
How to cite

Complete issue

More information about this article

Journal's webpage in redalyc.org

Scientific Information System Redalyc

Network of Scientific Journals from Latin America and the Caribbean, Spain and
Portugal

Project academic non-profit, developed under the open access initiative

Tecnura
ISSN: 0123-921X
ISSN: 2248-7638

Universidad Distrital Francisco José de Caldas

González Veloza, José John Fredy; Duitama Leal, Alejandro; Castillo
López, Luis Antonio; Gil Gómez, Javier Hernán; Esquivel, Rodrigo Elias

Seismic Inversion for the Calculation of Velocities Using the Generalized Inverse
Linear Matrix, the Wave Equation, and a Non-Reflective-Boundaries Condition

Tecnura, vol. 24, no. 66, 2020, October-December, pp. 13-26
Universidad Distrital Francisco José de Caldas

DOI: https://doi.org/10.14483/22487638.15995

Available in: https://www.redalyc.org/articulo.oa?id=257066152002

https://www.redalyc.org/comocitar.oa?id=257066152002
https://www.redalyc.org/fasciculo.oa?id=2570&numero=66152
https://www.redalyc.org/articulo.oa?id=257066152002
https://www.redalyc.org/revista.oa?id=2570
https://www.redalyc.org
https://www.redalyc.org/revista.oa?id=2570
https://www.redalyc.org/articulo.oa?id=257066152002


Tecnura • p-ISSN: 0123-921X • e-ISSN: 2248-7638 • Vol. 24 No. 66 • Octubre - Diciembre de 2020 • pp. 13-26
[ 13 ]

Seismic Inversion for the Calculation of Velocities Using the 
Generalized Inverse Linear Matrix, the Wave Equation, and 

a Non-Reflective-Boundaries Condition

Inversión sísmica para el cálculo de velocidades, usando la matriz lineal 
inversa generalizada, la ecuación de onda y fronteras no reflectivas

José John Fredy González Veloza1 , Alejandro Duitama Leal2 ,  
Luis Antonio Castillo López3 , Javier Hernán Gil Gómez4 , Rodrigo Elías Esquivel5

Fecha de recepción: 4 de Marzo de 2020	 Fecha de aceptación: 13 de Agosto de 2020

Cómo citar: González–Veloza., J.F. Duitama–Leal ., A. Castillo–López., L.A. Gil – Gómez., J.H. y Esquivel., R.E. (2020). 
Seismic Inversion for the Calculation of Velocities Using the Generalized Inverse Linear Matrix, the Wave Equation, 
and a Non-Reflective-Boundaries Condition. Tecnura, 24(66), 13-26. https://doi.org/10.14483/22487638.15995

1	 Magíster en Ciencias Geofísica, Físico. Investigador y docente, Universidad de Cundinamarca–Grupo de Investigación e Innovación en 
Modelación Matemática y Computacional GIIMMYC. Bogotá, Colombia. jjohnfredygonzalez@ucundinamarca.edu.co

2	 Magíster en Ciencias Geofísica, Físico. Investigador y docente, Universidad El Bosque – Grupo Signos. Bogotá, Colombia. duitamaalejan-
dro@unbosque.edu.co

3	 PhD. En Geosciencias, Msc. Geofísica y Geólogo. Professor visitante Universidade Federal do Amazonas – UFAM, Amazonas, Brasil. luis-
castillo@ufam.edu.br

4	 Magíster en Matemática Aplicada, Licenciado en Matemáticas. Docente e investigador Universidad El Bosque – Grupo Signos. Bogotá, 
Colombia. jgilg@unbosque.edu.co

5	 Especialista en vías, Ingeniero Civil. Docente Universidad Distrital Francisco José de Caldas. Bogotá, Colombia. Contacto: reesquivelr@
udistrital.edu.co

Tecnura
https://revistas.udistrital.edu.co/ojs/index.php/Tecnura/issue/view/1033

DOI: https://doi.org/10.14483/22487638.15995

Investigacion

Abstract
Objective: This work presents the results obtained in 
the development of a seismic velocity inversion mo-
del. The reference times recorded on the surface are 
taken and using the inversion model to obtain the 
initial reference model (hypocenters and velocities), 
starting from an unknown model.
Methodology: A hypothetical reference model is pro-
posed containing 64 blocks with interval velocity, 
16 recording stations on the surface, and 64 earth-
quakes in the center of each block. With this model, 
the reference arrival times are generated for each ear-
thquake registered in each station. The inversion mo-
del is made up of two parts: the direct model, which 
allows calculating the arrival times of the signal regis-
tered on the surface according to the hypo-central lo-
cation of the earthquake and the velocity of the P and 

S wave of the medium; and the inverse model, which 
estimates a model of the velocity of the environment 
and hypo-central locations of the earthquakes that 
are the input variables of the direct model. The direct 
model was developed with the wave equation, while 
the inverse model was developed by modifying the 
generalized inverse matrix by introducing a factor 
called “damping.”
Results: The discretization model is based on the 
finite difference method. When estimating the va-
lues of velocity and hypo-central location with the 
inverse algorithm, the propagation of the wave is si-
mulated with the direct model, and then compared 
with the data of reference times measured on the 
surface. Depending on the mean square error, we 
proceed to modify the mean velocities and hypo-
centers of the earthquakes. This process repeates 
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iteratively until the calculated error is less than a 
tolerance of 2x10-3s2.
Conclusions: It was found that the estimated values of 
velocity and hypocentral locations coincide well for 
regions closer to the surface, while for deep regions 
the error more significant compared to the hypothe-
tical reference model.
Keywords: Attenuation, Non-Reflecting Boundary 
Conditions, Seismic Inversion, Wave Equation, Seis-
mic Tomography.

Resumen
Objetivo: Se presentan los resultados obtenidos en 
el desarrollo de un modelo de inversión sísmico de 
velocidades. Se toman los tiempos de referencia re-
gistrados en superficie y mediante el modelo de in-
versión lograr obtener el modelo de referencia inicial 
(hipocentros y velocidades), partiendo de un modelo 
desconocido.
Metodología: Se propone un modelo hipotético de 
referencia que contiene 64 (4x4x4)) bloques con ve-
locidad intercalada, 16 estaciones de registro en la 
superficie y 64 sismos en el centro de cada bloque. 
Con este modelo se generan los tiempos de arribo 
de referencia para cada sismo registrado en cada es-
tación. El modelo de inversión se compone de dos 
partes: el modelo directo, que permite calcular los 
tiempos de arribo de la señal registrada en superfi-
cie según la localización hipocentral del sismo y la 

velocidad de la onda P y S del medio; y el mode-
lo inverso, que estima un modelo de velocidad del 
medio y localizaciones hipocentrales de los sismos 
que son las variables de entrada del modelo directo. 
El modelo directo se desarrolló con la ecuación de 
onda, mientras que el modelo inverso se desarro-
lló mediante una modificación a la matriz inversa 
generalizada introduciendo un factor denominado 
“amortiguamiento”.
Resultados: Ambos modelos fueron discretizados me-
diante el método de diferencias finitas. Al estimar los 
valores de velocidad y localización hipocentral con 
el algoritmo inverso, se simula la propagación de la 
onda con el modelo directo, y se comparan con los 
datos de tiempos de referencia medidos en superfi-
cie. Según sea el valor del error cuadrático medio, 
se procede a modificar las velocidades del medio e 
hipocentros de los sismos. Este proceso se repite ite-
rativamente hasta lograr que el error calculado sea 
menor que una tolerancia de 2x10-3s2.
Conclusiones: Se encontró que los valores estimados 
de velocidad y localizaciones hipocentrales coinci-
den muy bien para regiones más cercanas a la super-
ficie, mientras que para regiones profundas el error 
es mayor en comparación con el modelo hipotético 
de referencia.
Palabras clave: Atenuación, Condiciones Fronteras 
no Reflectivas, Ecuación de Onda, Inversión sísmica, 
Tomografía sísmica.

INTRODUCTION

For decades, seismic tomography has been the main 
tool to know the inner structure of the Earth. Their 
origins go from characterization to seismic pros-
pection of oil wells (Bois et al., 1971). The funda-
mental theory of inversion geophysics data begins 
with Backus & Gilbert (1967), and a decade later 
the first application of seismic tomography appears 
(Aki et al., 1977; Aki & Lee, 1976; Dziewonski et al., 
1977). In Aki & Lee (1976), the arrival times of the 
P wave are inverted to produce velocities variation. 
For the purpose of this work, there are three main 

assumptions: a front wave plane arrives, the velocity 
variation can be adjusted for a regular grid, and the 
geometry of the rays entering each block of the grid 
is only affected by the velocity variation. This work 
is considered the first example of seismic tomogra-
phy that assumes the simultaneous inversion of the 
hypo-central location and velocity.

During the first two decades after the work by Aki 
& Lee (1976), the arrival times were calculated using 
ray tracing. However, the wave phenomena as the 
dispersion of the diffraction affect the arrival times, 
especially in 3D models (Liu & Dong, 2012). Virieux 
(1986) suggests calculating arrival times simulating 
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the seismic wave propagation through a 3D elastic 
medium. Tong et al. (2014) make a review of diffe-
rent forward model methods and conclude that the 
wave propagation method tends to decrease error, 
but better results are achieved when we use seis-
mograms. Recently, some works have managed to 
invert the entire seismogram. Chen et al. (2007), 
Fichtner & Trampert (2011), and Tape et al. (2010) 
calculated the residuals of full synthetic seismo-
grams against the observations, getting better results 
in different regions of study.

THEORETICAL FRAMEWORK AND 
ANALYSES

1. Direct Model

The wave equation (1) is classified as a hyperbolic 
differential equation (Burden et al., 2016) in three 
dimensions:

𝜕𝜕�𝜙𝜙�𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡�
𝜕𝜕𝜕𝜕� � ��𝛻𝛻�𝜙𝜙 � 0,  (1)

where V is the velocity, which depends on spatial 
coordinates, and ϕ is the wave function. Consider-
ing some boundaries and initial conditions, such as:

𝜙𝜙�𝜕𝜕𝜕𝜕, 𝑡𝑡� �  0,           𝑡𝑡 �  0,  (2)

, 0 ,  (3)

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ��, 0� � ����,  (4)

where E represents the spatial coordinates, and дE 
is the E boundary; also f(E), g(E) are the known func-
tions in the entire domain. In Cartesian coordinates (x, 
y, z) and considering integers (i, j, k, n), so that

���, 𝑦𝑦�, 𝑧𝑧��  �  ��𝑗�, 𝑗𝑗𝑗𝑗𝑗, �𝑗𝑧𝑧�,  (5)

𝑡𝑡�  �  𝑛𝑛𝑛𝑛𝑛, , (6)

with the soace and time discretized. Using Taylor 
series expansion with a fourth order approximation 
we obtain:

, , ,  
, , ,  , , ,  

, , ,   , 

, , ,  
, , ,  , , ,  

, , ,   , 

 

 

(7)

for the coordinates y and z we obtain analogous 
expressions. By replacing the equation system (7) 
in (1), solving 𝜙𝜙(𝑥𝑥! , 𝑦𝑦" , 𝑧𝑧# , 𝑡𝑡$%&) , and following the 
nomenclature proposed by Yee (1966), we obtain:

𝜙𝜙�,�,���� � ��𝛥𝛥𝛥𝛥�

⎝
⎜⎜
⎛
����,�,�� ���,�,�� �����,�,��

��� �
��,���,�� ���,�,�� ���,���,��

��� �
��,�,���� ���,�,�� ���,�,����

��� �⎠
⎟⎟
⎞� �2𝜙𝜙�𝑥𝑥�, 𝑦𝑦�, 𝑧𝑧�, 𝑡𝑡� � �

𝜙𝜙�𝑥𝑥�, 𝑦𝑦�, 𝑧𝑧�, 𝑡𝑡��� � � .  (8)

Equation (8) solves the wave equation if the val-
ues in the boundary and the initial conditions are 
known. The elements of the wave function in the 
time step n + 1 depend on the four nearest neighbors 
in a previous time step n and on the same compo-
nent in a time step n – 1. The direct algorithm esti-
mates the arrival time of a seismic wave (Tdir ), with 
propagation from the source j to the station k. The 
theoretical wave time (P) is obtained aggregating 
Tdir  with the time of the seismic event (Tf ), as can 
be seen in (9):

𝑇𝑇���� � 𝑇𝑇��� � 𝑇𝑇�.  (9)

The theoretical calculation of wave time S as-
sumes that the wave velocities S and P are propor-
tional in the entire medium and behave like a Poison 
solid (10), with proportionality constant with 𝛼𝛼 = √3 . 
Thus, 𝑇𝑇!"#$ = 𝛼𝛼𝑇𝑇%&' − 𝑇𝑇(   and the difference of arrival 
times of waves S and P is:

𝑇𝑇�� � 𝑇𝑇��� � 𝑇𝑇�,  (10)

𝑇𝑇�� � �� � 1�𝑇𝑇���.  (11)

As the station locations are fixed, Tdir depends on 
the velocity distribution and the hypocenter of the 
seismic event. Therefore 𝑇𝑇���� � 𝑇𝑇��� � 𝑇𝑇�.  is the only variable 
that depends on the origin time.
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2. Generalized linear inversion

In the inverse algorithm, we compared data mea-
sured on the surface with the results obtained from 
the simulation. Thus, we quantify the difference be-
tween the simulated values and the measured ob-
servations in the field. Then, it is possible to modify 
the initial values of the P wave velocity parameters 
in the field and the coordinates of the hypocenter. 
With these new initial values, we simulate the arri-
val times of the P wave for each one of the seismic 
events and compare the new results with the me-
asured data on the surface, obtaining a new error 
difference, which will allow us to recalculate the 
new initial parameters for the next simulation.

This new methodology iterates until the differ-
ence between the simulated and the observed data 
on the surface is lower than the set threshold, in 
order to invert the velocity, the hypocenter and 
the origin time simultaneously and the origin time 
(Crosson, 1976; Ramadan, 2016). In the same way, 
the hypocenters inversion method was generalized 
in a simultaneous inversion of velocities and hypo-
centers (Franco et al., 2006).

In the model, we consider N seismic sources with 
hypocenters given by xj = longitude, yj = latitude, zj 

= depth, and arrival times tj , where j = {1,2,3…,N}. 
Additionally, we split the in L blocks space each 
block with velocity vj , where l = {1,2,3…,L}. These 
variables compose the model m0:

𝑚𝑚� � �𝑥𝑥��, 𝑦𝑦��, 𝑧𝑧��, 𝑡𝑡��, … , 𝑥𝑥�� , 𝑦𝑦�� , 𝑧𝑧�� , 𝑡𝑡�� , 𝑣𝑣��, … , 𝑣𝑣��� , (12)

where 4N + L represents the number of elements.
To determine m0 , we consider M stations 

(k = 1,2,…,M) located at (xk , yk , zk , tk) and the ar-
rival time observed in the k-th position for the j-th 
source. A functional relationship T(m0) allows us 
to reproduce the observed times according to the 
model m0. If this relation is linear, the sensitivity 
matrix defined as:

� � �𝐶𝐶�,  (13)

where Aj is a MX4 matrix given by:
Aj = (C) (14)

and C is a NMxL matrix, the i-th line of C is:

𝐶𝐶�� � ���� �𝜕𝜕𝜕𝜕��𝜕𝜕𝜕𝜕� �,  (15)

with 𝑖𝑖(𝑗𝑗, 𝑘𝑘) = 𝑘𝑘 + (𝑗𝑗 − 1)𝑀𝑀 a  and 𝛿𝛿!"#   is.
𝛥𝛥𝛥𝛥 𝛥 �𝑚𝑚� � �𝛥𝛥𝑚𝑚,  (16)

To find ∆m (16), we need to invert G, but G is 
not necessarily a square matrix. Therefore, we use 
the least square method to determine m, which con-
sists of multiplying the matrix by its transpose and 
then we invert the result. According to this, (16) is 
transformed into:

𝐺𝐺�𝛥𝛥𝛥𝛥 ∙ �𝑚𝑚� � 𝐺𝐺�𝐺𝐺𝐺𝐺𝐺𝐺, 
�𝐺𝐺�𝐺𝐺���𝐺𝐺�𝛥𝛥𝛥𝛥 ∙ �𝑚𝑚� � 𝛥𝛥𝑚𝑚, (17)

where ∆T is the variation between the time 
observed (measured on the surface) and the time 
simulated:

.  (18)

The error between both times is calculated as 
follows:

����� � ��𝛥𝛥𝛥𝛥�
�

���
,  (19)

and ∆m is the change of the model, thus:

𝛥𝛥𝑚𝑚 � 𝑚𝑚��� � 𝑚𝑚� � �𝐺𝐺�𝐺𝐺���𝐺𝐺�𝛥𝛥𝛥𝛥 𝛥 �𝑚𝑚�.  (20)

The matrix GT G may have determinant equal 
zero, in which case the matrix is not invertible; this 
is means that the system shown in (20) does not have 
a unique solution, and there is at least one null ei-
genvalue. As proved by Schwerdtfeger (Schwerdt-
feger, 1960), there is a method to obtain the subspace 
solution to the highest likely dimension, known as 
Lanczos breakdown. This technique consists of de-
composing G through matrices built with eigenvalues 
different from zero. The generalized inverse found 
with this method fits better the data on the model. 
However, the computational method cost makes it 
difficult when implementing real-world applications 
where matrices are bigger. Furthermore, there is dif-
ficulty to formally organize the eigenvalues, due to 
the data uncertainty because some of them may have 
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values too close to zero to be significant. Therefore, 
we use a different approach to overcome this ob-
stacle: a weight matrix ϵ2 Wm is added to the GT G as 
shown in (21):

𝑚𝑚��� � �𝐺𝐺�𝐺𝐺 � 𝜖𝜖�𝑊𝑊�  ���𝐺𝐺𝐺𝐺 ∆𝑇𝑇 𝑇 �𝑚𝑚� � 𝑚𝑚�,  (21)

where ϵ is the dampening factor. If ϵ increas-
es, the error curve presents fewer fluctuations be-
cause it depends on the iteration. This factor is found 
empirically, so we obtained a reasonable fit be-
tween the theoretical and observed data, and we 
also found that the variations of the model during 
each iteration are small. The Wm matrix in the most 
straightforward cases is the identity matrix. The ini-
tial model m0 is proposed randomly but within a 
range of values that make sense in the geological 
model. With this model, the arrival time is simulated 
with the direct model and is obtained the difference 
with the reference time ∆T0  .

It is possible to define the smoothing matrix (Stein 
& Wysession, s. f.) to modify the change rate of the 
velocity model. For a 3D geometry composed by 
a rectangle with several blocks 𝐿𝐿 �  𝐿𝐿�  �  𝐿𝐿�  � 𝐿𝐿�,  
the number of columns for D is L and has the fol-
lowing form:  

𝐷𝐷 � �𝐷𝐷� 𝐷𝐷� 𝐷𝐷� �,  (22)

where the sub-matrices Dx, Dy,  and Dz represent 
the first derivative in the directions x, y and z with 
the number of rows �𝐿𝐿�  �  1�𝐿𝐿�𝐿𝐿�, 𝐿𝐿��𝐿𝐿�  �  1�𝐿𝐿�  and 
𝐿𝐿�𝐿𝐿��𝐿𝐿�  �  1� , respectively. The smoothing is ap-
plied to the velocity distribution, so it does not af-
fect the hypocenter and origin time model, hence:

𝑊𝑊� � �𝐼𝐼 𝑂𝑂 𝑂𝑂 𝐷𝐷�𝐷𝐷 � , (23)

where I is the identity matrix with dimensions 
4N x 4N

Dx , Dy ,  and Dz comprise the sub-matrices Bx , By ,  
and Bz, defined as:

𝐷𝐷� � �𝐵𝐵� 𝑂𝑂 ⋯  𝑂𝑂 𝑂𝑂 𝐵𝐵�  ⋯  𝑂𝑂 ⋮ ⋮ ⋱ ⋮  𝑂𝑂 𝑂𝑂 ⋯ 𝐵𝐵� ���� � ��������
𝐷𝐷� � �𝐵𝐵� 𝑂𝑂 ⋯  𝑂𝑂 𝑂𝑂 𝐵𝐵�  ⋯  𝑂𝑂 ⋮ ⋮ ⋱ ⋮  𝑂𝑂 𝑂𝑂 ⋯ 𝐵𝐵� ������ � ������
𝐷𝐷� � �𝐵𝐵� 𝑂𝑂 ⋯  𝑂𝑂 𝑂𝑂 𝐵𝐵�  ⋯  𝑂𝑂 ⋮ ⋮ ⋱ ⋮  𝑂𝑂 𝑂𝑂 ⋯ 𝐵𝐵� �������� � ����

  (24)

where,
𝐵𝐵� � ��1 1 0 ⋯  0 0 0 � 1 1 ⋯  0 0 ⋮ ⋮ ⋮ ⋮ ⋮ ⋮  0 0 0 ⋯ � 1 1 ���� � �����  (25)

𝐵𝐵� � ��1 0 ⋯  1 0 ⋯  0 0 0 � 1 ⋯  0 1 ⋯  0 0 
⋮ ⋮ ⋮ ⋮ ⋮    ⋮ ⋮  0 0 ⋯ � 1 0 ⋯  0 1 �

����� � �������
  (26)

Usually, Bx , By ,  and Bz, are equal, and the only 
difference is the separation of the columns between 
−1 and 1. For Bx there is no separation; for By  the 
separation is Lx ; and for Bz separation is LxLy .

3. CONDITIONS OF NON-REFLECTIVE 
BOUNDARY

The boundary conditions known as Dirichlet or 
Neumann are the most used in the solution of par-
tial differential equations. These boundary condi-
tions can reflect all the energy in the boundary. 
However, the algorithm determine this energy re-
flected from any seismic source directly, causing 
phantom seismic events. Thus, we propose to use 
non-reflective boundaries, described below.

3.1 Disconnected wave equation

Hastings et. al. (Hastings et al., 1996) proposed a 
method based on (Berenger, 1994a) that consists of 
defining potential and decompose the wave equa-
tion according to the formulation of (Yee, 1966), is 
used for the electromagnetic fields.

The wave equation (1) can be split in connected 
equations, assuming that V is constant. Potential is 
defined as H = (Hx , Hy,  Bz) so that:

𝜕𝜕𝜕𝜕�
𝜕𝜕𝜕𝜕 � � 𝜕𝜕�𝜙𝜙� � 𝜙𝜙� � 𝜙𝜙��

𝜕𝜕𝜕𝜕 ,
𝜕𝜕𝜕𝜕�
𝜕𝜕𝜕𝜕 � � 𝜕𝜕�𝜙𝜙� � 𝜙𝜙� � 𝜙𝜙��

𝜕𝜕𝜕𝜕 ,
𝜕𝜕𝜕𝜕�
𝜕𝜕𝜕𝜕 � � 𝜕𝜕�𝜙𝜙� � 𝜙𝜙� � 𝜙𝜙��

𝜕𝜕𝜕𝜕 ,

  (27)

also,
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𝜕𝜕𝜕𝜕�
𝜕𝜕𝜕𝜕 � � 𝜕𝜕𝜕𝜕�𝜕𝜕𝜕𝜕 ,
𝜕𝜕𝜕𝜕�
𝜕𝜕𝜕𝜕 � � 𝜕𝜕𝜕𝜕�𝜕𝜕𝜕𝜕 ,
𝜕𝜕𝜕𝜕�
𝜕𝜕𝜕𝜕 � � 𝜕𝜕𝜕𝜕�𝜕𝜕𝜕𝜕 ,

  (28)

where . .
Following the scheme used by (Yee, 1966), the 

following nomenclature for the indeces is defined as:

𝑟𝑟�� � �𝑖𝑖, 𝑗𝑗 � 1
2 , 𝑘𝑘 � 1/2� ,

𝑟𝑟�� � �𝑖𝑖 � 1
2 , 𝑗𝑗, 𝑘𝑘 �

1
2� ,

𝑟𝑟�� � �𝑖𝑖 � 1
2 , 𝑗𝑗 �

1
2 , 𝑘𝑘� ,

  (29)

and,

𝑟𝑟� � �� � 1
2 , � �

1
2 , � �

1
2�,  (30)

as suggested by Gonzalez (2012), the operators 
of centered difference are defined as:

𝛿𝛿�𝑈𝑈�𝑖𝑖, 𝑗𝑗, 𝑘𝑘� � 𝑈𝑈 �𝑖𝑖 � 1
2 , 𝑗𝑗, 𝑘𝑘� � 𝑈𝑈 �𝑖𝑖 � 1

2 , 𝑗𝑗, 𝑘𝑘� ,
𝛿𝛿�𝑈𝑈�𝑖𝑖, 𝑗𝑗, 𝑘𝑘� � 𝑈𝑈 �𝑖𝑖, 𝑗𝑗 � 1

2 , 𝑘𝑘� � 𝑈𝑈 �𝑖𝑖, 𝑗𝑗 � 1
2 , 𝑘𝑘� ,

𝛿𝛿�𝑈𝑈�𝑖𝑖, 𝑗𝑗, 𝑘𝑘� � 𝑈𝑈 �𝑖𝑖, 𝑗𝑗, 𝑘𝑘 � 1
2� � 𝑈𝑈 �𝑖𝑖, 𝑗𝑗, 𝑘𝑘 � 1

2� ,

  (31)

According to the equations (30) to (32), the dis-
cretization of (27) in Taylor series with second order 
truncation error is:

𝐻𝐻����/��𝑟𝑟��� �

⎣
⎢⎢
⎢⎢
⎡ 𝐻𝐻�

�����𝑟𝑟��� �

�𝛬𝛬�𝛿𝛿� �
𝜙𝜙���𝑟𝑟��� �
𝜙𝜙���𝑟𝑟��� � 
𝜙𝜙���𝑟𝑟���

� 
⎦
⎥⎥
⎥⎥
⎤
, 

𝐻𝐻����/� �𝑟𝑟��� �

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 𝐻𝐻�

���� �𝑟𝑟��� �

𝛬𝛬�𝛿𝛿�
⎝
⎜
⎛
𝜙𝜙�� �𝑟𝑟��� �
𝜙𝜙�� �𝑟𝑟���  �
𝜙𝜙�� �𝑟𝑟��� ⎠

⎟
⎞

⎦
⎥
⎥
⎥
⎥
⎥
⎤

, 

𝐻𝐻����/��𝑟𝑟��� �

⎣
⎢⎢
⎢⎢
⎡ 𝐻𝐻�

�����𝑟𝑟��� �

𝛬𝛬�𝛿𝛿� �
𝜙𝜙���𝑟𝑟��� �
𝜙𝜙���𝑟𝑟���  �
𝜙𝜙���𝑟𝑟���  �

� 
⎦
⎥⎥
⎥⎥
⎤
, 

(32)

and the discretization for the system shown in 
(28) is:

𝜙𝜙�����𝑟𝑟�� � 𝜙𝜙���𝑟𝑟�� � ��𝛿𝛿��𝐻𝐻����/��𝑟𝑟���,
𝜙𝜙�����𝑟𝑟�� � 𝜙𝜙���𝑟𝑟�� � ��𝛿𝛿��𝐻𝐻����/��𝑟𝑟���,
𝜙𝜙�����𝑟𝑟�� � 𝜙𝜙���𝑟𝑟�� � ��𝛿𝛿��𝐻𝐻����/��𝑟𝑟���,

  

  

 

 

(33)

Equations (32) and (33) show the evolution rule, 
as well as the relation between the potential and the 
wave function with their neighbors.

Each component of the potential contributed to 
the full wave function in the corresponding direc-
tion (Figure 1).

(a) (b)

Figure 1. Spatial discretization diagram for the wave equation solution: Circles represent potential, Hx (red), Hy (blue) 
and Hz (green), and the cross shows the wave function. (a) Relation of Hx with its neighbors (the components of the 
wave function). (b) Association of ϕx , ϕy, and ϕz with its respective neighbors (the potential of each case). When the 
space split, and the disconnected wave function is in the semi-entire points and around the corresponding potential, 
which is going to help define its value. 

Source: Authors.
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3.2. Attenuation factors

Assuming that the space formed by a square and cove-
red by a shell of determined width, we define an inside 
region called PML and a contact region called interface 
(Figure 2). So that one wave will expand freely in the 
interface and will be absorbed in the PML region.

So that the wave attenuation occurs, (Berenger, 
1994b) proposes attenuation factors Qs1 and Qs2 in 
the (33) and (34), so the potential is redefined as:

𝐻𝐻����/��𝑟𝑟��� �

⎣
⎢⎢
⎢⎢
⎡ 𝑄𝑄���𝑖𝑖�𝐻𝐻�

�����𝑟𝑟��� � 

�𝑄𝑄���𝑖𝑖��� �
𝜙𝜙���𝑟𝑟��� �
𝜙𝜙���𝑟𝑟��� �
𝜙𝜙���𝑟𝑟��� 

� 
⎦
⎥⎥
⎥⎥
⎤
,  

𝐻𝐻����/� �𝑟𝑟��� �

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 𝑄𝑄���𝑗𝑗�𝐻𝐻�

���� �𝑟𝑟��� � 

�𝑄𝑄���𝑗𝑗���
⎝
⎜
⎛
𝜙𝜙�� �𝑟𝑟��� � 
𝜙𝜙�� �𝑟𝑟���  �
𝜙𝜙�� �𝑟𝑟��� ⎠

⎟
⎞ 
⎦
⎥
⎥
⎥
⎥
⎥
⎤

,  

𝐻𝐻����/��𝑟𝑟��� �

⎣
⎢⎢
⎢⎢
⎡ 𝑄𝑄���𝑘𝑘�𝐻𝐻�

�����𝑟𝑟��� � 

�𝑄𝑄���𝑘𝑘��� �
𝜙𝜙���𝑟𝑟��� � 
𝜙𝜙���𝑟𝑟��� �
𝜙𝜙���𝑟𝑟��� 

� 
⎦
⎥⎥
⎥⎥
⎤
, 

 

 

(34)

and for the disconnected wave function:

𝜙𝜙�����𝑟𝑟�� � �𝑄𝑄���� � 1/2�𝜙𝜙���𝑟𝑟�� � �𝑄𝑄���� � 1/2��� �𝐻𝐻����/��𝑟𝑟��� � ,
𝜙𝜙�����𝑟𝑟�� � �𝑄𝑄���� � 1/2�𝜙𝜙���𝑟𝑟�� � �𝑄𝑄���� � 1/2��� �𝐻𝐻����/��𝑟𝑟��� � ,
𝜙𝜙�����𝑟𝑟�� � �𝑄𝑄���� � 1/2�𝜙𝜙���𝑟𝑟�� � �𝑄𝑄���� � 1/2��� �𝐻𝐻����/��𝑟𝑟��� � ,

 

 

(35)

The attenuation factors:

𝑄𝑄���𝛽𝛽� � ����������,  (36)

𝑄𝑄���𝛽𝛽� � 1 � ����������
𝑞𝑞��𝛽𝛽�𝛥𝛥𝛥𝛥  ,

(37)

where s = {x, y, z}  and β = {i, j, k}, respectively, and

𝑞𝑞� �𝛽𝛽� � �𝑟𝑟�𝛽𝛽�𝑃𝑃 �
�

,  (38)

where P is the length of the PML region and r(β) 
is the depth from the interface to the outside edge 
as shown in Figure 2(a) and 2(b).

3.3. Complete solution

There is a slight change in the interface between 
the two regions, and the wave is slowly absorbed 
depending on the length P. Given the calculated 
limit in (38), when r → 0 then q → 0. So, from the 
(36) and (37) it is obtained that Qs1 → 1 and Qs2 → Λs 
thus the same (32) and (33) are reproduced. Then, 
we use the standard solution in the inside region 
by using finite differences (8) and redefining the 
indices following the diagram in (Kane Yee, 1966):

(a) (b)
Figure 2. Wave space expansion. (a) The cube is cut in the z axis and forms a plane (known as a slice). A dark color 
represents the PML region. (b) Upper right edge of the cube. 

Source: Authors.

𝜙𝜙����𝑟𝑟�� � �2�1 � 𝛬𝛬��𝜙𝜙��𝑟𝑟�� � 𝛬𝛬��𝛿𝛿�𝜙𝜙��𝑟𝑟�� � 𝛬𝛬��𝛿𝛿�𝜙𝜙��𝑟𝑟�� �
𝛬𝛬��𝛿𝛿�𝜙𝜙��𝑟𝑟�� � 𝜙𝜙����𝑟𝑟�� �,  (39)
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where Id is the value that the index i takes in the 
right-side interface (Figure 2). Similarly, the equation 
of potential Hx is obtained in the left interface and for 
the rest of the potentials Hy and Hz. In other words, we 
have both the potential and the disconnected wave 
function in the PML region. In the interface we have 
only the potential and only the wave function in the 
inside (Figure 3). In most outer boundaries, we can 
use the Dirichlet or Neumann conditions (2).

3.4. Scope and limitations

There are three possible limitations in the propo-
sed model. First, the velocity blocks, hypocenters, 

and stations must be located; then it is possible to 
define the space and its limits based on those loca-
tions. Additionally, the space should be small for a 
short computational time; conversely, ample spa-
ce contains the location of elements and stations 
of the model and allows achieving an equilibrium. 
Second, it is better to have many blocks for the to-
mography in order to be more detailed; however, 
there is a limit to the information available. Finally, 
since the stations are located on the surface and the 
hypocenter is distributed in the sub-surface, there 
is significant uncertainty of the velocity solution 
the larger the distance between the stations and 
the hypocenter.

In the PML region, we use the solution of the 
disconnected wave equation (35), as well as the 
following equation in the interface:

𝐻𝐻�
���� �𝐼𝐼�, � � 1

2 , � �
1
2� ��

⎝
⎜⎜
⎜⎜
⎜⎜
⎜
⎛

𝑄𝑄���𝐼𝐼��𝐻𝐻����/� �𝐼𝐼�, � �
1
2 , � � 1/2� �

𝑄𝑄���𝐼𝐼��

⎝
⎜⎜
⎜⎜
⎜
⎛
𝜙𝜙�� �𝐼𝐼� � 1/2, � � 1

2 , � � 1/2� �
�𝜙𝜙�� �𝐼𝐼� � 1

2 , � �
1
2 , � �

1
2� �

�𝜙𝜙�� �𝐼𝐼� � 1
2 , � �

1
2 , � �

1
2� �

𝜙𝜙� �𝐼𝐼� � 1
2 , � �

1
2 , � �

1
2� ⎠

⎟⎟
⎟⎟
⎟
⎞

⎠
⎟⎟
⎟⎟
⎟⎟
⎟
⎞

,  (40)

(a) (b)

Figure 3. Slices of the cube for the complete solution of the wave expansion with a non-reflective boundary: Circles 
represent Hx (red) and Hy  (blue), while crosses represent ϕx in (a), ϕy in (b) and ϕ (bold cross). Also, the arrows symbolize 
which neighbor feeds each term and r(β) is the depth of the PML region from the interface to the edge. (a) Discretization 
for ϕx and Hx. (b) Discretization for ϕy  and Hy. 

Source: Authors.
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4. SPACE OF THE MODEL

The model validation comprised 54 seismic events, 
registered in Urabá, Colombia. We developed a 
model in which the limits are formed by a cubic 
surface with height hz, width hx in heading West-
East, and length hy heading South-North (Figure 4). 
It represents a part of the surface and sub-surface of 
this region, where the hypocenters of seismic events, 
the stations, and the velocity blocks are determined 
by the user. Furthermore, hx and hy are given by the 
location of the stations and epicenters of the seismic 
events (superficial projection of the hypocenters), 
while hz is limited by the distribution of these events.

4.1. Number of elements in the model

There is a limit for the number of elements conside-
red in the model depending on the information avai-
lable. According to the number of seismic events 
(N = 54), 403 observed times are determined (num-
ber of equations), including the arrival time of the 
P wave (TP) and the difference between the arrival 
times of the P and S waves (TSP). To have a better 
adjustment of the convergence of the generalized 
inversion corresponding to the observed informa-
tion, the number of equations cannot exceed the 
number of unknown factors; otherwise, we obtain 
unexpected solutions. The unknown factors are the 
elements of the model; for every seismic event there 
are 4 (location x; y; z of the hypocenter and origin 

time), that is 4 x N = 216. They reduce the number 
of blocks to consider:

403 – 4 x N = 187
So, the maximum number of blocks is 187. If 

hx, hy, and hz split up in Lx, Ly, and Lz intervals, then 
a matrix forms a L = Lx×Ly× Lz total blocks, so that 
Lx×Ly× Lz < 187.

4.2. Uncertainty of the velocity with depth

The last limitation is the uncertainty of velocity with 
depth. The trajectory between the hypocenter and 
the station is named ray according to the Fermat 
principle: the way taken by a wave expanding from 
one point to the other is such that the time used to 
cover it is minimum. The more significant the depth, 
the littler the ray density; so, the deepest cubes have 
a lower possibility of being crossed by a ray; furthe-
rore,the uncertainty of velocity is more significant.

5. DIRECT ALGORITHM VALIDATION 
AND THE NON-REFLECTIVE 
BOUNDARIES

A region built with dimensions 200km x 40 km x 
40km and seven stations on the surface, 10km apart 
towards x starting from x = 20km and the seismic 
source at (100, 25, 25) km, with velocity Vp = 5km/s 
as shown in Figure 5(a).

Figure 5(a) shows the wave reflecting on the 
boundary, while in figure 5(b) the wavefield is like 

Figure 4. Spatial limits of the model formed by one cube split into blocks L with N sources and M stations. 

Source: Authors.
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an open frontier. These reflections to the inside of 
the region in the study do not appear.

6. VALIDATION OF THE INVERSION 
PROGRAM

We built a synthetic model considering a region 
with dimensions 48km x 48 km x 48km divided into 
64 blocks, each one characterized by velocity. The 
distribution is analogous to the checkerboard, with 
the alternate velocity 5.5 km/s and 6.5 km/s. In each 
block, a seismic source is at the center, and 16 sta-
tions in the center of the upper face of the superfi-
cial blocks as shown in Figure 6(a).

Using the direct algorithm, we simulate seismic 
events and determine the arrival times for each one 
(Tobs).

We run the initial inverse algorithm assuming an 
initial model with a uniform velocity of 5 km/s  and 
hypocenters located in the center of the region (24 
x 24 x24) km (Figure 6(b)). As expected, the initial 
error is significant. Figure 7(a) shows the result of 69 
iterations where the error given by (21) converges 
after a certain number of iterations and the model 
does not change significantly. It was comparing the 
synthetic model in Figure 6(a) with the final model 
in Figure 7(b), it is possible to see that the difference 
is minimal on the surface but increases in deep parts 
and even more in the corners (Figure 8). Similarly, 
the error related to the velocity distribution increases 
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(a) (b)
Figure 5. Plane view y = 25 km. (a) Without boundaries PML. (b) With boundaries PML. Source: Authors.

(a) (b)
Figure 6. (a) Reference synthetic model containing 64 blocks with alternate velocity 5.5km/s and 6.5 km/s, 16 
stations in the surface (blue triangles), and 64 seisms in the center of each block. (b) Model with homogeneous 
velocity of (5km/s) and initial location of the sources in the center of the cube. 

Source: Authors.
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the deeper the hypocenter is located (Figure 7). This 
distribution means that a deep block has less chance 
to be sampled by the wave of any sources, and it will 
weigh less in the solution of the inversion. Therefore, 
a deep source location error because of the velocity 
error of a deep block.

Figure 7(c) shows the the hypocenters in the 
plane xy (Slice z = 0). They are located approxi-
mately in the center of the block,like the reference 
model. In Figure 7(d), we have the projections of 
the locations over the plane xz (y = 0), where the 

hypocenters are approximately in the center of each 
block, except for the deepest blocks. The black dots 
show a more significant error.

A lack of information produces errors in the loca-
tions as well as errors in the estimation of velocity. 
This error is due to the ray paths coming to form seis-
mic events that cut the blocks in the surface, while 
deeper rays only cuts deepest blocks. This lack of 
information from the deepest blocks creates an er-
ror in the source location of the sources, as well as 
higher velocities (Figure 8). In Figures 8(a) to 8(c), 

(a) (b)

(c) (d)
Figure 7. (a) Error variations depending on the iterations for a model with constant velocity. (b) Final model after 
the inversion containing 64 blocks, 16 stations in the surface, and 64 hypocenters (one per each block). (c) Slice of 
the hypocenters projections on the xy surface (z = 0). (d) View of the hypocenters projections in the xz plane (y = 0). 

Source: Authors.
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the slices of the more superficial layers show that 
the velocity value is close to the value calculated 
by the reference model (Figure 6(a)), but Figure 8(d) 
represents a deeper layer, and the values show a 
more significant error.

CONCLUSIONS

An inversion program was created using inverse and 
direct models of an algorithm with the following 
contributions: the inverse algorithm considers the 
smooth velocity variations found in the geological 
models, while the direct algorithm works with fini-
te differences and non-reflective PML boundaries, 
which offers a useful tool to make high-quality syn-
thetic seismograms.

In order to prove the direct algorithm, we sug-
gest making the solution of the wave equation by 
finite differences with non-reflective boundaries and 

truncation error of grade 4 or higher. This reduces 
the error of the theoretical arrival time without dam-
aging the computational time.

Multiple sources run simultaneously; this would 
represent a significant advance. For this reason, we 
proposed that the sources be distinguished by their 
frequency, as is the case with FM radio stations. 
Then, the simulated stations must discriminate fre-
quencies, so that the computational time decreases.

Better results may be achieved if the acquisition 
time had been more significant. Therefore, we pro-
pose to install stations in the zone for over a minimum 
of 5 years. We also recommended the inversion pro-
gram in real-time, with this work as an initial model, 
and obtaining a better resolution of the velocity and 
a reinforce the understanding of the tectonics of the 
region. The inversion program can be used for stations 
without synchrony.

Figure 8. Velocity Slice section to different depths (a) 0 km, (b) 12 km, (c) 24 km and (d) 36 km. 

Source: Authors.
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