. The effects of this asymmetry
produced by the external shear will be analyzed by generaliz-
ing the classical theory of Brownian motion as presentede.g.
in Refs. 33 and 35, to the present nonequilibrium case.

With this purpose let us define firstly the auxiliary vectors
~R (t) = ~X (t) − ~Xd (t), and ~S (t) = ~U (t) − ~Ud (t). Their
probability distribution can be calculated by using the as-
sumption that the stochastic forces~A vary in time extremely
rapidly when compared with the variables representing the
state of the BP. In this case, the integrals appearing in Eqs. (5)
and (6) can be written as sums ofÑ integrals over equal time
intervals of sizeδt = t/Ñ , such thatδt is large with re-
spect to the characteristic time of relaxation of fluctuations
but small in comparison with the time scale for changes in~R
and~S. This procedure yields

~R (t) =
Ñ∑

j=1

Ψ (t− jδt) · ~Bj (δt) , (15)

and

~S (t) =
Ñ∑

j=1

Φ (t− jδt) · ~Bj (δt) , (16)

where~Bj is the net stochastic acceleration suffered by the BP
in thejth time interval,i.e.

~Bj (δt) =

(j+1)δt∫

jδt

dξ ~A (ξ) . (17)

The probabilityW (~R, ~S; t)d~Rd~S that vectors~R and ~S
will be found in the intervals(~R, ~R + d~R) and(~S, ~S + d~S),
respectively, at timet afterÑ accelerations, can be obtained
analogously to the case of the general problem of random
flights [33], under the assumption that~B follows a Markov
process. Thus we obtain

W
(

~R, ~S; t
)
d~Rd~S = d~Rd~S

1
(2π)6

∫
d~ρ

×
∫

d~σe−i(~ρ T·~R+~σ T·~S)ΩÑ (~ρ, ~σ) , (18)

where~ρ and~σ are auxiliary vectors, the superscript T denotes
the transpose of the corresponding vector or matrix, and the
functionΩÑ (~ρ, ~σ) is defined by

ΩÑ (~ρ, ~σ) =
Ñ∏

j=1

∫
d ~Bj w

(
~Bj

)

× ei[~ρ T·Ψ(t−j∆t)· ~Bj+~σ T·Φ(t−j∆t)· ~Bj], (19)

with w( ~Bj)d ~Bj the probability of observing an acceleration
~Bj in the interval( ~Bj , ~Bj + d ~Bj).

As it was previously mentioned, one of the main assump-
tions to be introduced in the present analysis will consist in
considering that the probability of occurrence of different val-
ues of the stochastic force, and consequently of~Bj , is inde-
pendent of the imposed external shear,i.e. it is the same than
in the equilibrium case. Thus, we have [33]

w
(

~Bj

)
d ~Bj =

1

(4πqδt)3/2
e(−

~Bj · ~Bj/4qδt) (20)

with q = βkBT/M . By replacing Eq. (20) into Eq. (19),
and calculating the resulting Gaussian integrals in the limit
δt → 0, we obtain the following expression for the auxiliary
functionΩÑ ,

ΩÑ (~ρ, ~σ) = exp
[
− 1

2
(
~ρ T ·P · ~ρ

+ ~ρ T ·R · ~σ + ~σ T ·RT · ~ρ + ~σ T ·Q · ~σ)]
, (21)

where the matricesP = P (t), Q = Q (t) andR = R (t)
have, respectively, the form

P(t) = 2q

t∫

0

dξ




ψ2 (ξ) 0 γ̇ψ (ξ) κ (ξ)
0 ψ2 (ξ) 0

γ̇ψ (ξ) κ (ξ) 0 ψ2 (ξ) + γ̇2κ2 (ξ)


 , (22)

Q(t) = 2q

t∫

0

dξ




φ2 (ξ) 0 γ̇φ (ξ) λ (ξ)
0 φ2 (ξ) 0

γ̇φ (ξ) λ (ξ) 0 φ2 (ξ) + γ̇2λ2 (ξ)


 , (23)
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R(t) = 2q

t∫

0

dξ




ψ (ξ)φ (ξ) 0 γ̇ψ (ξ)λ (ξ)
0 ψ (ξ) φ (ξ) 0

γ̇φ (ξ) κ (ξ) 0 ψ (ξ)φ (ξ) + γ̇2κ (ξ) λ (ξ)


 . (24)

In the last two equations functionsφ andλ, have been defined asφ = dψ/dt andλ = dκ/dt, respectively.
Finally, by replacing Eq. (21) into Eq. (18), and calculating the integral over the space of the auxiliary vectors~ρ and~σ, we

arrive at

W
(

~R, ~S; t
)

d~R d~S =
exp

{
− 1

2

(
~R T, ~S T

) ·H−1 (t) ·
(

~R
~S

)}

(2π)3 (detH (t))1/2
d~R d~S, (25)

whereH (t) is a6 × 6 symmetric matrix defined by the par-
tition

H (t) =
(

P (t) R (t)
RT (t) Q (t)

)
. (26)

As it is usual, in the previous expressionH−1 (t) and
detH (t) denote the inverse and determinant ofH (t), re-
spectively.

Equations (22)-(26) contain all the effects produced by
the nonequilibrium bath on the statistical properties of the
harmonically bound BP. They show that the PDF for this par-
ticle is a Gaussian, as in the equilibrium case, but anisotropic
due to the presence of the external shear. The effects of the
imposed flow on the distributionW can be analyzed by con-
sidering the explicit form acquired by this function in the im-
portant limit of large times,t À β−1, whereW becomes
stationary. In particular, by considering the stationary limit
of the matricesP, R and Q, and integrating over the co-
ordinates{X1, X2, X3, U2}, we obtain the reduced proba-
bility of observing the velocitiesU1 and U3 in the ranges
(U1, U1 + dU1) and(U3, U3 + dU3), respectively, which ex-
plicitly reads

W (U1, U3) dU1dU3 =
M

2πkBT
√

1 + γ̇2/2ω2

× exp
{
− M

2kBT

[
U2

1 +
U2

3

1 + γ̇2/2ω2

]}
dU1dU3. (27)

This result shows that the net effect of the external shear
on the distribution of velocities of the BP consists in extend-
ing it along the direction of the imposed flow, while in the
direction of the velocity gradient the distribution is not mod-
ified and remains the Maxwell function of equilibrium.

2.3. Correlation Functions

The effects of the velocity gradient of the solvent on the dy-
namics of the BP can be also analyzed in terms of the two-
time correlation functions of the variables~X and~U . Since no
numerical neither experimental measurements of correlation
functions of the type〈〈Ui (t′)Uj (t)〉〉 have been reported in
the literature, our interest will be focused in the calculation of
these quantities, where double brackets will be used to indi-
cate the average over both fluctuations and initial conditions.
It can be readily seen from Eqs. (6)-(9) that the desired cor-
relations will have the general form

〈〈Ui (t′) Uj (t)〉〉 = 〈〈Ui (t′) Uj (t)〉〉eq

+ 〈〈Ui (t′) Uj (t)〉〉neq, (28)

where the superscripts eq and neq represent, respectively,
those contributions independent of the external velocity gra-
dient, and those induced exclusively by the nonequilibrium
state of the solvent and explicitly depending onγ̇.

The correlation functions defined in the previous equation
will be calculated over an ensemble of BPs that have been
allowed to evolve in the nonequilibrium thermal bath for a
sufficient long time in such a way that the initial conditions
X0,i andU0,i appearing in Eqs. (7)-(9) can be assumed to
be sampled from the nonequilibrium PDF in the asymptotic
limit. Thus, in calculating the correlation functions the ele-
ments of the following dyad matrix containing the averages
of products of initial coordinates will be used

(〈〈 ~X0
~X0〉〉 〈〈 ~X0

~U0〉〉
〈〈~U0

~X0〉〉 〈〈~U0
~U0〉〉

)
=

∫
d ~X

∫
d~U W

(
~X, ~U

) (
~X ~X ~X ~U
~U ~X ~U ~U

)

=
kBT

k




1 0 γ̇β
2ω2 0 0 γ̇

2
0 1 0 0 0 0
γ̇β
2ω2 0

[
1 + γ̇2 ω2+β2

2ω4

]
− γ̇

2 0 0

0 0 − γ̇
2 ω2 0 0

0 0 0 0 ω2 0
γ̇
2 0 0 0 0 ω2

(
1 + γ̇2

ω2

)




. (29)

Rev. Mex. Fis.61 (2015) 1–13
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A direct but rather long algebraic procedure consisting in evaluating the formal solution of the Langevin equation, Eqs. (6)-
(9), at two different timest′ andt, with t′ > t, multiplying the results and calculating the average over the initial conditions and
stochastic forces, with the help of Eqs. (14) and (29), yields the expressions presented below for the elements of the correlation
matrix.

As they should, the equilibrium contributions are stationary,i.e. they depend only on the time differenceτ = t′ − t, and
have the classical form [33]

〈〈Ui (t′) Uj (t)〉〉eq =
kBT

M (µ1 − µ2)
[µ1e

µ1τ − µ2e
µ2τ ] δij . (30)

On the other hand, it can be noticed from Eqs. (7)-(9) that the only non vanishing nonequilibrium elements of the correlation
matrix are〈〈U1 (t′) U3 (t)〉〉neq, 〈〈U3 (t′) U1 (t)〉〉neqand〈〈U3 (t′) U3 (t)〉〉neq. They are found to be stationary as the equilibrium
contributions, and to have the following explicit form

〈〈U1 (t′)U3 (t)〉〉neq = − kBT

2M (µ1 − µ2)
γ̇ (eµ1τ − eµ2τ ) , (31)

〈〈U3 (t′) U1 (t)〉〉neq =
kBT

2M (µ1 − µ2)
γ̇

{[
1 + 2

(
µ1 + µ2

µ1 − µ2

)2

− 2µ1τ
µ1 + µ2

µ1 − µ2

]
eµ1τ

−
[
1 + 2

(
µ1 + µ2

µ1 − µ2

)2

− 2µ2τ
µ1 + µ2

µ2 − µ1

]
eµ2τ

}
, (32)

and

〈〈U3 (t′) U3 (t)〉〉neq =
kBT

M

γ̇2

2 (µ1 − µ2)
3

[
−µ2

1 (3− µ1τ) + µ2
2 (1 + µ1τ)

µ1
eµ1τ

+
µ2

2 (3− µ2τ) + µ2
1 (1 + µ2τ)

µ2
eµ2τ

]
, (33)

respectively.

Equations (31)-(33) summarize some of the main con-
clusions of the present work. They show thatγ̇ breaks the
spatial symmetry of the dynamics of the Brownian oscil-
lator by inducing a clear difference in its correlation func-
tions in the directions of shear,̂e3, and of increasing ve-
locity, ê1. Accordingly, the autocorrelation function in the
shear direction becomes higher than the corresponding cor-
relation in the direction of the velocity gradient by the term
proportional toγ̇2 given by Eq. (33). More strikingly, cross-
correlations along these directions, which vanish in Brownian
motion in a fluid at rest, become visible in the nonequilibrium
case and one another exhibit a completely different time de-
pendence, namely while〈〈U1 (t′)U3 (t)〉〉neq decreases ini-
tially from zero as function ofτ , 〈〈U3 (t′) U1 (t)〉〉neq in-
creases, and both correlations eventually decay asymptoti-
cally. Furthermore, it can be observed from Eqs. (31) and
(32) that cross correlations are time-irreversible, i.e. that
〈〈U1 (t + τ)U3 (t)〉〉neq 6= 〈〈U3 (t + τ) U1 (t)〉〉neq, and con-
sequently,̇γ is found to break also the time-reversibility in the
dynamics of the harmonic BP. These features will be further
analyzed in Sec. 4., where we will show that the nonequi-
librium induced effects can be significant,i.e. of the same
order of magnitude of the equilibrium correlations, and can
be actually seen in numerical experiments.

The behavior of the nonequilibrium correlations described in
the preceding paragraph is similar to the one derived in pre-
vious models for correlations of free BPs moving in a plane
Couette flow [7], and guided by harmonic traps in a sheared
fluid [23]. However, one fundamental difference can be ob-
served to exist between our results and those reported previ-
ously, namely, that our nonequilibrium correlation functions
are stationary while they have been claimed to be non station-
ary in the previous references. The source of this discrepancy
is that in Refs. 7 and 23 initial conditions have been assumed
to be sampled from the canonical equilibrium distribution,
while here we have used the proper nonequilibrium PDF in
the asymptotic limit to perform the average over initial condi-
tions, Eq. (29). By following this procedure we observe that
all the non stationary contributions to the correlation func-
tions cancel each other exactly and vanish.

Finally, in order to conclude the present section we would
like to notice that the diagonal elements of the matrix in
Eq. (29), are directly related with the average potential and
kinetic energies of the harmonically bound BP. Consequently,
Eq. (29) indicates that one additional effect of the imposed
flow on the dynamics of the trapped BP consists in modifying
its total energy, an effect that can be described in terms of an
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effective nonequilibrium temperature increasing asγ̇2 [36],
and showing that the net effect of the external shear flow is
to increase the strength of the random thermal motion of the
harmonic BP.

3. Simulation Method

3.1. Hybrid MD-MPC Algorithm

We performed numerical experiments in order to observe
the effects produced by the externally imposed shear on the
dynamics of the harmonically bound BP. As it was previ-
ously mentioned in Sec. 1, our implementation consisted of
a hybrid technique combining MD and MPC. We consid-
eredN fluid particles of massm, and a single BP of mass
M , moving in a cubic simulation box of volumeL3. Sol-
vent particles were assumed to be point particles and in or-
der to achieve their coupling with the BP an explicit interac-
tion force was introduced. This force was derived from the
Weeks-Chandler-Andersen (WCA) potential [37]

Φ=

{
4ε

[(
σ

|~xi−~x|
)12−

(
σ

|~xi−~x|
)6

+ 1
4

]
, if |~xi−~x| ≤ 2

1
6 σ

0, otherwise
(34)

whereε is the interaction strength,σ the effective diameter
of the interaction, and~xi and~x the position vectors of theith
fluid particle and the BP, respectively.

In hybrid MD-MPC simulations the system evolves in
time in a succession of propagation and collision steps. While
propagation steps are carried out at short time intervals of
size∆tMD , collision steps take place only at regular, larger
periods of time of size∆t > ∆tMD . In a propagation step,
the positions and velocities of all the particles in the system
are updated by integrating the Newton’s equations of motion
through a MD scheme over the time-step∆tMD . In our sim-
ulations we achieved the coupling between MD and MPC by
applying the velocity-Verlet propagation algorithm [24]. Ac-
cordingly, for fluid particles we used the rules [24]

~xi (t + ∆tMD) = ~xi (t)

+ ∆tMD~ui (t) +
(∆tMD)2

2m
~fi (t) , (35)

and

~ui (t + ∆tMD) = ~ui (t)

+
∆tMD

2m

[
~fi (t + ∆tMD) + ~fi (t)

]
, (36)

wherei = 1, 2, . . . , N ; ~ui is the velocity of thei-th particle
and ~fi is the total force exerted on it, produced only by the
WCA potential given by Eq. (34).

Analogously, the position and velocity vectors of the BP
were integrated by

~x (t + ∆tMD) = ~x (t) + ∆tMD~u (t) +
(∆tMD)2

2M
~f (t) , (37)

and

~u (t + ∆tMD) = ~u (t)

+
∆tMD

2M

[
~f (t + ∆tMD) + ~f (t)

]
, (38)

respectively, where~f is the total force acting on the BP,i.e.
the sum of the contribution arising from its interaction with
the solvent particles, as stated by Eq. (34), and the external
harmonic force~F .

The dynamics of the solvent was simulated in a coarse-
grained manner by avoiding the use of direct interactions be-
tween particles of the fluid but incorporating the characteris-
tic collision step of MPC. Specifically, we implemented the
original collision rule for MPC, known as Stochastic Rotation
Dynamics (SRD) [27,38,39]. Accordingly, at the regular pe-
riods of time of size∆t, the simulation box was subdivided
into smaller cells of volumea3. The observed number of par-
ticles varied from cell to cell, although the average number
of particles per cell,n0, was fixed throughout the simulation.
The center of mass velocity was then calculated for every cell
and the particles located within the same cell were forced to
perform a fictitious collision by changing their velocities ac-
cording to

~u ′i (t) = ~ucm (t) + R (α; ê (t)) · [~ui (t)− ~ucm (t)] . (39)

In the previous expression~ucm represents the center of
mass velocity of the cell where theith particle is located and
R (α; ê (t)) is a stochastic rotation matrix. Indeed,R rotates
the velocities by a fixed angleα around the axiŝe, which
was chosen at random for each collision cell by selecting a
point on the surface of a sphere from a uniform probability
distribution.

We applied a homogeneous displacement of the MPC
cells by a vector with random components uniformly dis-
tributed in between−a/2 anda/2, before the collision took
place, in order to guarantee the Galilean invariance of the
method as it was noticed firstly by Ihle and Kroll [40,41].

In Fig. 1 we present a schematic illustration of the
simulated system, where the three Cartesian directions are
shown. For this reference frame we used periodic bound-
ary conditions along thex2 and x3 directions, and Lees-
Edwards boundary conditions (LEBC) [42] along thex1-
direction in order to drive the system to a nonequilibrium
state characterized by a stable linear velocity profile. Thus,
if a particle was observed to leave the simulation box at
the point (−L/2, xi,2, xi,3), it was replaced by a parti-
cle with coordinates(L/2, xi,2, xi,3 + γ̇tL/2) and velocity
(ui,1, ui,2, ui,3 + γ̇L/2); while every particle that moved
out of the box at(L/2, xi,2, xi,3) was substituted by an-
other particle at(−L/2, xi,2, xi,3 − γ̇Lt/2) with velocity
(ui,1, ui,2, ui,3 − γ̇L/2). The application of these bound-
ary driven conditions allowed for simulating a planar Couette
flow in the system of the form~v (~r) = ~v (0) + Z · ~r, with Z
given by Eq. (1) and~v (0) = −γ̇L/2. This velocity profile is
also shown schematically in Fig. 1.
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8 J. FERŃANDEZ AND H. HÍJAR

FIGURE 1.(Color online) Schematic illustration of the simulated
system. The BP is represented by a big blue sphere, while solvent
particles are represented by small red spheres. The application of
LEBC, as it is described in the text, establishes the planar Couette
flow represented by the red arrows. The harmonic force on the BP,
~F , is directed towards the center of the simulation box.

It should be remarked that viscous heating is generated in
MPC fluids when a plane Couette flow is established by the
application of LEBC, and it is necessary to apply a thermo-
stating procedure to prevent this effect and to achieve a true
thermodynamic stationary state [28, 43–45]. Diverse ther-
mostatting procedures exist in literature which can be used
to keep the temperature of MPC systems fluctuating around
an average value [38]. The effects of these thermostats on the
thermodynamic and transport properties of MPC fluids have
been discussed recently [38, 46, 47]. Here we incorporated
into our algorithm one of the simplest thermostatting imple-
mentations in which the temperature is fixed at the local level
by rescaling the velocities of the particles located within the
same cell. Thus, velocities were changed after each collision
step according to

~u ′i (t) = ~ucm (t) +
T ′ (t)

T
[~ui (t)− ~ucm (t)] . (40)

In Eq. (40),T is the fixed temperature of the thermostat
andT ′ (t) is the current temperature of the cell,i.e.

T ′ (t) =
1

3 [n (t)− 1] kB

n(t)∑

j=1

mj [~uj (t)− ~ucm (t)]2 , (41)

where the summation extends over the particles contained in
the cell at timet, n (t).

It can be noticed that due to the application of the external
harmonic force there exists a momentum transfer from the BP
to the solvent. Although this amount of transferred momen-
tum would be expected to average zero for long-lasting simu-
lations and to be negligible for sufficiently large systems, for

short-time simulations and finite systems it might induce a
net flow of the solvent that will eventually perturb the dynam-
ics of the BP. In a first approach we decided to implement a
momentum reset step with the purpose of reducing this effect.
This situation is similar to the one discussed in Refs. 23 and
43 where procedures for sustaining a zero net momentum in
MPC simulations supplemented with LEBC have been intro-
duced. Once again, we chose the simplest scheme in which
a uniform velocity shift of the solvent particles was produced
according to

~u ′i (t) = ~ui (t) +
~p ′ (t)− ~p

mN
, (42)

where~p ′ (t) and~p are the total momentum of the solvent at
time t and at the beginning of the simulation, respectively.
This velocity shift was incorporated after the application of
the thermostatting step.

We performed our simulations according to the following
general schedule. Initially, particles were placed in the sim-
ulation box at random positions and with random velocities
obtained from uniform distributions. Overlapping between
the fluid particles and the BP was avoided, the total momen-
tum of the system was fixed to zero, and its total energy was
fixed to the value of the equipartition law at the temperature
of the thermostat. Then, the hybrid MD-MPC algorithm was
applied over a sufficiently large time period in order to guar-
antee that the proper distribution of velocities and hydrody-
namic fields were established. At this thermalization stage
there was no restoring force acting on the BP. Finally, this
force was applied according to Eq. (3) with~r0 fixed at the
center of the simulation box, as it is schematically shown
in Fig. 1. The position and velocity vectors of the BP were
stored as functions of the simulation time in order to calculate
subsequently their statistical properties.

The specific implemented numerical setups and the re-
sults obtained from them will be presented in the subsequent
sections, where we will use simulation units rather than phys-
ical units.

3.2. Simulation Parameters

In the present work we decided to use the quantitiesm, T , a,
∆t, α, andn0 as the independent parameters of the MPC
method [25, 39]. Specifically, they were chosen to be, in
simulation units,m = 1, kBT = 1, a = 1, α = 135◦,
∆t = 0.1 andn0 = 3. These values were selected with the
purpose of tuning the properties of the MPC fluid in a regime
where collisional effects dominate over propagation or kine-
matic effects. More precisely, for these parameters the colli-
sional dynamics contributes to the kinematic viscosity of the
MPC fluid with a termνcol = 0.648, while the contribution
of the propagation dynamics is onlyνkin = 0.085, as it can
be verified from the analytical expressions obtained for these
quantities in the SRD scheme in Refs. 40, 41, 48 and 49. On
the other hand, MD parameters were fixed atε = 2.5 kBT ,
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FIGURE 2. (Color online) Probability distribution function for the velocitiesU1 andU3 of the harmonically bound BP coupled to a nonequi-
librium fluid with velocity gradientγ̇ = 0.1, in the case of critically damped dynamics. Casesa andb were obtained analytically from
Eq. (27), while casesc andd were obtained independently from the simulation method combining MD and MPC described in Sec. 3.

σ = 2a, ∆tMD = ∆t/200, andM = 200 m. Finally, the size
of the simulation box was fixed atL = 20 a.

It should be remarked that this selection of parameters is
identical to one used in Ref. 23 for the simulation of track-
ing control of colloidal particles. There it was discussed that
no instabilities are expected for the MD algorithm and that
the Brownian dynamics is expected to behave close to the
Markovian description [27]. Moreover, the effective friction
coefficient for the BP was also calculated for this numerical
setup and it was found to be within the rangeγ = 48.9±1.6.

We kept the previous parameters fixed and considered
two implementations in which the force constant,k, took val-
ues selected to reproduce the dynamics of the bound BP in the
critically damped and under damped regimes. Respectively,
these values werek = 2.9928 ' γ2/4M andk = 4.0.

4. Results

We shall present now the results obtained from the numeri-
cal method described in Sec. 3. and compare them with the
analytical predictions of the model based on Langevin dy-
namics introduced in Sec. 2.. We will present our results in
two subsections, the first one describing the comparison be-
tween the analytical and numerical nonequilibrium distribu-
tion functions, and the second one describing the behavior of
the correlation functions of the harmonically bound BP.

4.1. Nonequilibrium Probability Distribution Functions

We performed numerical experiments for harmonic Brown-
ian motion in fluids under plane Couette flows with five dif-
ferent values of the velocity gradient. In numerical units these
values were chosen to beγ̇ = 0 (equilibrium), 0.01, 0.025,
0.05 and0.1. Notice that for these values ofγ̇, the Stokes
numberS = γ̇/β, characterizing the deviation from equi-
librium in terms of the BP’s dynamics [7, 23], takes a max-
imum value ofS = 0.4, which is one order of magnitude
smaller than those considered in the study of Brownian mo-
tion in shear flow in the absence of harmonic constraints [7].
However, we will show that the nonequilibrium effects of the
external flow can be significant even for such small values
of S.

As it was mentioned before, we carried out the simula-
tions for nonequilibrium stochastic harmonic oscillators in
the regimes of critically-damped (k = 2.9928) and under
damped (k = 4.0) dynamics. Thus, we performed a total
of ten simulation experiments. Due to limitations in the com-
putational resources available for the present research, our
simulations were executed by allowing systems to thermalize
in 2 × 106 steps of the MD-MPC algorithm, and extending
further over5× 107 steps used to generate a time series were
the values taken by~U at regular time intervals of size25∆tMD
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10 J. FERŃANDEZ AND H. HÍJAR

FIGURE 3. (Color online) The same as in Fig. 2 for the PDF of the velocity componentsU1 andU3 of the harmonically bound BP, in the
case of under damped dynamics.

were stored. The time series was used to estimate the corre-
sponding nonequilibrium PDFs and correlation functions. It
should be stressed that from these time series we eliminated
the first4×104 data in order avoid introducing into the calcu-
lations values corresponding to the first stages of the applica-
tion of the harmonic force. The nonequilibrium velocity PDF,
W (U1, U3), obtained in numerical experiments for the case
γ̇ = 0.1, is compared in Figs. 2 and 3 with their analytical
counterparts as expressed by Eq. (27). Figure 2 corresponds
to the critically-damped case, while Fig. 3 corresponds to un-
der damped dynamics. First, it can be noticed that the ana-
lytical and numerical distributions are very similar and that
a very good agreement between these two independent ap-
proaches is obtained. These figures illustrate that the effect
of the imposed shear onW (U1, U3) consists in spreading it
over the direction of flow, as predicted in Sec. 2.

4.2. Velocity Correlation Functions

We also carried out the measurement of the two-time correla-
tion functions〈〈Ui (t′) Uj (t)〉〉, analytically derived through
Eqs. (28)-(33) in Sec. 2.3.

Numerically, we calculated the correlations by using the
time series of values of the velocity vector~U recorded during
the experimental stage. In order to reduce the computational
time used in the calculation of these functions, the complete
series for each experiment was divided in60 shorter series of
equal length, extending over a period of50 times the char-
acteristic relaxation time(β/2)−1. The correlation functions

were estimated for each one of these shorter series according
to the usual formula

〈〈Ui (t + τ) Uj (t)〉〉 ' 1
Nτ

Nτ∑
ν=1

Ui (tν + τ) Uj (tν) , (43)

where the indexν runs over the recorded values of the cut
time series, andNτ is the total data available to perform the
average corresponding to a time differenceτ . Finally, the cor-
relations obtained for all the short time series were averaged
to give the final numerical estimation of〈〈Ui (t′)Uj (t)〉〉.
We applied this procedure to the ten time series correspond-
ing to the five different values of the simulated velocity gra-
dients and to the two restoring coefficients.

With the purpose of simplifying the subsequent compar-
ison between the numerical and analytical results, we will
introduce the notationYij for correlations normalized with
respect to their maximum value at equilibrium. In the an-
alytical case the normalized functions are simply given by
Yij = M〈〈Ui (t + τ)Uj (t)〉〉/kBT , while in the numerical
case the normalization is performed by dividing with respect
to the maximum value obtained experimentally for the corre-
lation 〈〈U1 (t + τ) U1 (t)〉〉. We will also introduce the nota-
tion Y eq

ij andY neq
ij , to represent, respectively, the equilibrium

and nonequilibrium contributions of the normalized correla-
tions, withYij = Y eq

ij + Y neq
ij . Timest′ and t will be also

normalized with respect to the relaxation time(β/2)−1, and
we will introduce the symbol̄τ to represent the dimensionless
time differencēτ = τβ/2 = (t′ − t) β/2.
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FIGURE 4. (Color online) Normalized correlationsY13, Y31 andY33 as function of the normalized time difference,τ̄ , for a BP confined
in a harmonic trap in sheared flows with different velocity gradients,γ̇. Curves in casesa andb have been obtained from Eqs. (28)-(33);
while curves in casesc andd, were calculated from independent numerical experiments based on MD and MPC. The specific simulation
parameters correspond to a harmonic Brownian oscillator in the critically-damped case.

FIGURE 5. (Color online) The same as in Fig. 4 for a BP confined in a harmonic trap in the under damped regime.
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12 J. FERŃANDEZ AND H. HÍJAR

We performed then the calculation of the correlation
functionsY13 (τ̄), Y31 (τ̄) andY33 (τ̄) in the nonequilibrium
situations. We illustrate our results for the case of critically-
damped harmonic Brownian motion in Fig. 4, and of un-
der damped harmonic Brownian motion in Fig. 5, where
the experimental and analytical correlation functions are di-
rectly compared. It can be observed once again that there is
a very good agreement between these two independent ap-
proaches, and that correlations obtained from simulations ex-
hibit precisely the behavior expected from the model based
on Langevin dynamics. Specifically, the height ofY33 is
observed to increase as function ofγ̇, while the cross-
correlation functionsY13 andY31 vanish in the equilibrium
case and emerge with a clearly different time dependence
whenγ̇ 6= 0.

Curves presented in Figs. 4 and 5 show that the effects of
the external shear on the correlation functions of the harmon-
ically trapped BP can be significant even for small deviations
from equilibrium. More precisely, it can be observed in those
figures that a numerical velocity gradient with magnitude
γ̇ = 0.1, corresponding to a Stokes numberS = 0.4, pro-
duces a nonequilibrium contributionY neq

33 which has a mag-
nitude about30% of the equilibrium termY eq

33 . In addition,
for the same value of the Stokes number,Y13 (τ̄) reaches a
maximum height whose magnitude represents about16% of
the maximum value of the equilibrium correlationY eq

33 , while
for the cross-correlationY31 (τ̄) this percentage is about35%.

These observations and those presented in Sec. 4.1 con-
firm the existence of the nonequilibrium effects induced by
the coupling of the Brownian dynamics with the sheared bath.
We conclude that the Langevin model from which these ef-
fects were derived is satisfactory within the range of the nu-
merical parameters used in the present work.

It must be finally stressed that although the very good cor-
respondence exhibited by the analytical and numerical curves
in Figs. 4 and 5, a small difference between them can be ob-
served consisting in that the numerical correlations extend in
time over slightly longer periods than the theoretical corre-
lations. The reason for this difference is that in the simula-
tion method used in the present study, hydrodynamic corre-
lations and compressibility effects are naturally incorporated
via the application of the MPC algorithm [25, 26]. These ef-
fects are well known to produce a broadening of the corre-
lation functions in the form of long-time tails [50–53], and
can not be correctly obtained from the Langevin model pre-
sented here. An extension of the present analysis is under
current research [36], in which compressibility and hydrody-
namic effects on the dynamics of the harmonically bound BP
in a shear flow are considered.

5. Conclusions

We have studied the Brownian motion of a particle confined
in a harmonic trap and a nonequilibrium environment sub-
jected to a uniform shear. For this purpose we have consid-
ered a Langevin model supplemented with the Faxén theorem

for describing the drag force on the particle and with the as-
sumption that the stochastic forces have the same statistical
properties than those observed in a bath in thermodynamic
equilibrium, i.e. that stochastic forces follow a Markov-
Gaussian process characterized by the classical Fluctuation-
Dissipation relation. Based on this model, we have derived a
formal expression for the PDF for observing the BP around
a given point in its associated phase-space. This PDF turned
out to be a Gaussian but, contrary to the case of harmonic
Brownian motion in a fluid at rest, it exhibits anisotropic con-
tributions increasing with the magnitude of the externally im-
posed shear. We have studied this effect in detail in the sta-
tionary limit, and shown that it could be significant even for
small values of the Stokes number characterizing the devia-
tions from equilibrium.

We have also used the Langevin model to calculate the ef-
fects that the external shear produces on the time-dependent
correlation functions of the velocity of the confined BP. We
have shown that the nonequilibrium bath causes an increment
of the autocorrelation function along the direction of the ex-
ternal flow. Moreover, the imposed nonequilibrium state cou-
ples the components of the BP’s velocity along the directions
of the external shear and of the external velocity gradient.
This coupling was found to increase linearly with the strength
of the velocity gradient and to be non symmetric and time-
irreversible.

In the second part of this work we have used a numeri-
cal method based on MD and MPC to simulate the motion of
the harmonically confined BP in plane Couette flows with
velocity gradients of diverse magnitude. This allowed us
to measure from numerical experiments the nonequilibrium
PDFs and correlation functions derived independently from
the Langevin model. The numerical results were found to
show the behavior predicted by the model, thus suggesting
that this is good enough to describe the stochastic dynam-
ics of the harmonically bound BP within the range of the
selected simulation parameters. More importantly, the nu-
merical results confirm the existence of the nonequilibrium
coupling mechanism which breaks the spatial symmetry and
time-reversibility of its dynamics.

The slight quantitative differences found between the an-
alytical and the numerical results could be attributed to the
incompleteness of the theoretical description, which is unable
to describe the effects of compressibility and hydrodynamic
correlations on the motion of the BP, while those are naturally
incorporated by the used simulation technique.

It must be also stressed that our basic assumption con-
cerning the independence of the stochastic forces on the ex-
ternal imposed shear, is not strictly correct [3, 22], and it
could be interesting to consider the solution of the present
problem from an alternative method,e.g. Mesoscopic
Nonequilibrium Thermodynamics which would allow us to
obtain a Fokker-Planck equation with corrections to the dif-
fusion tensor, and to check whether they improve the agree-
ment with the present numerical results.
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