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Automatic spline-smoothing approach applied to denoise 
Moroccan resistivity data phosphate deposit “disturbances” 

map 
 

Lissage automatique par spline fonction applique  au “debruitage” de la 
carte des resistivites des “derangements” des phosphates Marocains 

Saad Bakkali1  y  Lahcen Bahi2 

ABSTRACT 
This paper focuses on presenting a method which is able to filter out noise and suppress outliers of sampled real 
functions under fairly general conditions. The automatic optimal spline-smoothing approach automatically determi-
nes how a cubic spline should be adjusted in a least-squares optimal sense from an a priori selection of the number 
of points defining an adjusting spline, but not their location on that curve. The method is fast and easily allowed for 
selecting several knots, thereby adding desirable flexibility to the procedure. As an illustration, we apply the AOSSA 
method to Moroccan resistivity data phosphate deposit “disturbances” map. The AOSSA smoothing method is an e-
fficient tool in interpreting geophysical potential field data which is particularly suitable in denoising, filtering and a-
nalysing resistivity data singularities. The AOSSA smoothing and filtering approach was found to be consistently use-
ful when applied to modeling surface phosphate “disturbances.”. 

Keywords: smoothing, automatic, spline, resistivity, Schlumberger, phosphate, Morocco.  
 
RÉSUMÉ 
Dans le présent travail, nous présentons une nouvelle méthode de “débruitage” et de filtrage utilisant des fonctions 
analytiques échantillonnées. A partir d’un échantillon de points d’ajustement de la fonction spline utilisée, la métho-
de dite «Automatic Optimal Spline Smoothing Approach » ou AOSSA permet de déterminer automatiquement 
l’ajustement par fonction spline d’ordre 3 au sens des moindres carrés, sans pour autant connaître la localisation 
des points de l’échantillon sur la courbe. Cette  méthode rapide permet facilement de choisir différents points de 
lissage avec une certaine flexibilité de la procédure. En guise d’illustration nous avons appliqué la méthode AOSSA 
à la carte des données d’anomalies de résistivités correspondantes aux « dérangements » des phosphates maro-
cains. La méthode de lissage et de filtrage AOSSA s’est avérée être un outil potentiellement efficace pour l’optimi-
sation des surfaces correspondantes aux zones des « dérangements » des phosphates marocains. 

Mots clés: résistivité, spline, optimal, lissage, phosphate, « dérangement », Maroc. 
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Introduction 

Experimental geosciences often require a set of measured da-
ta to be represented in the form of a smooth curve from 
which desirable parameters or attributes are to be extracted. 
Sharpening and edge-enhancement filters are thus often a-
pplied to geophysical data which has been collected with 
uneven sample spacing. The first step in any processing of 
such geophysical data is therefore the “cleaning up” of noise 
in a way that preserves the signal’s sharp variations. The 
literature contains several methods which try to filter and/or 
smooth data (Dierckx, 1993; Berghaus, 2001). The natural 

question lies in how we should choose the “interpolating 
points” from the data so as to construct the desired smoo-
thing function. These points are normally extracted from the 
data in a regular fashion or are manually selected. The auto-
matic optimal spline-smoothing approach (AOSSA) repre-
sents an alternative methodology to the usual gridding/digital 
filtering processing pathway (Koo, 1997; Lee, 1999, 2000, 
2002) whose recent developments have fascinated the scien-
tific, engineering and mathematics community with its versa-
tile applicability. The AOSSA method optimally selecting 
points to define a cubic spline which best represents the data 
in the least-squares sense is proposed and applied to a Moro-
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ccan resistivity data phosphate deposit “disturbances” map. 
The AOSSA is constructed to optimise some property regar-
ding the resistivity anomalous phosphate map such as smoo-
thness. This paper proposes optimising the responses of the 
filtered Moroccan resistivity data phosphate deposit “dis-
turbances” map. AOSSA has thus become a powerful signal 
and image processing tool used for filtering geophysical data.  

The geophysical context  

The resistivity map (Figure 1) obtained from a Moroccan sur-
vey was considered to be a map of discrete potentials on the 
free surface and any major singularity in apparent resistivity 
due to the presence of a perturbation would be due to cro-
ssing from a “normal” to a “perturbed” area or vice versa 
(Bakkali, 2005) (i.e. the apparent resistivity map has been 
considered to be a map of scalar potential differences assu-
med to be harmonic everywhere except on the disturbed a-
reas). Interpreting resistivity anomalies consisted of extracting 
information regarding the position and composition of a tar-
get mineral body in the ground. The targets were the inclu-
sions called perturbations or “disturbances” (Figure 2). An a-
nomaly’s amplitude was assumed to be proportional to the 
volume of a target body and to resistivity contrasting with the 
mother lode. If a body has the same resistivity as the mother 
lode then no anomaly would be detected (Bakkali, 2006). 
Thus it was assumed that resistivity anomalies would be re-
presentative of local density contrast between any distur-
bance and the mother lode. Level disturbance of the ano-
malous zones is proportional to resistivity intensity (Bakkali, 
2005, 2006) (Figure 3). 

 

Figure 1. Resistivity map of the Moroccan phosphate deposit “distur-
bances” map 

Resistivity data collected in a survey are often contaminated 
with white noise and artifacts coming from various sources. 
The presence of white noise in data resistivity distorts the 
characteristics of the geophysical signal, resulting in poor qua-
lity of any subsequent processing. The AOSSA method is a 
widely used technique which is applicable to smoothing geo-
physical map data. All that is needed is a criterion for sepa-

rating the noise component from the total signal, leaving one 
with the ‘true’ or smoothed data. 

 

Figure 2. Example of “disturbances” in the Moroccan phosphatic series 

The automatic optimal spline-smoothing 
approach (AOSSA) 

Formulation 

Consider noisy data ( ){ }MjRyx ii ,...,1, 2 =∈=Ω  to be the 

number of interpolating points and 
( ){ }NjXXRYX jjjj ,...,1,, 1

2 =≤∈=Γ −
 be the set of these 

points sought on the cubic spline. The N2 -variable must be 
solved to obtain the best set Γ  in the least-squares sense. 
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where s  is the cubic spline defined by Γ , iiL xX min≥  and 

iiN xX max≤ . The Gencan optimisation method was a-

pplied to resolve this problem (Birgin and Martínez, 2002) 
which is an active-set method for smooth box-constrained 
minimisation. The method combines an unconstrained me-
thod, including a line search which aims to add many cons-
traints to the working set at a single iteration by using a re-
cently introduced technique (spectral projected gradient) for 
dropping constraints from the working set. As usual, the opti-
misation process needs an initial approximation. We chose 
an initial set composed of N regularly sampled pairs in the 
originally given setΩ ; i.e. ( ) ( )iijj yxYX ,, = , with 

( )( ) ( )⎣ ⎦1/1.11 −−−+= NMji  for Nj ,...,1= where ⎣ ⎦p  

denotes the greatest integer less than or equal to p . No con-
sideration has been made regarding how to choose the 
numberN of interpolating points. The method is designed to 
automatically find, in the least-squares sense, the best cubic 
spline for the specified number N (Rupert et al., 2000). For a 
small number of points N  the obtained spline will not be 
able to represent more than the curve’s general trend (Rupert 
et al., 2002). For large values of N , the spline will tend to fit 
even the outliers. Since the method is fast, it is reasonable to 
estimate the cubic spline for several choices of N (Biloti et 
al., 2003; Wand, 2003). Such flexibility can be very useful 
for the user or interpreter in the sense that a number of inex-
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pensive trials can be implemented before a final decision is 
made regarding which level of smoothness is the best choice. 
This approach’s main advantage is that any related statistical 
information (either a priori from the experimental data recor-
ding conditions or a posteriori from the data’s noise content) 
is not used in the smoothing procedure. It is thus possible to 
‘oversmooth’ or ‘undersmooth’. Oversmoothing is almost 
certain to take place when the signal has a rather high fre-
quency content while undersmoothing occurs in the presen-
ce of ‘outliers’, i.e. points which are far out from the general 
pattern of neighbouring data points (Ngo et al., 2004). 

Figure 3. A map of disturbed phosphate zones corresponding to Figure 1 

Application 

The method is designed to handle datasets composed of 
samples of rather complicated real functions. It should be 
stressed that (by construction) the obtained function is natu-
rally smooth up to second-order derivative. The proposed 
method is applied to smooth resistivity data. Well data like 
resistivity data is generally very noisy, so it may be desirable 
to consider the parameters as being smooth functions. The 
AOSSA method efficiently handles and removes white noise. 
The AOSSA optimisation method represents resistivity data 
very well. The method is robust enough to provide good re-
sults even in the presence of discontinuities like the Moro-
ccan phosphate deposit “disturbances” related to this study. 

Methodology and procedure 

The resistivity database was compiled from 51 traverses ha-
ving 20 m spacing. There were 101 stations at 5 m distance 
for every traverse, making 5,151 stations altogether in the 
resistivity survey. The AOSSA problem was reduced to 
finding the spline curve to smooth and denoise the resistivity 
data. AOSSA filtered signal output was automatically calcu-
lated (AutoSignal, 2002) for each resistivity traverse (Figure 
4). A regular map representing the AOSSA model filtering 
and denoising map of the phosphate deposit “disturbances” 
was then constructed from all the results (Figure 3). The 
advantage of the AOSSA model filter is its ability to preserve 

higher moments in the resistivity data and thus reduce 
smoothing on peak heights. It is a powerful tool which is par-
ticularly suitable in denoising, filtering and analysing pro-
blems and potential singularities. Moreover this property is 
crucial for reconstructing the filtered geophysical signal co-
rresponding to the resistivity data anomaly map of the Moro-
ccan phosphate deposit “disturbances.”  

Results y conclusions 

Figure 5 represents an indicator of the “smoothed” level of 
variation regarding the contrast in density between the distur-

bances and normal phosphate-bearing 
rock. The AOSSA output maps corres-
ponding to surface modeling of resisti-
vity anomalies were obtainned by 
AutoSignal. This method enables sur-
face phosphate disturbed zones to be 
defined more efficiently. Moreover, 
the level of disturbance is very clearly 
shown.  

Using the AOSSA filtering method 
represents an effective filtering me-
thod, considerably attenuating the 
noise represented by minor dispersed 
and random “disturbances.” The ove-
rall effect is that of scanning and de-
noising anomalous bodies. Compared 

to classical approaches used in filtering and denoising 
geophysical data maps, the advantage of the AOSSA filtering 
method is that it does not introduce significant distortion into 
the shape of the original resistivity signal. The proposed 
AOSSA optimal smoothing and denoising method tends to 
give a real estimation of the surface of the phosphate deposit 
“disturbances” areas with significant noise suppression. The 
level disturbance resulting from such method is also more 
defined in all the disturbed areas compared to the other 
methods used (Bakkali et al., 2006; Bakkali, 2007); it is an 
automatic method for smoothing and outlier suppression of 
data sets consisting of sampled real function points. After an a 
priori selection of the number of knots, the procedure 
automatically finds the location of the interpolating points so 
that the resulting smoothing function is optimal in the least-
squares sense. As the method is fast, it allows the user to 
apply the procedure to different numbers of knots so as to 
choose the degree of smoothness best fitting the data. A 
particular feature of the method is its ability to adjust to 
abrupt discontinuities in data. The results revealed significant 
noise suppression and very good recovery of the resistivity 
anomalies signal. AOSSA is thus thought to be a good a-
pproach to geophysical anomaly filtering. This denoising 
resistivity data map technique was found to be consistently 
useful and the corresponding map may be used as an au-
xiliary tool for decision-making in field conditions 
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