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1.  Abstract

The probability of assigning spatial resources in a wireless
communication network using space division multiple access
is addressed in this paper. The proposed formulation is based
on the knowledge of the cumulative distribution function of
the signal to interference plus noise ratio from which the spatial
allocation probability is easily derived. From the obtained
expression different cases are presented and discussed.

2. Resumen (Una formulación semianalítica para la
asignación del canal espacial en el acceso múltiple por
división de espacio)

El problema de determinar la probabilidad de asignar
espacialmente un recurso de tráfico en una red de
comunicaciones inalámbricas que usa acceso múltiple por
división de espacio se trata en este artículo. La formulación
propuesta se basa en la suposición que se conoce la función
de distribución acumulada de la relación señal a interferencia
más ruido, a partir de la cual fácilmente se puede derivar la
probabilidad de asignación espacial. A partir de la expresión
obtenida, se presentan y discuten diferentes casos.

Palabras clave: acceso múltiple por división de espacio, redes
inalámbricas, antenas inteligentes, asignación de canales.

3. Introduction

An interesting application of smart antennas is Space Division
Multiple Access (SDMA), whose principle states the
possibility of reuse a specific traffic resource (like frequency
bands or time slots) any number of times (let us say k) within
the same cell simultaneously. Thus, due to a multiple users
system will be dynamically changing, an efficient manner to
provide a spatial separation is using an adaptive antenna array,
which Compton defines as "that antenna that controls its
own pattern by means of feedback control, while the antenna
operates" [1].

It is important to point out that SDMA needs to perform
over an existing conventional multiple access technique like
frequency division multiple access (FDMA), time division
multiple access (TDMA) or code division multiple access
(CDMA). Physically, SDMA also requires an antenna array
and a digital signal processing stage (which both make up a
smart antenna) such that users can be identified and the
central server can assign a traffic channel (frequency bands,
time slots, codes or any combination of them) to a new user
requiring a resource. Different antenna array configurations
have been proposed, being the circular and linear array the
most popular [2]. Based on the antenna technology, several
algorithms developed to separate spatially users within the
same cell have been suggested and analyzed around the
world [3-5].

Irrespectively the antenna array configuration and algorithm
used to separate users, it is fundamental that users within a
system operating with SDMA (and therefore sharing spatially
the same resource) must keep an adequate quality given by
the signal to interference plus noise ratio (SINR). In general
terms, the SINR is a performance measure more convenient
than, for instance, the angular separation between users (as
intuitively one would thing). This is so because in a multipath
environment a minimum angular separation does not
necessarily guarantee independence in the spatial signatures
of the smart antenna [6]. Hence, a SINR threshold will be
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fundamental to determine the probability of successful spatial
channel allocation in SDMA.

Theoretical models to determine the blocking probability in
SDMA have been proposed in the literature [7-10]. In those
models it is assumed there exits a certain probability that a
spatial resource can be allocated, but neither of them
provides a closed-form solution for this probability. In
particular in [9], where the general case of any number k is
presented, the average probability of assigning a spatial
channel is provided via simulation. Nevertheless, the spatial
channel allocation probability seems to be related with the
modulation format, the number of elements of the antenna
array (let us say n), the spatial separation of users and the
level of spatial reuse i = 1,2, …, k. This paper presents a
semi-analytical formulation to determine this probability.

The formulation consists of two parts:  Monte Carlo runs to
obtain both the average SINR and the SINR histogram, and
an analytical approach to the SINR statistics. Based on the
proposed formulation, the impact of different values of is
analyzed. Thus, the paper is organized as follow: Section II
presents the problem statement of allocating and spatially
reusing a traffic channel in a SDMA system. The approach
of the SINR statistics is detailed in Section III. Based on
these two sections the formulation of spatial channel
allocation probability is derived in Section IV, where also
some examples are given for illustrating the use of the
proposed formulation. Finally the concluding remarks are
highlighted in Section V.

4. Development
4.1  Problem statement

In SDMA a spatial channel can be allocated provided that a

new user intending to get a traffic resource does not interfere
other in-progress calls. Thus, the spatial channel assignment
probability, P

s
,  will be equal to the probability that the SINR

is above an  SINR threshold (SINR
th
), i.e.,

              
)SINR(1

)SINRSINR(1
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where F(SINR
th
) represents the cumulative distribution

function (CDF) evaluated at SINR
th
. It is worth noting that

the SINR
th
 will be determined by the modulation format

used in a particular communication system. Now, from (1)
it is clear that the problem can be straightforwardly solved
once the CDF of the SINR is determined.

4.2 Approach of CDF of the SINR via simulation

The objective of the Monte Carlo runs is to obtain the
distribution (through the probability density function) of
the actual SINR in a specific scenario.  The environment
where the simulation was implemented consists of a circular
cell with two linear uniform arrays (LUA) of n = 6 equally
spaced elements each. A propagation exponent equal to 4
and a standard deviation of shadowing equal to 6 dB were
used. Thus, 10 000 Monte Carlo runs were performed whose
histograms are shown in Fig. 1 and 2 both taking SINR

th
 = 15

dB  as reference but with k = 2 and k = 3 respectively. The
Gamma and Weibull probability density functions (PDF) are
also shown in Figs. 1 and 2 for comparison purposes.

These analytical PDF's were considered with different shape
parameters (c > 0 for the Weibull PFD and m > 0 for the
Gamma PDF) and scale parameters (b > 0) [11]. Here, the
average SINR obtained from Monte Carlo simulations was
equaled to b for both theoretical PDF's. The shape parameters
of both theoretical PDF's depicted in Figs. 1 and 2 were
empirically adjusted. Thus, for instance, taking the Weibull
distribution, the CDF of the SINR is given by [11].

F(SINR
th
) = 1 − exp [ − (SINR

th)
c 

]        (2)

Fig.1. Histogram of linear SINR for k = 2, SINRth = 15 dB.
Probability density functions Gamma (m = 2) and Weibull

(c = 1.5) are shown for comparison purposes.

 b
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It is worth noting here, that the actual SINR over which the
average SINR was obtained, was determined from the
assumption that the optimum SINR weight vector is used to
separate users [3]. Thus,

       [ ]sRRs 1H )(log10SINR −+= nI                       (3)

where s represents the steering vector for the desired user, R
n

is the noise autocorrelation matrix (which was assumed to be
spatially white), R

I
  is the interference autocorrelation matrix,

(.)H is the conjugate transpose of a vector and ( )-1 is the inverse
of a matrix.

4.3 Spatial Channel Alloocation Probability

As previously expounded, the problem can be solved by
substituting (2) in (1). Hence, the spatial channel allocation
probability results as



















−=
c

s b
P thSINR

exp                           (4)

In other words, P
s
 is determined by the shape parameter and the

ratio between SINR
th.

 and the average SINR. It is important to
note that both b and c in (4) vary depending on the propagation
conditions, users separation, the level of channel reuse (i = 1,

…, k), the number of the elements of the antenna array and the
configuration of the array.  For instance, different calculated
probabilities P

s
 are shown in table 1 for two values of the antenna

array elements, and four levels of channel reuse. It is also shown
the corresponding values of b and c obtained from simulations.
As can be seen, the larger the number of the antenna array
elements, the larger the allocation probabilities for the same i.
On the other hand, lower values of P

s
 are obtained as i is increased.

This result is attributed to the greater interference levels caused
by the allowed channel reuse within cell.

5. Conclusions

 A semi-analytical solution to determine the spatial channel
allocation probability is presented in this paper. This
approach is based on the knowledge of the distribution of
the SINR, which was here approximated to two well known
theoretical functions, although different PDF’s could also be
used. In any case, a semi-analytical expression is provided
with which it is straightforward the computation of the spatial
channel allocation probability needed to calculate the
blocking probability in SDMA networks.
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