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Abstract:

is study analyzed the behavior of daily rainfall in the State of Paraíba using the data from five meteorological stations distributed
across the mesoregions of this state. We used the three-state Markov Chain model, in which states are defined as dry, wet and rainy.
We calculated transition probabilities among states, probabilities of equilibrium of states, and expected lengths of the defined states
for all stations and seasons to investigate spatial/seasonal variability. Results showed that for the entire region and for all seasons,
the probability of dry days is greater than the probability of rainy days; expected values of rainy spells are low, indicating that the
rainfall regime in Paraíba is characterized by high rainfall intensity distributed over short rainy periods. e dry-dry transition
probability presents the highest values for all seasons and stations, as well as the corresponding expected dry spell length, indicating
that this region is subjected to prolonged dry periods. e transition probabilities that lead to dry condition are higher in the
interior of the State, while probabilities that lead to rainy condition are higher in the coastal region as well as the probability of
rainy days, which is greater in fall, during the rainy season.
Keywords: Markov chain, transition probability matrix, rainfall, Paraíba, Brazil.

Introduction

Depletion of water resources in different parts of the world is one of the renowned environmental problems
of this century. us, an essential aspect of water resources planning is the analysis of long-term records of
hydro-meteorological variables. As a primary input to the hydrological cycle, rainfall represents the potential
availability of water resources of an area (Maruyama, Kawachi, & Singh, 2005). e knowledge about the
daily rainfall distribution is fairly crucial for water use practices and future planning in agriculture (planting,
irrigation and drainage), civil defense (risk of landslide, forest fires or floods), and hydrology (river flow
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estimation, sediment transport) (Cull, Hearn, & Smith, 1981; Ingram, Roncoli, & Kirshen, 2002; Seeger
et al., 2004; Pereira, Trigo, Camara, Pereira, & Leite, 2005; Collischonn, Haas, Andreolli, & Tucci, 2005;
Minder, Roe, & Montgomery, 2009; Guhathakurta, Sreejith, & Menon, 2011).

A variety of models has been proposed for simulating daily rainfall and its spatial pattern (Richardson,
1981; Wilks, 1998; Serinaldi, 2010; Asong, Khaliq, & Wheater, 2016; Müller & Haberlandt, 2016). e first
order two state (‘rain’ and ‘no rain’) Markov model was applied on Tel Aviv daily rainfall data by Gabriel and
Neuman (1962) and since then Markov chain models including multistate (Haan, Allen, & Street, 1976;
Pegram, 2009) higher order (Lana & Burgueño, 1998; Deni, Jemain, & Ibrahim, 2009), hidden Markov
model (Hughes, Guttorp, & Charles, 1999; Robertson, Kirshner, & Smyth, 2004) and non-homogeneous
Markov model (Rajagopalan, Lall, & Tarboton, 1996) were widely used for modeling daily occurrence of
precipitation.

e Northeast of Brazil has mostly a semi-arid climate. It is characterized by high seasonal and interannual
rainfall variability, with extreme wet and dry episodes. Seasonal variation is associated with the migration and
intensity of the Intertropical convergent zone (ITCZ) and South American monsoon system (Sams). During
the rainy season which occurs in February-April, the Atlantic ITCZ reaches its southernmost position and
directly overlies NE Brazil, merging with the Sams, which moves northward. For most of year, the climate
is semiarid under the influence of the South Atlantic subtropical anticyclone (Robertson et al., 2004).
Interannual variability of rainfall with severe droughts (excessive rainfall) occur when the southward seasonal
migration of the ITCZ is inhibited (amplified) (Hastenrath & Heller, 1977). e interannual behavior of
the Atlantic ITCZ is related to El Niño - Southern Oscillation (Enso) in the equatorial Indo-Pacific Ocean
and the meridional sea surface temperature gradient (Mgrad) over the tropical Atlantic (see e.g. Lucena,
Servain, & Gomes Filho, 2011; and references therein). During the positive-El Niño (negative La Niña)
phase of Enso, there is a tendency for the inhibition (reinforcement) of the convective system over the west
tropical Atlantic leading to less (more) rainfall over Northeast Brazil. During a negative phase of Mgrad,
which is characterized by a negative SST (sea surface temperature) anomaly in the north tropical Atlantic and
a positive SST anomaly in the south, there is a thermal gradient directed towards the Southern Hemisphere,
the intertropical convergence zone (ITCZ) moves southward of its normal climatological position leading to
increased rainfall over Northeast Brazil. is effect is reversed during a positive phase of Mgrad, the regular
ITCZ moves northward and the rainfall rate is below the average in Northeast Brazil (Hastenrath, 1990;
Wagner, 1996). e largest ITCZ displacements occur in Enso years in which preexisting Atlantic SST
anomalies are such that they amplify the direct impact of Enso (Giannini, Saravanan, & Chang, 2004), which
can lead to dramatic drought in the region with serious environmental, economic and social consequences
(Marengo, Torres, & Alves, 2016). Rainfall spatial and temporal patterns in NEB were extensively studied,
however most of the studies concentrate on interior dry region (Hastenrath, 1990; Uvo, Repelli, Zebiak, &
Kushnir, 1998; Moscati & Gan, 2007; Hastenrath, 2012; Rao, Franchito, Santo, & Gan, 2016), while the
knowledge of rainfall characteristics of eastern and southern part remain less complete (Chaves & Cavalcanti,
2001; Lyra, Oliveira-Júnior, & Zeri, 2014).

is study aimed to provide further insight into the pattern of rainfall distribution in the Brazilian
northeast, specifically the State of Paraíba with a large part (about 80% of total territory) located in the
so called ‘semiarid polygon’, making it extremely vulnerable to rainfall seasonal and interannual variability
(Silva, Costa, Campos, & Dantas, 2009). We define three daily weather conditions (dry, wet and rainy) by
using appropriate rainfall threshold and employ Markov chain to determine the probability of transitions
between these states, equilibrium probability of each state and expected lengths of dry, wet and rainy spells.
ese results are then used to perform an analysis of temporal and spatial variability of rainfall.
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Material and methods

Study area

Paraíba is a State in the Northeast of Brazil, located between the parallels 6º 2’ 24” S and 8º 18’ 36” S and
meridians 34º 49’ 48” W and 38º 46’ 12” W, it borders the States of Pernambuco, Rio Grande do Norte and
Ceará, limiting to the east with the Atlantic Ocean. e State is divided into four geographic mesoregions:
Mata Paraibana (5.242 km2), Agreste (12.914 km2), Borborema (15.572 km2) and Sertão (22.720 km2). In
most of its territory, Paraíba has a semi-arid climate, characterized by high seasonal and interannual rainfall
variability and experiences extreme wet and dry conditions. Historically, Paraíba has a short rainy season,
which usually occurs from April to June in Mata Paraibana, from March to May in Agreste and Borborema
and from January to March, in Sertão (Soares, Paz, & Piccilli, 2016). e study area (State of Paraíba with
division into four mesoregions) is shown in Figure 1.

FIGURE 1.
e map of the State of Paraíba divided into mesoregions.

Data on daily rainfall in Paraíba for twenty years from January 1, 1995, to December 31, 2015, for five
meteorological stations (João Pessoa, Areia, Campina Grande, Monteiro and Patos), which are distributed
over all mesoregions were collected from Brazilian National Institute of Meteorology (Instituto Nacional
de Meteorologia - Inmet) and are available at http://www.inmet.gov.br/. e daily rainfalls for the four
(nominal) season periods of summer (Dec 21-Mar 20), fall (Mar 20-Jun 21), winter (Jun 21-Sep 22) and
spring (Sep 22-Dec 21), were separated and analyzed to investigate spatial and seasonal variability. ere are
no missing observations in the entire daily rainfall data set recorded. All statistical analyses were run using
the statistical soware R. (R Core Team, 2016).

Markov chain

Markov chain models have been widely used for simulating discrete time series. Some applications include
vegetation dynamics (Balzter, 2000), hydrological processes (Schoof & Pryor, 2008; Fu, Li, & Huang, 2012),
wind speed (Shamshad, Bawadi, Hussin, Majid, & Sanusi, 2005) and urban growth (Le Gallo & Chasco,
2008). Markov chain models can vary in two properties: the number of states (different values that the
variable can assume) and the order (number of previous values used to determine the state-to-state transition
probabilities) (Schoof & Pryor, 2008).
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Ratan and Venugopal (2013) report that the Indian Meteorological Department uses 2.5 mm as a
threshold to define a rainy day. However, daily rainfall less than 5.0 mm is ineffective as this amount of rain
would evaporate before entering the ground (Ali & Mubarak, 2017). erefore, rainfall would only humidify
the surface. is would be beneficial initially only for plantations of superficial or medium roots, e.g., onion
and wheat, respectively (Ali & Mubarak, 2017). In this way, we use 2.5 and 5.0 mm cut-off point.

In this work, we used first order three-state Markov chain to study the behavior of rainfall occurrence in
Paraíba. e states used were: dry (d), wet (w) and rainy (r). A day was considered dry (d) if rainfall occurrence
on that day was at most 2.50 mm; wet (w) if rainfall occurrence was between 2.51 and 5.00 mm and, rainy
(r) if rainfall was more than 5.00 mm. e probability of the rainfall process being in a particular state was
calculated based on the first order Markov chain assumption that the current day's rainfall depends only on
the preceding day’s rainfall (Garg & Singh, 2010). e transition probability matrix is defined as ,
where   ( is the state space) and is listed in Table 1.

e transition probabilities are defined as follows:  is the probability of a dry day preceded by
a dry day,  is the probability of a wet day preceded by a dry day,  is the probability
of a rainy day preceded by a dry day, and so on. e sum of probabilities of each row equals unity:

,  and

Estimation for Markov Chains

e transition probability matrix is generally unknown and should be estimated through observations. In
the literature, some methods for estimating the transition probabilities are: Maximum Likelihood Estimator
(MLE), Bootstrap Method, Smoothed Estimators, Lagrange Multipliers (Zhang, Wang, & Zhang, 2014).
Here, we used the MLE.

Let , with . Define . Consider  a sequence of random variables such
that  is independent from t, . erefore, the sequence  is a Markov chain
with state space S and transition probability , subjected to  and .

Taking a sample from the chain  we have the realization of the random variable 
with probability . Let . Its likelihood function is given by

 and , subjected to . We must choose a probability
of any transition to express it in terms of others, say . Applying the derivative in  in relation
to , we have . As it is true for all , then . erefore,
the probabilities  can be estimated from the corresponding observed absolute frequencies  of
days being in a particular state  preceded by a state , as the maximum likelihood estimators (MLE) of

 are given by . Craig and Sendi (2002) suggest Efron's bootstrap as a method to
construct confidence intervals for transition probability matrix funcions.

TABLE 1.
Transition probability matrix for three-state Markov chain.
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Goodness-of-fit test

In order to model rainfall dynamics in Paraíba using Markov chain, we first tested the validity of the proposed
three-state Markov chain approach: the null hypothesis H0  : Rainfall occurrences on consecutive days are
independent, vs. alternative hypothesis H1  : Rainfall occurrences on consecutive days are not independent.
is test is used to verify if the behavior of the rainfall can be explained by the model proposed: a Markov
chain of three-states of order 1, i.e., rainfall occurrence on successive days is not independent (Garg & Singh,
2010). For three-state Markov chain, Wang and Martiz (1990) suggested a WS test statistics, given by
Equation 1.

(1)

where:
e variance of (  in (Equation 1) is

given by , are numbers of dry, wet, and rainy days and  and  are
the stationary probabilities, which are calculated as  and 
where

According to the test procedures, critical region is  at  level of significance i.e. the null hypothesis is
rejected if , where  is the 100 ( ) lower percentage point of a standard normal distribution (Garg
& Singh, 2010).

Equilibrium probabilities

e equilibrium probabilities  and  (of a dry, wet and rainy day, respectively) are found by solving
the stationary matrix equation (Garg & Singh, 2010). is means that the probability of being in any state
will not change over time. is indicates that the transition matrix will stabilize the values of its elements
in the long term, i.e., there is a limit such that  where the  satisfy only the following stable state
equations  to  . en Equation 2:

(2)

so that the estimators of the long run equilibrium probabilities are given by solving the linear system of
equations  and , together with the probability
normalization condition .

Distribution of events and expected length of dry, wet and rainy spells

Given a discretized series of days for the amount of rainfall each day, the distribution separating events
follows a negative binomial distribution (Longley, 1953). Let  and . A random variable X has the
negative binomial distribution  if , . e expected length
of different spells is calculated as follows (Garg & Singh, 2010). e probability of dry spell of length d
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(a sequence of d consecutive dry days preceded and followed by wet or rainy days) is  .
e expected length of dry spell is given by  . e expected length of dry spell is given by

. Equivalently, the probability of a wet spell of length w (a sequence of w consecutive wet
days preceded and followed by dry or rainy days) is  with the expected length of wet spell
given by . e probability of a rainy spell of length r(a sequence of r consecutive rainy days
preceded and followed by dry or wet days) is  with the expected length of rainy spell given
by . Finally, the weather Cycle (WC) is defined as .

Results and discussion

Table 2 lists the geographic information about stations used in this study and descriptive statistics for
1995-2015 daily data.

It is seen in Table 2 that the coastal region of Paraíba (João Pessoa station) receives most rain (highest
mean value), while Sertão (Pato station) is affected by the strongest wet episodes (highest maximum value).
Table 3 presents the linear correlations and distances (km) in a straight line between the stations. When
distance increases, linear correlation decreases among rainfall time series.

e hypothesis of dependence of rainfall occurrences on successive days is tested independently for the
four seasons (fall, winter, spring, summer), and the estimated values of WS statistics (1) for the four seasons
and their p-values are presented in Table 4.

e results of goodness-of-fit test (Table 4) show that rainfall occurrences on consecutive days in Paraíba
for each of the four seasons are dependent (p < 0.05), satisfying a major property of the Markov chain model,
except for Patos station for winter season (p = 0.3276). is occurs because there was no transition of the
type  and  in winter.

Table 5 lists the estimated equilibrium state probabilities, the expected length of different spells, the
weather cycle, and the total number of days, for each season for five Paraíba’s stations. It is seen in Table 5
that for the stations located in Mata Paraíbana (João Pessoa), Agreste (Areias and Campina Grande) and
Borborema (Monteiro), the probability of rainy days is greatest in fall, during the rainy season, with the
highest value for João Pessoa station (~35%), located in the coastal region. Patos station is located in Sertão
with the rainy season in summer, and consequently the greater probability of rainy days (15%), although
this probability is much smaller than for dry days (81%). For all seasons (including the rainy season), the
probability of dry days (59-98%) is greater than the probability of rainy days (2-35%), indicating that the
rainfall regime in Paraíba is characterized by high rainfall intensity over short rainy spells (the expected length
of rainy spell during the rainy season is ~1.5 days). For all stations, except for Patos, the probability of dry
days (87-96%) and the expected length of dry spells (13-42 days) is greater in spring, with more prolonged dry
spells in Campina Grande and Monteiro (expected lengths of dry spells are 29.24 and 42.02, respectively).
In Sertão (Patos station) with prolonged dry season, the probability of dry days (~98%) and the expected
length of dry spells (~50 days) is greater in winter and spring. Weather cycle also shows seasonal and spatial
variability: lowest for João Pessoa station in fall (6.07) and winter (5.97) and highest for Patos station in
winter (51.79) and spring (52.45).

TABLE 2.
Station locations and descriptive statistics (in mm) for daily rainfall.
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TABLE 3.
Correlations between the daily rainfall series and distance between cities.

TABLE 4.
Estimated values of WS Test Statistics and the associated p-values.

ese results imply qualitative agreement with findings of Robertson et al. (2004) who applied hidden
Markov model (HMM) to describe daily rainfall occurrence at 10 gauge stations in the State of Ceará,
northeast Brazil, during the February-April wet season 1975-2002. ey identified four ‘hidden’ rainfall
states, where two of the states are found to correspond to wet or dry conditions at all stations, with similar
relative frequencies. ey also found that the wet state tends to be more prevalent during March (fall),
however the dry state is more prevalent at the beginning of the FMA (February-March-April) rainy season.

Table 6 presents the fit for the duration of days according to the occurrence of states. e dispersion
parameter refers to the important property of the negative binomial distribution of the over-dispersion, since
its variance exceeds the mean. Note that João Pessoa presented the highest mean duration and standard error
for the three events d,w and r. is indicates that there is a greater variability in the duration of these events/
states around their average duration. We highlight the Areia station, with behavior closer to João Pessoa in
relation to the other stations. is suggests the influence of the climatology of the Borborema Plateau, which
is hot and humid.

Figure 2 illustrates the interpolated maps of transition probabilities estimated among states d,w,r for
winter season. In winter, the dry-dry transition presented the highest probability values above 65% (a), while
dry-wet (b) and rainy-wet (h) transition presented the lowest probability, below 10%. e dry-rainy (c), wet-
rainy (f) and rainy-rainy (i) transition probability increased towards the coastline, while dry-dry (a), wet-dry
(d) and rainy-dry (g) transition probability increased in the Coastal-Sertão direction. Sertão region (Patos
station) showed the highest transition probabilities that lead to dry condition (Figure 2 a, d, g) and lowest
transition probabilities that lead to wet and rainy conditions (Figure 2 b, c, e, f, h, i).

For all seasons and for all stations, there was the highest probability of the transition from a dry day to
another dry day, reflecting the climate characteristics in the Northeast of Brazil: the rainfall is concentrated
in short time periods with prolonged dry spells (Lucena et al., 2011). e transition probabilities from wet
and rainy conditions to dry condition are higher in the Sertão region, while transition probabilities that lead
to rainy conditions are higher in the coastal region.
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TABLE 5.
Equilibrium state probabilities, expected length of different spells, weather cycle,
and total number of days for Paraíba’s rainfall stations for different seasons. e
observed lengths of different spells and weather cycles are given in parentheses.

TABLE 6.
e fit of the day’s duration for the events , and to the negative binomial distribution.
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FIGURE 2.
Interpolated maps of transition probabilities for winter season in the period 1995-2015.

Conclusion

e results of WS goodness-to-fit test indicate that Markov chain is an appropriate model for rainfall
dynamics in Paraíba. For all stations/seasons, the probability of dry days is greater than the probability of
rainy days (regime characterized by high rainfall intensity distributed over short rainy spells). e estimated
transition probabilities among states show that the dry-dry transition presents the highest values for all
seasons/stations, as well as the expected dry spell length (severe droughts). e transition probabilities that
lead to rainy condition are higher in the coastal region, while the transition probabilities that lead to dry
condition are higher in Sertão.
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