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ABSTRACT: This study aims to first introduce a formulation which is quite simple for obtaining dielectric-barrier discharge
plasma spatial body force. This new model comprises a combination of an empirical model and a numerical one. Although
there are still some limitations in the new model (restriction to specific geometry, maximum voltage amplitude of 30 kV,
maximum frequency of 30 kHz, dielectric coefficient of 2.8 and Debye length of 0.0001 m), it is straightforward compared
to the existing ones. The model possesses a high accuracy for the abovementioned band. It is proposed an approximate
integral solution for the wall jet problem which is associated with the induced jet produced by dielectric barrier discharge
plasma actuator. The approximate integral solution for the wall jet is verified by similarity, and the details are extensively
discussed.

KEYWORDS: DBD, Plasma actuator, Body force, Lumped circuit element, Electro-static model.

INTRODUCTION

Among the many models and schemes proposed so far to control the behavior of the fluid flow, dielectric-barrier discharge
(DBD) plasma actuator might be counted as the most recent one (Yang and Chung 2015; Gad-el-Hak 2000; Braun et al. 2009;
Corke et al. 2010). Such an actuator has been used mainly for aerodynamic purposes, as flow reattachment, which subsequently
leads to enhancing lift and drag reduction (Gad-el-Hak 2000; Braun et al. 2009; Corke et al. 2010; Moreau 2007; Cattafesta and
Sheplak 2011; Zhang et al. 2010; Aberoumand et al. 2016). Owing to the fact that experimental investigations on DBD plasma
actuators demand high costs for providing the setup apparatus, Computational Fluid Dynamics (CFD) is taken into account to
understand the impact of DBD plasma actuators on a variety of applications. Since the result of applying DBD plasma actuator is
inducing a body force, CFD is first headed to obtain this Lorentz body force.

Then the acquired body force is substituted into the flow equations as a source term in order to obtain the velocity and pressure
distribution due to the presence of such actuators. Some models (both empirical and numerical) have been introduced so far to
simulate DBD plasma body force. Among the first, earliest models, there is the Roth model for predicting the induced body force
(Mertz and Corke 2008). It is an empirical approach in which the body force term is proportional to the spatial derivative of the
second power of the electric field. However, the effect of charge density is ignored in this model and it first requires the calculation
of electric field. Moreover, this model has been criticized by Mertz and Corke (2008), as it predicts the existence of a body force

even in a 0-charge density condition.
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In addition, it is just a spatial model and does not provide any information about the temporal behavior of the actuator.
One of the well-known and earliest models is the Shyy model, which contains the effects of applied voltage frequency,
plasma discharge time, collision efficiency factor and electron charge on the spatial plasma body force. Finally, the model
proposes a direct formulation for predicting the horizontal and vertical body force of the DBD plasma actuator. However,
it requires some empirical fittings for calculating the parameters. Furthermore, the linear decrease in the electric field from
the edge of the exposed electrode to the end of the covered one, which is the result of simulating by this model, disagrees
with previous reports by Thompson and Moeller (2012). Besides, among the numerical models, Suzen Huang and Lumped
Circuit Element Electro-Static are considered as the most prominent for simulating the DBD plasma body force (Thompson
and Moeller 2012). Lumped Circuit Element is an auxiliary model associated with the Single Potential Model (electro-static
model with a relation between charge density and electric potential). Using the sub-circuit scheme allows this model to
timely predict the location where the charge exists. Thus, the Poisson equation for electric potential is solved at this location
rather than in the whole region over the encapsulated electrode (Mertz 2010). The other merit of this model may be found
in considering the effect of applied voltage frequency on DBD plasma body force, which subsequently results in predicting
the plasma dissipation.

Suzen Huang is a dual potential model which assumes that the electro-magnetic behavior of the DBD plasma actuator
is due to the effects of electric potential and charge density simultaneously. Then, by solving 2 governing Poisson equations
for both electric potential and charge density, the DBD plasma body force can be easily calculated. Besides, there is the
Full Electro-Magnetic Model, which solves the Columbic field coupled with the drift diffusion. Therefore, the model solves
the continuity, momentum and energy equations plus 2 Poisson equations for electric potential and charge density (Mertz
2010). Overall, all of the abovementioned models (apart from the Full Electro-Magnetic Model) have drawbacks and also
some of them are more amenable to numerical simulation than the others. Nevertheless, there is still complexity and even
there is not yet a direct explicit formulation for predicting DBD plasma body force. The complexity comes from tackling
the systems of ordinary differential equations (ODEs) and partial differential equations (PDEs); in addition, there would
be more computational complexity when we deal with the Full Electro-Magnetic Model. Therefore, the need for a direct
and simple explicit formulation for calculating the induced body force of DBD plasma actuator is undeniable. The goal of
the present study is to first resolve this issue. Here it is worth to note that the vertical component of the DBD plasma body
force is negligible in comparison with the horizontal one (Yang and Chung 2015). Therefore, the problem is reduced to just
formulate the x-component of the body force. To proceed with this, we have used an empirical model resulted from the PIV
data (Yang and Chung 2015), which reveals that the horizontal component of the body force can be assumed as to have a
Rayleigh distribution over the x-direction and an exponential distribution along the y-direction. As it will be verified, there
are 3 empirical factors within the model.

Therefore, by estimating the x-component of the body force (as the result of many numerical simulations conducted
by Lumped Circuit Element Electro-Static Model) to be within the recommended form (Yang and Chung 2015), a new
formulation/model is born, which really provides a more convenient simulation path for DBD plasma body force. Further
it can be noted that the new formulation is explicit; therefore, the simulation procedure is straightforward and very fast.
More details about constructing the new formulation will be provided in the following sections.

In the next part of the present paper, a discussion around the DBD plasma wall jet is provided. As we know, wall jet has
been a classic problem in fluid mechanics and, so far, apart from series solutions, there is not an explicit closed form solution
for that. Coming to this point in which DBD plasma actuator mainly causes a flow jet along the wall, it is also worth to
provide a scheme for solving the flow equations and one to specialize the solution for specific DBD plasma configurations.
Here we mention that the wall jet problem has been first solved by Glauert (1956). Moreover, the author further proposed
an implicit solution for the wall jet problem, which, individually, has received many attentions from researchers in this field
so far, considering that there are some other types of solutions including numerical and analytical ones. We are not to repeat
these methodologies in here but, instead, a new approximate and closed form solution will be provided. This solution is

mainly based on that of integral momentum equations (IME) and will be validated via the similarity solution.
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FORMULATING THE DIELECTRIC-BARRIER DISCHARGE PLASMIA BODY FORCE
LUMPED CIRCUIT ELEMENT ELECTRO-STATIC MODEL

Single Potential Model can be simply used for simulating the DBD plasma body force. This model is extensively discussed by
Aberoumand et al. (2016). Thus, in the present study, we have only provided a brief introduction to this model.

Electrical potential is governed by the following Poisson equation (Aberoumand et al. 2016):

1
V(eVg) = FER4 (1)
D

The charge density is obtained from the 1-D estimation of electric charge (Aberoumand et al. 2016) as:

L. = @. 2)

'
2
/lD

By presenting the net charge in a region with the presence of electric field, the induced body force of the DBD plasma actuator

can be calculated by:

— — (3)

fy =P L.

In general, the model deals with solving Eq. 1 in a mathematical plain, obtaining the induced body force due to the presence
of plasma and then mapping the domain into the physical space of the problem. Lumped Circuit Element Model is an approach
which considers electrodes, air and dielectric material as capacitor elements. A finite number of electrical sub-circuits (subscripted
by n for the modified form of Lumped Circuit Element — Mertz 2010) is considered for any path line from the exposed electrode
to the encapsulated one. Since the Single Potential Model is not complete (the effect of applied voltage frequency is neglected
and it is assumed that plasma is presented in the whole region over the encapsulated electrode), it requires some modifications.
Hence, Lumped Circuit Element Electro-Static Model is used as an auxiliary model for timely predicting the plasma extent and

for including the effect of applied voltage frequency. The governing equations are:

d%(t)=dV;pp(t) ( C, (1) Yok 1,0 0
at da  C,0+C,(0" "C,0+C,0
1,0y =17, ()= V,(0)] ®
er
dbx(1)
= =, 0=, 0) ©

where V (£) is the voltage at the virtual electrode in each element of the encapsulated one, which is assumed to be on the surface
of dielectric material (virtual electrode); Vw(t) represents the applied voltage; Ipn (t) is the current through the plasma resistance
for each element; R is the air resistance in each section; vv is a coeflicient representing the increase in the sweep velocity by the
increase in applied voltage amplitude. According to Orlov (2006), vv can be assumed to be 10 m/s / kV; C_ and C, are capacitor
elements of air and dielectric material for each element, respectively; k_is a constant representing the Zener diode in each element,
which is assumed to be 0 or 1 depending on the presence of plasma — if the difference between the applied voltage and the voltage
at each element of the virtual electrode (in each time step) exceeds the critical voltage (the minimum voltage required for the

formation of plasma), then the Zener diode factor is assumed to be 1; otherwise, it is assumed to be 0.
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These factors are well-discussed in Mertz (2010). In the present paper, Eqgs. 4 to 6 are solved using 2"-order Runge-Kutta. Then,
Eq. 1 are solved by the classical Gauss-Seidel explicit algorithm for spatial-time re-corrected conditions. Finally, the obtained spatial
and steady body force was substituted into Navier-Stokes equations as the source term to validate the model with the previous

experimental report of Debiasi and Jiun-Ming (2011). The schematics of the model is drawn in Fig. 1.
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Figure 1. Engaged equations for the Lumped Circuit Element Electro-Static Model (Mertz 2010).

MODEL VALIDATION

Just as our previous study (Aberoumand et al. 2016), we used vorticity-stream function numerical approach for simulating
the effect of DBD plasma body force on velocity distribution. The discretization methodology for the body force based equations
are the same as our previous paper (see Aberoumand ef al. 2016). A comparison between experimental measurements reported
by Debiasi and Jiun-Ming (2011) — at the threshold voltage of 12 kV, 25,000 Hz for the applied voltage frequency, Kapton as
the dielectric material and the specific geometries used in the experiment — and the present numerical simulation is shown in
Fig. 2. It indicates that the simulated plasma agrees with the experiment. In this case, Debye length was chosen to be 0.00001
based on the previous research by Ibrahim and Skote (2014).

x 1073

= Experiment
7 =®= Modified lumped circuit element

Y-Direction (m)

0 T T T T T T
0 0.5 1 1.5 2 2.5 3 35 4 4.5 5

Velocity (m/s)

Figure 2. Comparison between experimental results by Debiasi and Jiun-Ming (2011) and numerical simulation.
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IMPLEMENTATION OF LUMPED CIRCUIT ELEMENT ELECTRO-STATIC MODEL FOR A VARIETY OF
DIELECTRIC-BARRIER DISCHARGE PLASMA CONFIGURATIONS

Here, simulating the DBD plasma body force via Lumped Circuit Element Electro-Static Model is continued for many actuator
configurations. The applied configurations changed with changing the voltage amplitude, voltage frequency, dielectric coefficient
and Debye length. Although the changing band for the abovementioned factors is vast enough to include a variety of DBD plasma
configurations, we cannot simply proceed with applying different electrode lengths as well as different dielectric thicknesses.
Basically, the specific hurdles of Lumped Circuit Element Electro-Static Model cause this limitation to arise.

The hurdles are mainly due to the fact that, to proceed with DBD plasma body force simulation by Lumped Circuit Element
Electro-Static Model, we primary need some empirical values/factors. We followed the guidelines provided by Mertz (2010);
thus the critical voltage was set to be 1 kV and the increase in sweep velocity was assumed to be 10 m/s / kV together with the
assumption of a sine wave threshold voltage. Nevertheless, it would be doubtful to relate such empirical factors to any type of
actuator geometries or fluid flow conditions. In the close future, authors will resolve this limitation from the upcoming formulation

by proposing a more general (naturally, not free from empirical data) correlation.

PROPOSING THE FORMULATION AND DISCUSSION
Following our previous discussion, we again insist that the y-component of the DBD plasma body force is negligible compared
to the x-component body force. Further based on a previous study (Yang and Chung 2015), the horizontal component of the body

force can be expressed as:

bx 2+cjy

F (x,y)=ax xe )

where a, b and ¢ are constant factors relating to the actuator configuration.

Here, it is assumed that each result by Lumped Circuit Element Electro-Static Model corresponds to the certain values of a,
b and c. Applying Advanced Least Square Technique (Jafarimoghaddam et al. 2016; Jafarimoghaddam and Aberoumand (2016a,
2016b, 2016¢); Aberoumand et al. 2017; Aberoumand et al. 2016), the most suitable factors were identified for each case. By simply

repeating this procedure for a variety of cases with different configurations, the following explicit formulation was achieved:

bx 2+cy

F(x,y)=ax xe
a=(3.1054f "1 D03 [(9.405x107"W )+ (5.918x107°W/,* + (~0.008657), +17.9])x10-2

(8)
b =((0.0069x107)(, ~30x10*) - 0.1)x10°

¢ =((0.069x107)(¥, ~30x10%) ~1.5)x10’

where D is the Debye length; V/ is the voltage amplitude of the threshold voltage; fis the voltage frequency; e is the dielectric coefficient.

The above formulation is highly accurate and only falls within about 5% error with the acquired results from the Lumped
Circuit Element Electro-Static Model (average R-Square for each case is about 0.95). In Eq. 8, all the variables must be in SI scale,
and subsequently the acquired body force will be expressed in N/m? per unit.

It should be noted that the maximum extent of spatial body force in the x-direction as well as the maximum induced body force
by the actuator have been controlled whilst the most fitted vertical extension of the body force, together with the total induced
body force over the spatial domain, has been optimized for each case. After the corresponding factors for each case were obtained,
a general optimization process was performed to functionalize the structure of factors on the basis of DBD plasma configuration.

The explicit form of the proposed model provides a more convenient way for DBD plasma simulation mainly in flow control
applications. Limitations of the model must be also considered: both electrodes of the actuator have 0.5 in; vertical and horizontal
distance between the electrodes is 0.003 in; the dielectric coeflicient is up to 2.8; the maximum band for voltage amplitude is 30 kV;

the maximum band for voltage frequency is 30 kHz; Debye length can be modeled up to 0.00001 m; the minimum voltage amplitude

J. Aerosp. Technol. Manag., Sdo José dos Campos, v10, e0818, 2018
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required for plasma formation is considered to be 1 kV. Therefore, practically, there would be almost no body force for voltage
amplitudes lower than 1 kV. This assumption is made just because the suitability has been proved previously by authors and some
other researchers (see Mertz 2010). Further advancement is restricted because the engaged empirical factors are at least strongly
reliant on geometrical factors of the actuator. We could proceed to obtain a more general formulation for including different actuator
geometries by assuming the previous empirical factors for any case, but the outcome would not be highly reliable. Furthermore, it can
be considered that the Lumped Circuit Element Electro-Static is just a model for simulating the DBD plasma body force and, more
precisely, it does not contain the whole phenomena engaged with the plasma formation. For example, Electro-Static in overall is for
modeling the cold plasma, which is mainly referred to the low-pressure plasma (atmospheric pressure). Actually, that is why we call it
Electro-Static, because, in low pressure, the energy of electrons cannot be easily transferred to the neutral air, and so the temperature
of ions is quite different than the air itself; subsequently, there is not a temperature equilibrium between plasma and air phases.
Therefore, because of low-working pressure, drift diffusion can be ignored with respect to the electro-static forces
(columbic forces). As another example of assumptions within the Electro-Static models, the Debye length is based on
assuming a working temperature for ions. In addition, 3 main time scales defined for plasma formation allow assuming that
the actuator works in a quasi-steady mode and, moreover, for applying the acquired body force into the flow equations, one
enjoys the benefit of continuous phase assumption (it is a normal assumption but still an assumption). Disclosing the many
assumptions in plasma simulation mainly by this model (Lumped Circuit Element Electro-Static Model) is not within the
scope of the present paper, but it is in Mertz (2010). Generally, it is mainly the mathematical convenience rather than the
accuracy of the model which motivates researchers to apply it. Nonetheless, the outcome results by this model can be still
reliable when the model is applied with whole considerations. By the way, here we have laid trust in the results of Lumped
Circuit Element Electro-Static Model as it has been used by many researchers over the past decade. Then, by combining the
results by this model with an empirical relation proposed in Yang and Chung (2015), a more general and straightforward
model has been achieved. The outcome results by the presented model were compared to the ones by the Lumped Circuit
Element Electro-Static Model. This comparison was done for different plasma configurations as shown in the figures provided.
All the results are shown for the x-component body force, which is the main and the governing target of the preset study.
Figure 3 shows the spatial body force by Lumped Circuit Element Electro-Static Model and it can be verified that the body force
is vertically extended at the beginning of the covered electrode, decaying in a relatively large distance compared to the horizontal
decay of the body force. For the same actuator configuration, Fig. 3 is fitted to the general relation proposed in Yang and Chung
(2015) by minimizing the absolute total error using Least Square Techniques; consequently, the result follows our model (Eq. 8) and
is shown in Fig. 4. Figure 5 shows the body force distribution estimated by the proposed model for 1 kV as the voltage amplitude.

Body force (N/m?)

- E3S..

X-coordmate (mm)

Figure 3. X‘component body force over the covered electrode by Lumped Circuit Element
(V,=30kV; f=10kHz; D=0.00001 m; e = 2.8).

35 3,000

w

2,500

2.5
2,000

)
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0 0
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As discussed before, because 1 kV is the initiating value for plasma formation, we expect almost 0 body force, which relatively
agrees with Fig. 5. In Fig. 6, it is indicated a comparison of the maximum induced body force in different voltage amplitudes
with fixed values for other factors between Lumped Circuit Element Electro-Static Model and the current model. In this case,
we observe a perfect compatibility between the models. Figure 7 represents the same comparison but now in different voltage
frequencies. Again, the model predicts well the behavior of the maximum induced body force but, unlike Fig. 6, it is now with
a relatively low deviation. The procedure was repeated for different dielectric coeflicients and Debye lengths as shown in Figs. 8
and 9. A comparison among Figs. 6 to 9 reveals that the body force is more sensitive to the voltage amplitude but less sensitive to
the other factors. Moreover, for very small values of Debye length, there is also a high sensitivity in body force. However, noting
that Debye length is mostly selected within the order of 0.00001, the most governing factor would be only the voltage amplitude.
Therefore, in the remaining figures at this section, we have focused on displaying the effect of voltage amplitude on body force.
Figures 10 to 12 show the vertical distribution of the body force in 3 x-locations. Figures 13 to 15 show the same procedure, but

now the horizontal distribution of the body force is in the y-locations. All these figures simply indicate the applicability of the
present model.

Body force (N/m?)

3,000
2,500

2,000

Y-coordinate (mm)

1,500
1,000

0 1 2 3 4 5 6 7
X-coordinate (mm)

Figure 4. X‘component body force over the covered electrode by the proposed formulation
(V,=30kV; f=10kHz; D=0.00001 m; e = 2.8).

Body force (N/m?)

Y-coordinate (mm)

L~ E

0 3 .53 4 4.5
X—coordlnate (mm)

Figure 5. X‘component body force over the covered electrode by the proposed formulation
(V,=1kV; f= 10 kHz; D= 0.00001 m; e = 2.8).
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— Proposed formulation

3500 —— Simulated by lumped circuit element electro - Static Model

3,000

2,500

2,000

1,500

1,000

500
05 1 Is 2 25 3

x 10*

Maximum horizontal body force (N/m?)

Peal voltage amplitude (V)

Figure 6. Maximum tangential body force (f= 10 kHz; D = 0.00001 m; e = 2.8).

— Proposed formulation
— Simulated by lumped circuit element electro - Static Model
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Figure 7. Maximum tangential body force (V, = 15 kV; D = 0.00001 m; e = 2.8).

—— Proposed formulation
—— Simulated by lumped circuit element electro - Static Model
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z
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9
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=
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Figure 8. Maximum tangential body force (V, = 15 kV; f= 10 kHz; O = 0.00001 m).
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— Proposed formulation
— Simulated by lumped circuit element electro - Static Model

3,000
~ 3,000
=
~
Z 2,500 -
)
2
& 2,000
)
=] 1,500
2
g 1,000
:

500
=

0 T T T T T T T T T ]

01 02 03 04 05 06 07 08 09

x 10*
Debye length (m)

Figure 9. Maximum tangential body force (V; = 15 kV; f= 10 kHz; e = 2.8).

— Proposed formulation
—— Simulated by lumped circuit element electro - Static Model

Y-coordinate (mm)

0 0.5 1 1.5 2 2.5 3 3.5 4
Body force (N/m?)

Figure 10. Tangential body force distribution at 3 x-coordinates (V= 1 kV; f= 10 kHz; D= 0.00001 m; e = 2.8).

— Proposed formulation
—— Simulated by lumped circuit element electro - Static Model

Y-coordinate (mm)

X =0.5mm

0 T T T T )
50 100 150 200 250 300 350
Body force (N/m?)

Figure 11. Tangential body force distribution at 3 xcoordinates (V,; = 15 kV; f= 10 kHz; D = 0.00001 m; e = 2.8).
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—— Proposed formulation
35 — Simulated by lumped circuit element electro - Static Model

Y-coordinate (mm)

T T T T 1
0 200 400 600 800 1.000 1.200
Body force (N/m?)

Figure 12. Tangential body force distribution at 3 xcoordinates [V, = 30 kV; f= 10 kHz; D = 0.00001 m; e = 2.8).

— Proposed formulation
L4 — Simulated by lumped circuit element electro - Static Model

0.8 4

0.6 4

Body force(N/m?)

0.4 4

0.2 1

T T 1 T T
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

X-coordinate (mm)

Figure 13. Tangential body force distribution at 3 y-coordinates (V, = 1 kV; f= 10 kHz; D = 0.00001 m; e = 2.8).

—— Proposed formulation
100 — Simulated by lumped circuit element electro - Static Model

Body force(N/m?)

X-coordinate (mm)

Figure 14. Tangential body force distribution at 3 y-coordinates (V; = 15 kV; f= 10 kHz; D = 0.00001 m; e = 2.8).
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— Proposed formulation
600 — Simulated by lumped circuit element electro - Static Model

Body force(N/m?)

T I T I T | T I T |
0 0.5 1 1.5 2 2.5 3 35 4 45 5

X-coordinate (mm)

Figure 15. Tangential body force distribution at 3 y-coordinates (V; = 30 kV; f= 10 kHz; D = 0.00001 m; e = 2.8).

PLASMA WALL JET APPROXIMATE MODELING
WALL JET SIMILARITY SOLUTION

For an incompressible, steady-state and 2-D flow, the boundary layer equations can be written as:

where v is the kinematic viscosity.

The above conservative equations can be reduced to an ordinary differential equation (ODE) using a similarity parameter
and, subsequently, a similarity function:

nN=kx“y (11)

W =x"f(n) (12)

where 7 is the similarity parameter; y is the stream function.

Using Egs. 11 and 12, velocity components and the corresponding derivatives can be simply obtained as:

u _Iv = kx *tf
dy
a b-1 !
V=-——=-x""(anf +bf) (13)
ox
a_u=k2x2a+bf”
dy
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3” kP anf "+ @+ b))
X

0%u

dy’

— k3x 3a+bf m

Substituting Eq. 13 into the basic partial differential equation (PDE) for momentum, we reach:

kuf "+bff "—(a+b)f * =0 (14)

where:

b=a+1 (15)

Note that, by the definition of stream function, the continuity equation will be automatically satisfied. Based on Eq. 14,
the factors of a and b must be also identified to reach the final transformed equation. Noting that we already have 1 relation
for the 2 unknown factors (Eq. 15), there must be another auxiliary relation for identifying the 2 independent factors of
a and b. Here is where Glauert (1956) once found that, for the wall jet problem (mainly in the context of e-jet types), the
second relation comes from the Flux of Exterior Momentum. In other words, the integral form of momentum equation
with assistance of continuity equation provides an auxiliary constraint for an immediate identification of the 2 unknown
factors of a and b (Xu et al. 2008).

The second relation is:

a+3b =0 (16)

Finally, the transformed PDEs would be in the form of the following ODE:
dkvf "+ ff 427 =0 (17)

Because k is an arbitrary parameter, for simplicity, it is defined as:

Therefore, Eq. 17 converts to:

frff+2f =0 (19)

Boundary conditions for Eq. 19 are:
/'(0)=0
f(0)=0 (20)
f'(®)=0,f (»)=1
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Solution Methodology

Equation 19 has been discretized by the Runge-Kutta-Fehlberg Method, and boundary conditions were included with the
assistance of the Shooting Technique. The iterative procedure hindered by the Shooting Technique led us to the relatively exact guess
for the numerical proceeding. Comparing the outcomes to the results by HAM series solution (Raees et al. 2014), it is indicated
a perfect compatibility with the present study. The results for () and f ”(eo) as functions of # are shown in Figs. 16 and 17.
Selecting 7 = 8 as 77 = oo led us to f’(e0) < 10, which is a suitable correspondence of f’(e<) = 0.

0.35
0.3 4
0.25

0.2 1

f’(eta)

0.15

0.1

0.05

L=}
S
~
oo

Figure 16. f’(y) (vertical axis) as a function of .

0.25
0.2 H
0.15

0.1+

£”(eta)

0.05 +

-0.05

-0.1 +

-0.15 T T T T T T T
1 2 3 6

=)
'S
~
o

Figure 17. f"(y) (vertical axis) as a function of #.

Regardless of the information which can be obtained (or are already obtained) from the implicit analytic solution procedure
for the wall jet problem, the boundary layer thickness (8) and wall shear stress (7 ) can be also simply obtained from accurate

numerical results as (note that values from the numerical solution are rounded to 4 decimals places):

3
O(x)=32vx* 1)
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2 3
T, (x)=0.0142’0—x 4 (22)
7

where y is dynamic viscosity; p is density.

In the next section, we will proceed to obtain an approximate formulation for the wall jet problem.

Integral Momentum Equation for the Wall Jet Problem
Assessing the momentum equilibrium for a control volume (with respect to the physics of the wall jet problem) with the size
of ddx, the following equation is obtained:

d o
_ 2
= ({/m dy) (23)

This equation will be later used for estimating the boundary layer thickness. However, to proceed with Eq. 23, we should first
devise a scheme for the x-component velocity. Inspired from the former polynomial approximations for the x-component velocity
(referred to the historical von Karman and Pohlhausen approximate solutions for boundary layer equations), here we assume

again that it simply follows a polynomial in the form of:
u(x,y)=Ay *+By’ +Cy’> +Dy +E (24)

The above polynomial form for the x-component velocity is restricted to the following conditions:

u|y=0=0
ul,_,=0
Ju
ay
0’u 0 (25)
ay_2|y=5_
Ju
| E) =0
dy v
Z’l| o Z’lmax
Vg

Substituting the abovementioned conditions, Eq. 24 becomes:

256 256

u(,0) =1, -2 LY - D) + (] 26

Here, the former approximate solutions for boundary layer equations were referred to the problems in which the flow was Self-
Similar; but now it is turned to be just Similar instead of Self-Similar (on the other hand, we now deal with Similarity rather than
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Self-Similarity). Therefore, assuming an unknown stretching/shrinking x-dependent function (U, ) seems to be necessary for proceeding
with approximate solutions for Similar flows. Now the problem is just to identify U, as a function of x (after that, boundary layer
thickness can be easily achieved with respect to IME). For this, one can simply assume that U _follows the following relation:

U, (x)=A0" (27)

In Eq. 27, A and n are factors corresponded to the similarity solution. Therefore, it is easily calculated that: A = 08086v""
andn=-2/3.
Substituting Eq. 27 into Eq. 26 and then using Eq. 26 in Eq. 23 (IME), we will have:

1
Kdx =06°d o6 (28)

where:
4

K =102.204903 (29)

Finally, the boundary layer thickness can be simply achieved as:
3
O(x)=39.8848vx * (30)

Moreover, wall shear stress will be obtained as:
o7
7,(x)=0.0238~—x * (3D
u

Note that, in the present study, we aim to propose an approximate closed form solution for the wall jet problem instead of
a compact scheme for the solution of wall jet just by IME means. In our close future studies, we will proceed with the solution

of wall jet problem just by IME means, absolutely independent of similarity results (it is still in progress by the authors).

Comparison between the Compact Similarity Solution and the Proposed Approximate One
In this section, the results of the 2 previous solutions are compared with each other. The comparison has been conducted for

x-component velocities estimated by the 2 methods (Fig. 18). As it can be seen, the 2 profiles are not fit together, but we have to

— Approximate solution
0.35 1 — Similarity solution

0.3
0.25

0.2

f’(eta)

0.15

0.1

0.05

,_.4
[
]
e
|
o]
~—
oo
o
—_

o
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Figure 18. Comparison of velocity profile — first approach.
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note that the boundary layer thickness and also wall shear stress have relatively better approximations by this method. Overall,
boundary layer thickness has the best fit with the similarity solution by this method while wall shear stress possesses a lower
accuracy with the similarity solution. However, the velocity profile estimated by this method is really weak to predict the velocity
profile by similarity solution. Therefore, in the next section, the velocity profile proposed by IME solution will receive a slight

modification, but at the cost of losing accuracy for predicting wall shear stress.

Moadified Approximate Solution

In this section, we will modify the former proposed profile for the x-component velocity. However, by doing this, we lose the
accuracy for wall shear stress estimation. Reminding our purpose in the present study, this modification can really be counted
as a step for achieving a relatively closed form solution for the wall jet problem. Consider Eq. 27 for estimating U _but now in
the form of:

(x)=ado" (32)

u max

where a is an arbitrary parameter for including our modification.

It can be proved that, if a is selected to be 1.3414, the boundary layer thickness will be automatically adapted to the similarity
solution and, further, the maximum jet velocity and its location will be also adapted to the results of similarity solution. Nevertheless,
as mentioned before, wall shear stress will greatly lose its accuracy compared to that of the similarity solution. Here, just the
results for velocity profile are validated by those of similarity solution, and details about the new polynomial form for velocity

and manipulation of wall shear stress will be included in the last section of the present paper.

A NOTE REGARDING THE DIELECTRIC-BARRIER DISCHARGE PLASMA INCLUSION AND DISCUSSION
In this section, we will discuss about specializing the results of wall jet solution for specific DBD plasma configuration. It is
obvious that the wall jet problem is solved regardless of the physical cause of the jet. According to the results of similarity solution
and the proposed approximate solutions (both the former and the modified one), by passing through the jet, boundary layer
thickness grows from 0 to infinity and, inversely, maximum jet velocity decays from infinity to 0. In the case of wall jet produced
as the result of DBD plasma actuator, the maximum induced velocity is restricted to the actuator configuration, which cannot be
infinity at the beginning of the jet. Therefore, there must be a location after the jet origin (a particular one) where the solution of
DBD plasma wall jet starts from. This location must be dependent on the actuator configuration and on the closed-form body
force proposed by the present research (Eq. 8). In our close future studies, we will also propose such a relation with respect to our

new proposed model for DBD plasma body force.

SUMMARIZING THE NEW ACHIEVEMENTS BY THE PRESENT STUDY
DBD plasma body force was explicitly formulated as:

F,(x.y)=ax xe” ™
a-= (3.1054f 03g 001D 03 [(—9.405x10‘“)V03 +(5.918x107°W > +(-0.008657W , + 17.9])><10-2
b =((0.0069x107)¢, ~30x10%)~0.1)x 10’ Y
¢ =((0.069x107)¥7, ~30x10%) ~1.5)x10’

In Eq. 33, all the variables are in the SI unit. Moreover, the model is restricted to the specific geometry; furthermore, there are

bands for variables within the proposed model.
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Wall Jet Problem — First Approximate Solution
Results of similarity solution were combined with the IME analysis; finally, by considering a scheme for the x-component

velocity, an approximate close form solution was proposed as:

256 256 s 256,y ., 256
ux,y)=u_l(-—— -(—)(= (34)
(x,¥) [( 27)(6) +H— )(é) (=) (27)(5)]
In Eq. 34, § was obtained as:
3
O0(x)=39.8848uvx * (35)
and u _was achieved as:
0.0693 5
u,, (x)= x? (36)
v
Finally, wall shear stress was formulated as:
2 =
. (x)=002382 x4 (37)
u
Compared to the results by similarity solution:
3
O(x)=32vux*
0.0802
U () = 2 2 (8)

2 s
7, (x)=001422x
u

Except for wall shear stress, boundary layer thickness and maximum x-velocity are well-approximated. But here we note again

that the x-velocity profile by this approximation is not suitably corresponded to that of the similarity solution (Fig. 18).

Moadified Approximate Solution for the Wall Jet Problem
For this, the former proposed model was modified by introducing an auxiliary factor; finally, the proposed model became in

the following form:

256

u(,p) =1, [ (256)< Yy (256)( V4 (22576)( L) (9)

But now, 6, u, _and 7, are:
3
O(x)=32vux* (40)
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0.0802 =
=—X

umax (x ) z

v

(40)
2

5
7 (x)=004612x
u

Boundary layer thickness and maximum x-velocity are excellently approximated by this model and, further, the proposed
formulation for the x-component velocity profile (Eq. 39) is almost corresponded to that of the similarity solution (Fig. 19).
Although the proposed approximate closed form solution (Eq. 39) might be suitable for engineering applications, mainly because
the relation is closed form and straightforward, here we are not allowed to use its result for wall shear stress because it is not
really corresponded to that of the similarity solution. Then we recommend using the result of the similarity solution instead. The
proposed approximate solutions fully satisfy the IME and further they are completely compatible to the nature of the problem, but
in different scales. Finally, based on the formulation of maximum x-velocity, by empirically estimating the maximum x-component
velocity induced by the DBD plasma body force, it will be easy to identify the location where the plasma jet begins. However, as

mentioned, it is still in progress to determine this location independently of the experimental results.

—— Modified approximate solution
0.35 - — Similarity solution

0.3
0.25

0.2

f’(eta)

0.15

0.1+

0.05

eta

Figure 19. Comparison of velocity profile — second approach.

CONCLUSION

In the present study, 2 main goals have been targeted. The first was to introduce an explicit and straightforward formulation
for DBD plasma body force. For this, we showed that the proposed formulation (model) agrees well with the results by
Lumped Circuit Element Electro-Static Model. Secondly, we proceeded with proposing a new approximate model for the wall
jet problem. The model chiefly comprised a combination of similarity solution and IME analysis. We further showed that the
first approximate model was not appropriate as it could not predict the behavior of the x-component velocity especially at
the infinity (where the flow is supposed to express an exponential trend). However, the second modified approximate solution
was really appropriate, especially for engineering applications, but there was just 1 major drawback in which the second model
could not almost predict the wall shear stress. For this, we recommend using the results via similarity solution. Finally, as the
main purpose of the second part of the present research, we aimed mainly to propose a scheme to obtain approximate closed
form solution and not to derive the solution just by IME analysis. Therefore, some further researches are still needed to resolve

the drawbacks within the present study.
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