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Abstract: An ideal on aset Xisa collection of subsets of X closed under the operations of
taking finite unions and subsets of its elements. Ideals are a very useful notion in topology
and set theory and have been studied for along time. We present a survey of results about
ideals on countable sets and include many open questions.
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Resumen: Un ideal sobre un conjunto X es una coleccién de subconjuntos de X cerrada
bajo las operaciones de tomar uniones finitas y subconjuntos de sus elementos. Los
ideales son una nocién muy util en topologia y teoria de conjuntos y han sido estudiados
desde hace mucho tiempo. Presentamos una revision de algunos resultados sobre ideales
en conjuntos numerables incluyendo preguntas abiertas sobre este tema.
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+-ideales, q+-ideales, representacion de ideales.

1. Introduction

An ideal on a set X is a collection of subsets of X closed under the
operations of taking finite unions and subsets of its elements. Ideals are a
very useful notion in topology and set theory and have been studied for
along time. We present a survey of results about ideals on countable sets
and include many open questions.

We have tried to include aspects that were not covered in the survey

written by M. Hrusak 28] We start by presenting two common forms to
define ideals: based on submeasures or on collections of nowhere dense
sets. A basic tool in the study of ideals are some orders to compare them:
Katétov, Rudin-Keisler and Tukey order. We focus mostly on the Katétov

28] 1511 1521 53] £or results on the Tukey

order. The reader can consult |
order. One important ingredient of our presentation is that we deal
mainly with definable ideals: Borel, analytic or co-analytic ideals. Another
crucial aspect is the role played by combinatorial properties of ideals, a
theme that has been very much studied and provides a common ground
for the whole topic. Most of the work on ideals has been concentrated
on tall ideals, nevertheless we include a section on Fréchet ideals (i.e.,
locally non tall ideals). Since the properties about ideals we are dealing

with are, in one way or another, based on selection principles, we end the
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paper with a discussion of Borel selection principles for ideals, that is, the
selection function is required to be Borel measurable.

We do not pretend to give a complete revision of this topic; in fact, the
literature is vast and we have covered a small portion of it. Our purpose
was to present some of the diverse ideas that have being used for studying
ideals on countable sets and collect some open questions which were
scattered in the literature.

2. Terminology

An ideal I on a set X is a collection of subsets of X such that:
(i)0#land X #1L
(i) IFA,B#1 then AUB#1.

(iii) FA#Band B#L then A# L

Given an ideal I on X, the dual filter of 1, denoted I*, is the collection of

all sets X \ A with A # I. We denote by I'" the collection of all subsets of X
which do not belong to I. Two ideals I and J on X and Y respectively are
isomorphic if there is a bijection f: X > Y such that £ # I if, and only if,
[E] #]. Suppose X and Y are disjoint; then the free sum of I and J, denoted
byI#]Jisdefinedon X UYasfollows: A#I1#]Jif A#X#landA#Y#].

We denote by 2 (respectively, #) the collection of all finite binary
sequences (respectively, finite sequences of natural numbers). If x # 27,
then x # 7 is the sequence (x(0), ..., x(n - 1)} for n # #.

Now we recall some combinatorial properties of ideals. We put A #* B
if A\ B s finite. An ideal I is a P-ideal, if for any family E,, # I there is E #
I such that E,, #* E for all n. This is one of the most studied class of ideals.

(p*) Lis p*, if for every decreasing sequence (A,), of sets in I, there is
A #1" such that A #* A, for all n # #. Following 31 we say that Lis p’, if
for every decreasing sequence (A,), of sets in I" such that A, \ Ay #1,
there is B # I such that B #* A, for all n.

The following notion was suggested by some results in (13] [20] 1 er
us call a scheme a collection {A: s # 2<%| such that 4, = 4., U A, and
Ao A =0 forall s # 2<%, An ideal is wp, if for every scheme {A;: s #
2"} with Ay # I, there is B # I'" and « # 27 such that B #* A4 ,#, for all n.
(q") Lis q", if for every A # I'" and every partition (¥, ) , of A into finite
sets, there is S # I" such that S # A and S # F , has at most one element

for each n. Such sets S are called (partial) selectors for the partition. If we
allow partitions with pieces in I, we say that the ideal is weakly selective

ws 1 (also called weakly Ramsey in (%)), Another natural variation is as
follows: For every partition (Fn)n of a set A # I with each piece F, in I,
there is S # I such that S # A and S # F,, is finite for all n. It is known that

the last property is equivalent to p~ (see Theorem 8.2).



Revista Integracién, 2019, 37(1), Jan-Jun, ISSN: 0120-419X

All spaces are assumed oo be regular and T. A collection B of non
empty open subsets of X is a w-base, if every non empty open set contains
a set belonging oo B. A point x of a topological space X is called a Frécher
point, if for every A with » « 7 there is a sequence (x,), in A converging oo
x. It is well known that filters (or dually, ideals) are viewed as spaces with
only one non isolated point. We recall this basic construction. Suppose
Z = # # {oo} is a space such that oo is the only accumulation point.
Then Foo = {ACN: o eintz(AU{x})} is the neighborhood filter of oo.
Conversely, given an ideal I over #, we define a topology on # # {co} by
declaring that each n # # is isolated and I* is the neighborhood filter of co.
We denote this space by Z(I). It is clear that the combinatorial properties
of I and Z(I) are the same.

For n # #, we denote by X ("] the collection of n-elements subsets of
X and X ) the collection of infinite subsets of X. The classical Ramsey
theorem asserts that for every coloring ¢ : #21 {0,1}, there is an infinite
subset X of # such that X is c-homogeneous, that is, ¢ is constant in X,
Anideal is Ramsey at #, when for any coloring ¢ : # 215{0,1} thereisac-
homogeneous set which is I-positive, we denoted it by nv — (7+)2. If it is the
case that for any coloring c and any X # I'" there is a c-homogeneous set Y
#I" contained in X, we shall write 7+ — (7+)2 and call such ideal a Ramsey
ideal. A collection A of subsets of a set X is za//, if for every infinite set A
# X, there is an infinite set B # A with B # A. Ramsey's theorem says that
the collection of c-homogeneous sets is a tall family for any coloringc.

A general reference for all descriptive set theoretic notions used in this
paper is [33] A set is F, (also denoted ! ) if it is equal to the union of a
countable collection of closed sets. Dually, a set is Gs (also denoted 113 )
if it is the intersection of a countable collection of open sets. The Borel
hierarchy is the collection of classes £ and 1 for « a countable ordinal.
For instance, i1} (which is also denoted by F5) are the sets of the form N, F.
where each F,, is an F,. A subset A of a Polish space is called analytic, if it is
a continuous image of a Polish space. Equivalently, if there is a continuous
function f: #” - X with range A, where #” is the space of irrationals. Every
Borel subset of a Polish space is analytic. A subset of a Polish space is
co-analytic if its complement is analytic. The class of analytic (resp., co-
analytic) sets is denoted by ! (resp. ).

3. Some examples

In this section we present some examples of ideals. The interested

31] %3] where he can find many more interesting

reader can consult 28],
examples.
The simplest ideal is Fin, the collection of all finite subsets of #. There

are two natural ideals quite related to Fin which are defined on # x #.
{0} x Fin={ACHNxHN: {meMN: (n,m)e A} € Fin for all m € N}. (1)

Finx {0} ={ACHNxN: SneNAC{0,1,--- ., n} xM} (2)
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In general, let I and J be ideals on X and Y respectively; its Fubini
product I xJ is an ideal on X x Y defined as follows: for A # X x Y, we let
Ay={y#Y (xy) # AL

IxJT={ACXxY: {zeX: A, ¢J} eI}

By an abuse of notation, the ideals {#} x Fin and Fin x {#} are usually
denoted # x Fin and Fin x #, respectively. An ideal I on X is countably
generated if there is a countable collection {A,: n # #} of subsets of X such
that £ # L if, and only if, there is n such that E # Ay # ... # A,. The only
countably generated ideals containing all finite sets are Fin and Fin x {#}
(see Proposition 1.2.8. in [1),

Two very important ideals on # are the ideal of nowhere dense subsets
of # (with its usual metric topology), denoted nwd(#), and the ideal of
null sets defined as follows:

null{(@) = {4 € Q@n[0,1]: A has Lebesgue measure zero}.

In general, if X is a topological space, then nwd(X) denotes the ideal
of nowhere dense subsets of X. Another very natural ideal associated to a
space is defined as follows: For every point x # X, let

J.={ACX:z2€ 4\ {2}} (3)
In fact, every ideal on X is of the form ], for some topology on X.

Two ideals on # that have a very natural connection with number
theory and real analysis are the following:

"l . 1 -
H ”Z‘ n+l >}

Il_.-'rl = {‘4

o]

and

[Am{0,1,--- . n—1
Ael; & limsup- { - } =
n

0.

The ideal I consists of the asintotic density zero sets.
Let CL(2") denote the collection of clopen subsests of 2* and A the
product measure on 2*. Notice that CL(2%) is countable. Let

Q={AeCL2%): A\A)=1/2}.

Solecki's ideal S is the ideal on ) generated by the following sets:

where x # 2%, Solecki introduced S to characterize the ideals satisfying

Fatou's lemma 5%,

The following ideal is called the eventually different ideal:

ED={ACHN xMN:(3n)(¥m = n)(|{(m,k): keN}nA|<n)}
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The following restriction of £ also plays an important role in the study
of combinatorial properties of ideals:

where A = {(n, m) # # x # : m < n}. Note that ¢Dg, is (up to
isomorphism) the unique ideal generated by the selectors of some
partition of # into finite sets {{ ,: n # #} such that lim sup,, |1,| = co. As
we will see later, €Pg;, is critical for the g*-property.

Let conv be the ideal generated by the range of all convergent sequences
of rationals numbers, where the convergence is in #. In other words,
conv is the collection of all subsets of # such that the Cantor-Bendixon
derivative of its closure in # is finite.

Now we present a family of ideals defined by homogeneous sets for
colorings. Let c : #21 50,1} be a coloring. Recall that a set H # # is
c-homogeneous if ¢ is constant in H®.. The collection hom(c) of all ¢-
homogeneous sets is closed in 2% Let Thom(c) be the ideal generated by the
c-homogeneous sets.

The infinite random graph on #, also known as the Rado graph or the
Erdis-Rényi graph (see, e.g., [5]) can be concisely described as follows.
Recall that a family {X,: n # #} of infinite subsets of # is independent,
if given two disjoint finite subsets F, E of # the set (N,.rXu)\ (U,cr X0) is
infinite. Let {X,: n # # } be an independent family of subsets of N such
that n # X,, if, and only if, m # X, for all m, n # #. The random graph is
then (#, E), where

E={{nm}:meX,}

The random graph is universal in the following sense. Given a graph
(M.G). there is a subset X # # such that (.¢ %)X, £ | X. The random graph
ideal R is the ideal on # generated by cliques and free sets of the random
graph or, equivalently, the homogeneous sets with respect to the random

coloring ¢ : [#]* > 2 defined by c({m, n}) = 1 if, and only if, { m, n} # E.
4. Complexity of ideals

We say that a collection A of subsets of a countable set X is analytic (resp.
Borel), if 4 is analytic (resp. Borel) as a subset of the cantor cubet 2 *

(identifying subsets of X with characteristic functions) 3] The set #1) of
infinite subsets of # will be always considered with the subspace topology

of 2%. We say that an ideal is analytic, if it is an analytic as a subset of 2X,
Since the collection of finite subsets of # is a dense set in 27, then there
are no ideals containing Fin which are closed as subsets of 2*. On the
other hand, if I is a G yideal with Fin # I, then I* = {# \ A : A # I} is also
dense G 5 (as the map A > # \ A is an homeomorphism of 27 into itself).
Therefore by the Baire category theorem I # I* = #, which says that I =
P(#). So, the simplest Borel ideals have complexity F . They have been
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quite investigated as we will see. Every analytic ideal is generated by a G 5
set, i.e., thereisa G 5 G # I such that every A # L is a subset of a finite union

of clements of G ¥ (sce also [53, Theorem 8.1]).

Most of the theory of definable ideals has been concentrated on analytic
ideals. There are a few results about co-analytic ideals. The following
theorem provides a very general representation of analytic ideals on spaces
of continuous functions. It is an instance of the ideal defined by (3).

Theorem 4.1 (Todorcevi¢ [57, Lemma 6.53]). Let 1 be an ideal over #.
The following are equivalent.

(i) Lis analytic.

(ii) There are continuous functionsf, f: # o for n# # such that fis an accumulation

point of {fn: n # #} respect to product topology on Cp(#*) and

E<T if, and only if, f € {fn: n € E},

where the closure is taken in Cp(#7).
There are some well known co-analytic ideals. Let WO(#) be the ideal
of well ordered subsets of #. This is a typical complete co-analytic ideal.

Let I ,¢be the ideal on #< generated by the well founded trees on #, i.c.,

A##V belongs to I s if there is a wellfounded tree 7" such that A # 7.
This is equivalent to say that the tree generated by A is well founded. Then
I ¢isalso a complete co-analytic ideal. In sections 6 and 9 we shall present
another examples of co-analytic ideals (see also 1], 43]),

We do not know of any general theorem, as Theorem 4.1, for co-
analytic ideals. So we state this question as follows.

Question 4.2. Is there a general representation theorem for co-analytic

ideals?
S. Ideals based on submeasures

A natural and very important method for defining ideals is based on
measures or, more generally, submeasures. In this section we present some
of these ideas.

A function ¢: P(#) > [0, 0] is a lower semicontinuous submeasure (Iscsm)
if 0(0) = 0. p(A) < (AU B) < ¢(A) + ¢(B) and o(A) = limyyee 9(AN {0,1,-++ ,n}).

There are several ideals associated to a Iscsm:

Finfy) = {ACH:p(A) <o}
Exh(p) = {ACHN:limpascp(Ay{0,1,..., n})=0}.
Sum(p) = {ACH:Y ., ,¢{n} <=}

e TV

They satisfy the following relations:

Sum(y) C Exh(yp) C Fin{y).

The collection of ideals that can be represented by one these three forms

have been extensively investigated. The work of Farah (12] 31d Solecki (4
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are two of the most important early works for the study of the ideals
associated to submeasures.

To each divergent series f : # - [0, +o0) of possitive real numbers, we
associate a measure on # by

pr(A) =" f(n).

neAd

An ideal 1 is summable ") if there is a divergent series f as above such
that I = Fin(¢f). Notice that Sum(¢f) = Fin(¢f). The usual notation for
this ideal is / . A typical example is the following:

Tyn={ACN: " 1 . 0}

.n+1

nes

Another very natural way of defining Iscsm is as follows. Let I , be a
partition of # into finite sets. Let v , be a measure on [ ,, (i.e., there is a
function f,: 1, > [0, +o0) such that v.(4) = %, fu(n)). . Let

-,:[1} = sup 1':1{.'1 Nin ).
y(A) =SUp ¥n(4 O In).n
Then ¢ is a Iscsm and Exh(¢) is called a density ideal ", The prototype

is the following
Example 5.1. Let dg: P(#) - [0, +o0] given by

[An{0,1,--- ,n—1} - EN}.
n

wd(A) = Hlll){

Then 1g = Exh(dq) is the ideal of asintotic density zero sets. We have

lAm{0.1,--- ., n—1
AeT; <= limsup- { ! J
m n

i=U.

The Cantor set {0,1}" is a group with the product operation where
{0,1} is the group #,; equivalently, viewing the elements of 2% as subsets
of #, then the algebraic operation is the symmetric difference. Then 2% is
actually a Polish group. Every ideal on # is a subgroup of 2*. Since there are
no G ; ideals (containing Fin), then none of these subgroups are Polish.
However, the following weaker notion has been used to study subgroups
of Polish groups. We say that a subgroup G of 2% is Polishable, if there is a
Polish group topology on G such that the Borel structure of this topology
is the same as the Borel structure G inherites from 2.

The following representation of analytic P-ideals is the most
fundamental result about them. It says that any P-ideal is in a sense similar
to a density ideal.

Theorem 5.2 (S. Solecki ). Let 1 be an analytic ideal on #. The

Jfollowing are equivalent:

(i) 1is a P-ideal,
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(ii) There is a Iscsm & such that 1 = Exh(9).
(iii) Lis Polishable.

In particular, every analytic P-ideal is F 5. Moreover, Lis an F , P-ideal,
i, and only if; there is a lscsm & such that 1 = Exh() = Fin(¢).

S.1. Frand F o0 ideals

As we said, from the complexity point of view, F, ideals are the simplest
ones. In this section we present some results about them.

Aset | #P(#) is hereditary if for every A # K and B# A we have that B #
K. A family K of subsets of # is said to be closed under finite changes if A#F
# K for every A # K and a finite set F # #. Given an hereditary collection
K, we denote by Ik the ideal generated by k. That is to say

Belx © ZnelNdAy,--- A, e L(BC A U---UA,).

Theorem 5.3 (Mazur ). Let 1 be an ideal on #. The following are
equivalent.

(i) LisE,.
(i) there is a hereditary closed collectionof subsets of # such thar1=1.
(iii) there is a Iscsm & such that 1 = Fin(¢).

An important example of F , ideals are Ihom(c), the ideal generated by
the family hom(c) of homogeneous sets respect to a coloring c (see section
3). Notice that hom(c) is a closed hereditary collection of subsets of #.

The following is part of the folklore (for a proof see, e.g., [31, Lemma
3.3)).

Theorem 5.4. Every F ,idealisp ™.

An important question involving F ; ideals is the following:

Question 5.5 (M. Hrusak *)). Does every tall Borel ideal contain a tall
F ;ideal?

The previous question can be understood as asking whether an analog
of the classical perfect set theorem holds for the collection of tall Borel
ideals. However, the analogy is not complete, since there exists a 1! ideal
which does not contain any F , tall ideal (see [24, Theorem 4.24]).

We have seen in Theorem 5.2 that every analytic P-ideal is F 5. One
could naturally ask whether such ideals are a countable intersection of F
- ideals. Since this is not true in general, Farah (4] introduced a weaker
property (we follow the presentation given in %), They called an ideal I
Farab if there is a countable collection i ,, of closed hereditary families
of subsets of # such that

IT={ACH: (\neN)3meN)(A\{0,1,--- ,m} e K,)}.
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It is clear that every Farah ideal is F ;5. In (14] j¢ is shown that nwd(#),
null(#) and every analytic P-ideal are Farah. However, there is no an F ,
ideal J such that nwd(#) #]J.

Theorem 5.6 (M. Hru$ék and D. Meza-Alcantara %), Lez 1 be an ideal
on #. The following are equivalent:

(i) Lis Farah.

(ii) There is a sequence {Fy: n # #} of hereditary F 4 sets closed under finite changes
such that

(iii) There is a sequence {Fy: n # #} of F ; sets closed under finite changes such that

The previous result suggests a weaking of the notion of a Farah ideal.
An ideal Lis called weakly Farah B if there is a sequence {F,: n G N} of
hereditary F', sets such that

I =Dn Fn.

Question 5.7.

(i) (Farah ") Is every F 3 ideal a Farah ideal?

(i) (M. Hru$ék and D. Meza-Alcéntara B%) Is every F .3 ideal weakly
Farah? Is every weakly Farah ideal a Farah ideal?

5.2. Summable ideals on Banach spaces

The notion of a summable ideal has been extended to ideals where the
sum is calculated in a Banach space or, more generally, in a Polish abelian

group (21 [63] [11] 1p this section we present some results and questions
about this approach.

Let G be a Polish abelian group (with additive notation) or a Banach
space. Let h : # > G be a sequence. We say that the series 5, h(n) is
unconditional convergent in G if the net {,.,/(n) : A < Fin} (where Fin
is ordered by #) is convergent in G. This is equivalent to require that
32, him(n)) is convergent in G for every permutation wof #. Leth: # > G be a
sequence such that 52, (n) does not exist. The generalized summable ideal

z¢ associated to G and h is the following (21,

AeTf & Z h{n) is unconditional convergent in G.

nEA

An ideal I is said to be G-representable, if there is h such that I =77 .
Analogously, it is defined when an ideal is C-representable for C a class
of abelian Polish groups.

We recall that a Isesm ¢ is non-pathological 121 if ¢(A) is equal to the
supremum of all v(A) for v a measure such that v < ¢. A P-ideal is 7on-
pathological, if it is equal to Exh(¢) for some non-pathological Iscsm ¢.

Theorem 5.8 (Borodulin-Nadzieja, Farkas, Plebanek [2]).

(i) An ideal is #-representable if, and only if; it is summable.
(ii) An ideal is Polish-representable if, and only if; it is an analytic P-ideal.
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(iii) An analytic P-ideal is Banach-representable if, and only if, it is non-
pathological.

(iv) A tall F , P-ideal is representable in c, if, and only if; it is summable.

(v) There is an F , tall ideal representable in [ which is not summable.

Question 5.9 (?)). How to characterize analytic P-ideals which are co-
representable?

Question 5.10 (). How to characterize ideals which are / |-
representable? Are they necessarily F', ?

6. Topological representations by nowhere dense sets

In this section we review some constructions of ideals motivated by the
ideal of nowhere dense sets. We consider two different ways of presenting
nwd(#). For the first one, we see # as a dense subset of R and we have the
following representation:

nwd(Q) = {ACQn[0,1]: Ais nowhere dense in R}.

On the other hand, if B is a base for # (of non empty open sets), we have

Aemwd(Q) & YW eBIWeB(WCVAWNA=0).

We will address each of these approaches in this section.
6.1. Ideals of nowhere dense sets

A natural question is to determine for a given ideal I on a set X whether
thereisatopology T on X such that I = nwd() . This question was studied

in [ but most of their results are for X uncountable. For X countable,

in 58] are shown some general negative results (i.c., ideals for which such
topology does not exist).

Since we are mostly interested in definable ideals, we will work with
analytic topologies, i.e., topologies T on X such that T is analytic as a subset

of 2% (see section 4). The study of analytic topologies was initiated in 5%

(see also 1, 4] 147 [59] 0] f61] [62)y

Let I be an ideal over X containing all singletons. Then the dual filter
(together with #) is a 7'1 (but not Hausdorff) topology such that its
nowhere dense sets are exactly the sets in I. The next natural question is
to require that the topology is T». But before doing that, we consider the
special case of Alexandroff topologies, i.c., topologies with the property
that the intersection of any collection of open sets is open. Alexandroff
topologies are typical Ty but not 7'; (the discrete topology is the only 7'
Alexandroff topology) and are exactly those topologies that are closed as

subsets of 2X 58], (62],
Theorem 6.1 (8. Lez 1 be an ideal over a countable set X. Then 1 =
nwd(t) for some Alexandroff topology v over X if, and only if, is isomorphic



Revista Integracién, 2019, 37(1), Jan-Jun, ISSN: 0120-419X

to a free sum of ideals belonging to the following family: principal ideals, Fin,
Fin x {#} and nwd(#).

Now we analyze the case when T is Hausdorft. It was known that there
is no Hausdorff topology t such that nwd(t) = FIN (see [%)). In fact, there
is a more general result.

Theorem 6.2 (®%)). Let v be an analytic Hausdorff topology over a
countable set X without isolated points. Then,

(i) nwd(t) isttand at least F 3.

(ii) If there is an F ; sets c 2> which is a base for T, then nwd(t) isu.

(iii) If (X, ©) is a Fréchet and regular space, then it has a countable w-base
(see Shibakov [47, Corollary 2]). Therefore, nwd(7) is F o5 -complete.

A typical example of a topology with an F , base is CL(2%), the

collection of clopen subsets of 2% with the product topology. In (601 ¢ s
shown that nwd(CL(2%)) is Borel. So, a natural question is
Question 6.3. Let (X, 7) be a countable topological space. Suppose

has an F ; base. Is nwd(t) Borel?

In 18 some nice examples of Hausdorft topologies on # are presented,
whose nwd ideal has some applications in number theory.

Example 6.4 (5%, The following ideals are not of the form nwd (<) for any
Hausdor{f topology (on the corresponding set).

(i) # x1for any F ;ideal 1.
(ii) The ideal of all subsets of w* with order type smaller than w*.
(iii) The ideal of scattered subsets of # (i.e., subsets of # which do not

contain an order isomorphic copy of #).

Question 6.5. Find general conditions guaranteeing that a given ideal
on a countable set is of the form nwd(t) for T a Hausdorff topology.

6.2. Topological representation

Suppose X is a Polish space and J is a o-ideal of subsets of X. Let D # X be

a countable dense set. An ideal Ij on D is defined as follows (see [44] 136]

and the references therein). Let A # D; then,

Ael; = Aeld

An ideal T on # has a topological representation B36] if there is Polish
space X, a o-ideal J on X and a countable dense set D # X such that I
is isomorphic to I;. Notice that, by definition, null(#) has a topological

representation in R. Both ideals nwd(Q) and null(Q) are tall and F 5. In

5] it is shown that nwd(#) and null(#) are not isomorphic and also that

none of them is a P-ideal.
Topological representable ideals have the following interesting
characterization. An ideal I is countably separated if there is a countable
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collection {X,;: n # #} such that forall A # Iand all B#I, there is n such that

A#X, =#and B# X, # L This notion was motivated by the results in 5%,
Theorem 6.6 ([36, Theorem 1.1]). Let I be an ideal on a countable set.
The following are equivalent:

(i) L has a topological representation.
(ii) Lhas a topological representation on 2* with an ideal] generated by a

collection of closed nowhere subsets of 2%,
(iii) Lis tall and countably separated.

Theorem 6.7 ([36, Corollary 1.5]). If a co-analytic ideal has a topological
representation, then it is either i -complete or F 55 -complete.

Let us see some examples of ideals which are not topologically
representable.

Example 6.8.

(i) Let 1 be an F ; ideal on #. We have already mentioned that # x 1 is not
of the form nwd () for any Hausdor(f topology without isolated points (see
Example 6.4). Suppose now that 1 is not tall. It is easy to verify that # x Lis
not tall and hence it is not topologically representable.

(ii) Consider the ideal 1 of all subsets of w* of order type smaller than w*
(see Example 6.4). Then 1is tall but it is not countably separated. The same

happens with the ideal Fin x Fin (see %),

In [37, Proposition 4.3] it was shown that every countably separated
ideal is weakly selective (denoted ws in section 2), so the following is a
natural question.

Question 6.9 (*4)). Let I be a tall, weakly selective F ,5ideal. Does I have
a topological representation?

For the previous question, one could start with a Farah ideal instead of
a I 5 (see section 5.1).

Since # has a countable basis, then nwd(#) is countably separated. On
the other hand, nwd(CL(2")) is not weakly selective and therefore it is is

not countably separated (see Example 3.9 in ©*)). Thus a natural question
is the following,

Question 6.10. Let (X, 1) be a countable Hausdorff space without
isolated points. When is nwd(t) countably separated? When is it weakly
selective?

6.3. Marczewski-Burstin representations

Let F be a family of non empty subsets of X. The Marczewski ideal

[

associated to F is defined as follows (see ¥ and references therein):

SUF)y={ACX: YWeFIWeFWCVaAWnA=0)}
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If 7 is a topology on X and F is a base for 1, then S(F) is nwd(t). If
an ideal I is equal to S°(F) for some family of non empty subsets of X,
then it is said that I is Marczewski-Burstin representable by F. When such
F can be found countable, it is said that I is Marczewski-Burstin countably
representable, which is denoted MBC.

Example 6.11 ([38, Theorem 4.12]). null(#) is MBC.

It is clear that when F is an analytic collection of subsets of a countable
set X, then S°(F) is at most 1. Analogously to what happen with nwd(t)
(see Theorem 6.2), if F is an F , family, then S°(F) is .

Theorem 6.12 ([38, Theorem 4.4]).

(i) Let 1 be an MBC ideal. Then 1is F 55 and countably separated.

(ii) If 1 is countably separated, then there isa MBC ideal ] such thar1#].

There are two natural properties about F which imply that S°(F) is tall
(see [38, Theorem 3.6]).

Question 6.13 (38)). Let f: # > # be a bijection. Let

J.={ACHN: f(A)is countable}.

Then J. is an ideal. Is it MBC?

If (X, 7) isa countable topological space without isolated points and has
a countable n-base, then nwd(7) is isomorphic to # and clearly is MBC.
Thus we have the following.

Question 6.14. Let (X, 1) be a contable topological space without
isolated points such that nwd(t) is MBC. Is nwd(r) isomorphic to
nwd(#)?

7. Ordering the collection of ideals

One of the main tools for the study of combinatorial properties of ideals
are some orders (in fact, pre-order) defined on the collection of all ideals:
Katétov order <, Rudin-Keisler order <gx and Tukey order <r.

Let I and J be two ideals on X and Y respectively. We say that I is
Katétov below J, denoted 1 < J, if there is a function f: Y > X such that

f1[E] #] forall E # L. If f is finite-to-one, then we write I <gg J and refer
to the (pre)order <gp as the Kazétov-Blass order. We say that two ideals [
and ] are Karétov equivalent, denoted I ~ J, if I <x J and J <x L. Let Z(I)
and Z(J) be the corresponding spaces defined in section 2. If f: Y > Xis a
function we will abuse the notation and consider f: Z(J) » Z(I) by letting
f(c0) = oo, If fis a Katétov reduction between I and J, then f: Z(J) > Z(I) is
clearly continuous. Conversely, if there is f : Z(J) » Z(I) continuous with
1 (00) = {oo}, then I <k 7.

Let (D, <) be a directed ordered set, i.c., for each x, y # D, thereisz # D
such thatx, y < z. A set A # D is bounded if there is x # D such thaty < x
forall y # A. The dual notion to bounded set is that of cofinal set. A set A
# D is cofinal, if for each x # D, there isy # A such thatx <y. Let D and E
be two directed orders. A function f: D > E is called Tukey, if preimages
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under f of sets bounded in E are bounded in D. We write D <7 E if there
isa Tukey function from D to E and we say that D is Tukey reducible to E.

We shall focus only on the Katétov order as it is crucial for stating some
important open questions. We shall follow the works of Hrusék ?*! and
Meza ! (see also *V)) which are basic references on this topic. We refer
the reader to BY, 521 53] for results on Tukey order. The Rudin-Keisler
order will be defined in section 9 to state some questions.

Theorem 7.1 (*%)). Let 1 and ] be two ideals on #. Then,

(i) I ~¢ Fin if; and only if 1 is not tall
(1) If 1#], then 1 <.
(i) IF X # 1", then 1 < x 1 # X.

For many combinatorial properties there are ideals (usually Borel ones
of alow complexity) which are critical with respect to the given property,
that is, they are maximal or minimal in the Katétov order <x among all
ideals satisfying the property. To illustrate this we present some examples
(see P! for many other similar results). A countable splitting family for an
ideal I on # is a countable collection X of infinite subsets of # such that
forevery Y # 1", there is X & & such that [XnY| =Y\ X| =¥,

Theorem 7.2 ([31}). Let 1 be a tall ideal on #. Then,

(1)1 = (@ 34f, and only if;siwherentis the random graph ideal.
(ii) Lisa q * -ideal if; and only if,ifor every I-positive set X.
(iii) 1 admits a countable splitting family if, and only if, conv <k 1.

The following theorems show some global properties of the Katétov
order.

Theorem 7.3.

(i) (H. Sakai ) Tpe  family of all analytic P-ideals has a largest element
with respect to <xp , and thus also with respect to <x .

(i7) (H. Sakai ")) There is an analytic P-ideal ] such that 1 <z ] for all
F,ideall.

(iii) (M. Hru$ék and J. Grebik ?*)) There is no Borel tall ideal <x -
minimal among all Borel tall ideals.

(iv) (Katétov, see O There is no Borel ideal which is <x -maximum
among all Borel ideals.

There is a result similar to part (ii) proved by Hrusdk-Meza [32] showing
that there is a universal analytic P-ideal.

Next results show two very interesting dichotomies. The ideals =, £, 2
and S were defined in section 3.

Theorem 7.4 (M. Hrugk %) (Category Dichotomy). Let 1 be a Borel
ideal. Then either 1 <x nwd(#), or there is an 1 -positive set X such that €D
<k [#X
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Theorem 7.5 (M. Hru$ék ') (Measure Dichotomy). Lez 1 be an
analytic P-ideal. Then either 1 <x Z, or there is an I-positive set X such that
S< kI#X

Question 7.6 (M. Hrusék ). Is R < S?

As we mentioned above there is no maximum among Borel ideals;
however, we have the following.

Question 7.7 (H. Sakai ). Let 1 < o < w 1. Is there a Borel ideal I such
that J <x I for all = ideal J?

The following is a fundamental problem.

Question 7.8 (M. Hru$ék BY). If I is a Borel tall ideal, then cither there
is an I-positive set X such that I # X >k conv, or there is an Fy-ideal ]
containing I.

See Theorem 8.9 for a partial answer to the previous question.

Question 7.9 (M. Hru$dk ®). Does every Borel ideal I satisfy that
either I >k Fin x Fin, or there is an F ,5-ideal J such that 1 #J?

8. Ramsey and convergence properties

In this section we discuss some properties of ideals which have been

motivated by properties of convergent sequences and series on # (7]
[ISJ, [19], (20], Bolzano-Weierstrass, Riemann's rearrangement Theorem
and convergence in functional spaces. Those properties have a natural
connection with Ramsey's theorem.

We have not included the game theoretic version of Ramsey properties
which is indeed a very interesting approach. We refer the reader to the
work of Laflamme 1%, 140,

To each ideal there is an associated notion of convergence that we
describe hereunder. Let X be a topological space and I an ideal on #. A
sequence (Xu)n in X is I-convergent to x, if {n € N : =, € U} = T for every
open set U of X with x # U. Notice that Fin-convergence is the usual
notion of convergence of sequences.

We recall that an ideal I is called Ramsey at # when it satisfies ¥ - 2+ 2.
and it is called Ramsey when 7+ - (2+)2 (see section 2).!

An ideal I has the Bolzano-Weierstrass property, denoted BW, if for any
bounded sequence {x,: n # #} of real numbers there is an I-positive set A
such that {x,: n # A} is I-convergent. An ideal I has the finite Bolzano-
Weierstrass property, denoted FinBW, if for any bounded sequence {x,: n
# #} of real numbers there is an I-positive set A such that {x,: n # A} is
convergent. An ideal I is Mon (or monotone), if for any sequence {x,: n #
#} of real (equivalently rational) numbers there is an I-positive set X such
that {x,: n # X} is monotone (possibly eventually constant). We say that
L is hereditarely mononote, denoted h-Mon, if [ # A is Mon for all A # L.
Neither nwd(#) nor Iy satisfy FinBW (see [1)).

Theorem 8.1 ([20, Theorem 3.16)). Let L be an ideal on #. The following

are equivalent:
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(1) 1# A is FinBW for every A # 1.
(ii) For every collection {As: s # 2<"} such that\, F.andsifor all s # 2 =V .
Thereis B# 1 and o # 27 such that B #* A, for all n.

The property (ii) above was denoted wp*in 1%, and property (i) was
denoted h-FinBW in %), 2%, "The following theorem summarizes several

known results in the literature (see ! for a proof and references).

Theorem 8.2. The following holds for ideals on a countable set.

(i) p* implies wp™.

(ii) Q" and wp™ together is equivalent to Ramsey.

(iii) Ramsey implies ws.

(iv) wp* impliesp”

(v) p~ is equivalent to saying that for every partition (Fy), of a set A # 1"
with each piece ¥,y in I, there is S # 1" such that S # A and S # ¥, is finite
Sfor all n.

(vi) ws is equivalent to p’ together with q*.

The usual proof that Fin is a FinBW ideal shows in fact more: Any p*-
ideal is FinBW.

Theorem 8.3 ([19, Theorem 3.4 and 4.1]). Every ideal that can be
extended to an ¥ ideal satisfies FinBW.

Theorem 8.4 ([20, Fact 3.1 and Corollary 3.10)). If an ideal is Ramsey
at #, then it satisfies Mon, and if it is Mon, then FinBW holds. Moreover,
any Mon analytic P-ideal is Ramsey at #.

Example 8.5. 1, is FinBW but not Mon (see the remark after Corollary
3.10in [20]).

FinBW is a Ramsey theoretic property as stated in the following
theorems.

Theorem 8.6 ([20, Theorem 3.11]). Ler 1 be a q * -ideal. Then the

Jfollowing are equivalent:

(i) 1is Ramsey at #.

(ii) 1 is Mon.

(iii) I is FinBW.

We have also a local version of the previous result.

Theorem 8.7 ([20, Theorem 3.16)). Let 1 be an ideal. Then the following

are equivalent:

(i) 1is Ramsey.
(ii) 1 # A is Mon for every A # I".
(iii) 1 # A is FinBW for every A# 1" andlisq ™.

Perhaps one of the most intriguing question is the following.

Question 8.8 (Hrudak V). Is there a tall Ramsey Borel (or analytic)
ideal?

A partial answer to Question 7.8 is the following.
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Theorem 8.9 ([1, Proposition 6.5]). Let I be an analytic P-ideal. The
Sfollowing are equivalent.

(i) conv
(ii) Lis FinBW.
(iii) I can be extended to an ¥, ideal.

We note that the equivalence of (i) and (ii) was proven in (3] (see
section 5.1 in BY), and that (ii) is equivalent to (jii) for analytic P-ideals
was proven in [19, Theorem 4.2]. But the result was formally stated in
[1, Proposition 6.5]). This motivates a reformulation of Question 7.8 as
follows (see also Theorem 8.3).

Question 8.10 ([17, Problem 6.1]). Let I be a tall Borel FinBW ideal.
Can I be extended to an F, ideal?

Now we turn our attention co another classical convergence property
that can be reformulated in terms of ideals. A classical theorem of
Riemann says that any conditional convergent series of reals numbers can
be rearranged oo converge oo any given real number or oo diverge co +o0

or -co. In other words, if (a,), is a conditional convergent series and r # #

# {+o0, -0o}, there is a permutation 7 : # > # such that ¥, 4.,y =7 In (18]

(34 is considered a property of ideals motivated by Riemann's theorem.
Let us say that an ideal I has the property R, if for any conditionally
convergent series ¥, a. of real numbers and for any r # # # {+co, -co}, there

is a permutation 7 : # > # such that ¥, ¢-.) =r and

{neM: w(n) £n} el

Similarly, I has property W, if for any conditionally convergent series
of reals ¥, a. , there exists A # I such that the restricted series ... a is

Vit is studied similar properties but

still conditionally convergent. In [34
for series of vectors in #2.

Theorem 8.11 (Filipéw-Szuca '8, Lez 1 be an ideal on #. Then,

(i) If 1 has the property R, then it is tall.
(ii) No summable ideal has property R.
(i1i) If L is not BW, then it has property R.

For instance, since I is not BW, then it has property R.
Theorem 8.12 (Filipéw-Szuca [18, Theorem 3.3]). Lez I be an ideal on
N. The following statements are equivalent.

(i) 1 has the property R.
(ii) There is no a summable ideal ] such that1#].
(iii) Lbas the property W.

Question 8.13 (Klinga-Nowik *#). Suppose that (i) I has the R
property; (ii) ¥, a. is a conditionally convergent series of reals; (iii) 3,
is divergent and all b, are positive reals. Does there exist W # I such that
S,.ew @ is conditionally convergent and 2,y bn = 507
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Now we will look at some convergence properties on spaces of
continuous functions. We start with the classical Arzela-Ascoli's theorem
characterizing compactness on the pointwise topology.

Theorem 8.14 ([17, Theorem 3.1]) (Ideal Version of Arzela-Ascoli
Theorem). Let 1 be an ideal on #. The following conditions are equivalent.

(i) Lis a BW (FinBW, respectively).

(ii) For every uniformly bounded and equicontinuons sequence (£,)nss of
continuous real-valued functions defined on [0,1), there exists A # I" such
that (£,)nsa is uniformly I-convergent (uniformly convergent, respectively).

Now we present an ideal version of the classical Helly's selection
theorem in the space of monotone functions on the unit interval.

Theorem 8.15 ([17, Theorem 5.8]) (Ideal Version of Helly's Theorem).
Let1bean ideal on #. Suppose that 1 can be extended to an ¥, ideal. Then for
every sequence (£,)nss of uniformly bounded monotone real-valued functions

defined on # there is A # 1" such that the subsequence (£,)nsa is pointwise
convergent.
We recall that, by Theorem 8.3, any ideal that can be extended to an F,,
ideal satisfies FinBW; thus, we have the following natural question.
Question 8.16 ([17, Problem 5.10]). Let I be an ideal on #. Are the
following conditions equivalent?

(i) Lis an BW ideal (FinBW ideal, respectively).

(ii) For every uniformly bounded monotone real-valued functions
(fa)n## defined on #, there is A # I" such that the subsequence (f,)q#a is
pointwise I-convergent (pointwise convergent, respectively).

A summary of implications among some of the combinatorial
properties studied is as follows. We abbreviate countably generated and
countably separated by w-gen and w-sep, respectively. An ideal is Fréchet
if it is locally non tall (they will be discussed in the next section).

w-gen
'.:".. \.'
Fréchet F,
w-sep Ramsey p*
\u d h '../
WS wpT
V4 N %
qr P
9. Fréchet ideals

Many of the results presented so far were about tall ideals. In this section
we study Fréchet ideals, a very important class of non tall ideals. This
notion has a topological motivation but it can be expressed also as a
combinatorial notion. Recall that to each ideal I on a set X is associate a
topological space Z(I) on X # {oo} (see section 2). We say that I is Frécher
if Z(I) is a Fréchet space. Notice that for E # X, we have
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oo € Eif, and only if, E ¢ T.

It is easy to verify that I is Fréchet if, and only if, for every A # I there
is an infinite B # A such that every infinite subset of B is not in [; that is
to say, [ # A4 is not tall for every A # L. In other words, an ideal is Fréchet
if it is locally non tall.

Given a family A4 of infinite subsets of X, we define the orthogonal of

A as follows 54;

A" ={E CX: EnAis finite for all 4 € A}.

Notice that A is an ideal. If A is an analytic family, then A* is co-
analytic.
We denote by I(A) the ideal generated by A, that is to say,

FeI(lA) ® FCAjU---UA, for some A;,--- , A, € A.

Example9.1. Ler A , ={n} x# forn # # and A = {A,: n # #}. Then I(A)
= Fin x {#}.

The following fact shows the importance of # to study Fréchet spaces.

Theorem 9.2. Let I be an ideal on X.

(i) An infinite set E # X is a convergent sequence to o in Z(1) if, and only
iLtE#T.

(i) Lis Fréchet if, and only if. 1 = (I')*

Example 9.3. (Fin x {#})" = {#} x Fin and ({#} x Fin)* = Fin x {#}. In
particular, Fin x {#} and {#} x Fin are Fréchet ideals.

Notice also that A* = ((A*)*)*. In other words, A” is a Fréchet ideal for
any family of sets A.

A family A of subsets of X is almost disjoint it A # B is finite for all A,
B # A with A # B. Typical examples of almost disjoint families are the
following,

Example 9.4.
(i) For each irrational number 7, pick a
sequence{l} x Fin={ACNxN: {meN: (n,m)e A} Fin for all m € N}. (1 }Qf

rationals numbers converging to r. Let A be the collection of all
A . with v # # \ # Then A is an almost disjoint family of
SizeFinx {0} ={ACNxN: 3ne NAC{0,1,---,n} x N}. 2)

(i1) Recall that 2" denotes the collection of all finite binary sequences. For
eachx #2%, let A .= {x# n:n##}. Then {A : x # 2"} is an almost disjoint

Sfamily.
As we see next, almost disjoint families are tightly related to Fréchet
ideals.

Theorem 9.5 (81, Lez I be an ideal on X. The following statements are
equivalent.

(i) Lis Fréchet.
(ii) There is an almost disjoint family A of infinite subsets of X such that
I[=A"
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(iii) There is a family A of infinite subsets of X such that 1= A”.

Let us see some more examples of Fréchet ideals.

Example 9.6. Consider the ideal I ¢ generated by the well founded trees
on # (see section 4). The orthogonal of I s is the ideal 14, generated by the
finitely branching trees on #, or equivalently, 14, consists of sets which are
dominated by a branch:

A€ T4 = 3acNs e AV < |s|(s(i) < ali)).

The ideal I is a complete co-analytic Fréchet ideal, while the ideal 14, is
easily seen to be F 45 (see [10, Example 2]).

9.1. Selective ideals

Anidealisselectiveifitis p*and q*. This is not the original definition given
by Mathias [41] (who called them happy families) but it is a reformulation
probably due to Kunen. The original first example of a selective ideal is
the following:

Example 9.7 (Mathias ). Lez A be an analytic almost disjoint family

of infinite subsets of #. Then 1(A) is a selective ideal.

(55

Next examples were found by Todoréevi¢ l'in the realm of Banach

spaces.

Example 9.8 ([57, Corollary 7.52]). Lez f,f v: X > # be pointwise bounded
continuous functions, and suppose that {f v: n # #} accumulates to - Let I ¢
be the ideal defined in Theorem 4.1, that is to say,

EelI; if, andonlyif, f & {fn: ne E}.

Then i is selective.

One of the reasons for being interested on selective ideals is due to the
following.

Theorem 9.9 (Mathias 1), Every selective ideal is Ramsey.

Selectivity is the combinatorial counterpart of the topological notion
of bisequentiality (see [57, Theorem 7.53]) We only mention the
following corollary of this fact which probably is due to Mathias 411,

Theorem 9.10. Every selective analytic ideal is Fréchet.

As we already said, if I is analytic, then I is co-analytic. Motivated by
the study of Rosenthal compacta Krawczyk ) and Todoreevi¢ B¢, 7]
have shown the following (see also [10]y,

Theorem 9.11. If 1 is a selective analytic ideal not countably generated,
then 1V is a complete co-analytic set.

The following examples illustrate the previous result.

Example 9.12. Let A be the almost disjoint family given in Example
9.4(ii), and let 1 be 1 (A). Then 1 is selective (see Example 9.7) and it is
analytic (actually it is F , ), but it is not countable generated. Hence, ¥ is
11}-compiete (see [10, Example 1]).
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Example 9.13. In Example 9.6 we presented the ideal I ¢ generated by the
well-founded trees on N (see section 4). The orthogonal of I wsis the ideal 14,
consists of sets which are dominated by a branch. The ideal I ¢ is a complete
co-analytic set, while the ideal 1 4, is easily seen to be F o3, it is not countably
generated and it is not selective (see [10, Example 2] ).

9.2. Orthogonal Borel families

Two families A and B of infinite subsets of N are called orthogonal, if A #

B is finite for all A # A and B # B 5%, In this section we are interested in
pairs of orthogonal families which are both Borel. An example is A = # x
Fin and B = Fin x #. The next theorem says this is the only possible such

pair (I, I¥) when one of them is a P-ideal.
Theorem 9.14 (Todorevi¢, [54, Theorem 7)). Let 1 be an analytic P-

ideal. Then 1 is countably generated if, and only if, ¥ is Borel.
In 27 was constructed a family % of ®, non isomorphic Fréchet ideals
such that both I and I” are Borel. In fact, every ideal in % is F 5. Let us

recall its definition.
Let {K ,: n # #} be a partition of X. For n # #, let I, be an ideal on K ,,
. The direct sum, denoted by &7 is defined by

Ac@PIL. = (IneN)(ANnK, €I,).

ncl

For instance, if each I,, is isomorphic to Fin, then #,1, is isomorphic to
{#} x Fin. If each I, is Fréchet, then #,],, is also Fréchet.

The family % is the smallest collection of ideals on # containing Fin
and closed under countable direct sums and the operation of taking
orthogonal. The family % has some interesting properties.

Theorem 9.15 (Guevara-Uzcétegui *7)). Let 1 be an analytic selective
ideal on # and A # #. The following statements are equivalent:

(1) 1 # A is countably generated.
() # A#TxT={ACXxY: {zeX: A, ¢ T} eT}.
(iii) I # A is Borel.

(Z'U)nulli_f;} ={ACQn[0,1]: A has Lebesgue measure zero}.

Theorem 9.16 (Guevara-Uzcétegui [27]). Forevery A# #°™, the following
statements are equivalent:

(i) I ws# A belongs to B.
(ii) I w¢# A is Borel.

(ii3) 7. ={AC X : 2 ¢ T\ (2]} @)

Another interesting co-analytic ideal is WO(#), the collection of well
founded subsets of WO(#). For simplicity, we will write WO instead of

WO(#). We first observe that WO is the ideal of well founded subsets

of (#, <*) where <* is the reversed order of #. In fact, the map x> -x from

# onto # is an isomorphism between WO and WO * In particular, WO
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is a Fréchet ideal. A linear order (Z, <) is said to be scattered, if it does not
contain a order-isomorphic copy of #.

Theorem 9.17 (Guevara-Uzcétegui [27]). For every A # #, the following
statements are equivalent:

(1) A is scattered (with the order inberited from #).
(1) WO # A belongs tor--=+ s,

(iii) WO # A is Borel.

(iv) WO sere « izt WO\ A,

It is known that every F, tall ideal is not Ramsey, and also that there

is a co-analytic tall Ramsey ideal Bl We have already stated the basic
question of whether there is a Ramsey tall Borel ideal (see Question 8.8).
A seemingly weaker question is

Question 9.18. Is there a non Fréchet Ramsey Borel (or analytic) ideal?

The only Borel Fréchet pairs (I, I*) we are aware of are given by the
ideals in % . So the natural question is:

Question 9.19. Is there a Borel Fréchet ideal with Borel orthogonal not
isomorphic to an ideal in B?

A related question is the following

Question 9.20. Are there others nj-comprete Fréchet ideals satisfying the
conclusion of theorem 9.16?

Since every Fréchet ideal is Katétov equivalent to Fin, then Katétov
order is trivial among Fréchet ideals. But the Rudin-Keisler order is not
trivial on Fréchert ideals 22, 21, wre say I < pi J if there is a function f: #
> #such that £ ! [E] #] if, and only if, E # L.

Theorem 9.21 (Garcia-Ortiz 21)).

(i) There are strictly increasing <k -chains of Fréchet idelas of size c* .
Such chains can be constructed <gx -above every Fréchet ideal.

(ii) For every infinite cardinal K <o = (a e cL(2%): A1) =1/2), there is a <rk
-antichain of size K. It is natural then to ask:

Question 9.22. How are the ideals in % ordered according to <gk?

F. Guevara % has classified the ideals in % according to the Tukey
order: Except for the countable generated, every ideal in % is Tukey
equivalent to #*.

Obviously a Fréchet ideal cannot be topologically representable as it
is not tall (see Theorem 6.6). It is easy to check that any Fréchet ideal is
weakly selective. Thus the following question is appropriate.

Question 9.23. When is a Fréchet ideal countably separated?

F. Guevara * has shown that all ideals in % are countably separated.
10. Uniform selection properties

As we have seen, most of the combinatorial properties for ideals are in
fact selection properties. In this section we analyze the issue of whether
the selector can be found Borel measurable. This question can be regarded
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as one instance of the classical uniformization problem in descriptive set
theory: Let B # X x Y be a Borel set where X and Y are Polish spaces.
A Borel uniformization for B is a Borel function F : X > Y such that (x,
F(x)) # B for all x # proyx (B). It is well known that, in general, such Borel
function does not exist (see section 18 of ).

As an illustration of the problem we are interested, let us consider the
notion of tallness. Let C be a tall Borel (analytic, co-analytic) family of
infinite subsets of #. A very natural question is whether there is a Borel
function F : 2* 5 2% such that for all A # # infinite, F (A) is an infinite
subset of A and F (A) # C. That is to say, F witness in a Borel way that C
is tall. In this case we can say that C is uniformly tall or that C has a Borel

selector. This problem was studied in (4] 3nd, in particular, they showed
that there is a tall F, ideal which is not uniformly tall.

10.1. Um’form Ramsey properties

The main question we deal with in this section is whether it is possible to
find in a Borel way an homogeneous subset of a given infinite sets. This
could be briefly stated as whether Ramsey theorem holds uniformly. In
the next section we shall see how it can be used to show that a given family
is uniformly tall. Since selective ideals are Ramsey, we start discussing the
uniform versions of the p*and q* properties.

We say that a Borel ideal 1 is uniformly p * if there is a Borel function
F from (2%) into 2% such that whenever (A,), is a decreasing sequence
of sets in I, then A = F((A,),) is in I and A #* A, for all n # #. We say
that Lis uniformly q*, if there is a Borel function F from (2%)* into 2* such
that whenever {K,}, is a partition of a set A in I'" into finite sets, then S =
F((Kn)n) # A, Sbelongs to I* and |S # K,,| < 1 for all n. If Lis uniformly p*

and q", we say that L is uniformly selective.
The following is a uniform version of Theorem 5.4 and Example 9.7.

Theorem 10.1 (?4). Lez 1 be an ¥, ideal. Then,

(i) Lis uniformly p " .

(i) If Lis q *, then it is uniformly q * .

(i1i) If A is an almost disjoint family of infinite subsets of # which is closed
in 27, then W(A) is uniformly selective.

(iv) Fin is uniformly selective.

The previous result naturally suggests the following.

Question 10.2 (%), Is I(A) uniformly selective for any almost disjoint
Borel family A? More generally: is any Borel selective ideal uniformly
selective?

Now we present some generalization of the Ramsey's theorem. We
need some notation. For s # Fin and P # # (finite or infinite), we write s
# P when there is n # # such that s =P # {0,1, ..., n}, and we say that s is
an initial segment of P.
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Theorem 10.3 (Galvin's lemma). Lez F # Fin and M # #°). There is N
# M infinite such that one ofthe following statements holds:

(i) For all P # N infinite, there is s # &.- wco..cn.such that s # P.
(ll) N[<°o] #ED = {ACHxN: (In)(¥m = n)(|{{m,k): keN}nA|l<n)}.= #.

Any set N satisfying either (i) or (ii) will be called F -homogeneons, and
the collection of F -homogeneous sets is denoted by hom( F ). Notice
that if 7 # #2, then we have a usual coloring ¢ : #12] {0,1} by letting c(s)
= 1 if, and only if, s # F . Then, hom( ¥ ) = hom(c). Notice also that the
previous theorem in particular says that hom( ) is a tall family for any
F # Fin.

A collection B # Fin is a front if it satisfies the following conditions: (i)
Every two elements of B are #-incomparable. (ii) Every infinite subset N
of # has an initial segment in B. A typical front is # 0] for any n # #.

It is easy to verify that hom( F ) is co-analytic subset of N°! for every 7
# Fin. When F # B and B is a front, hom( 7 ) is closed in #). We do not
know if there is F such that hom( F ) is not Borel.

A key result about the families hom( F ) is that they are uniformly tall
when F # B for some front B. More precisely:

Theorem 10.4 ([24, Theorem 3.8]). Lez B be a front. There is a Borel map
S 98 w nil — nil such that S( F , A) is an F -homaogeneous subset of A, for
all A # #°) and all ¥ # B.

f If we use the front #2 we obtain that the classical Ramsey theorem
holds uniformly. We say that an ideal I is uniformly Ramsey if there is a
Borel map . 9% il _, pii=) such that forall A # I* and all ¢ : #21540,1},
S(c, A) # I and it is a c-homogeneous subset of A. The following result
is expected.

Theorem 10.5 ([24, Theorem 3.6]). Every uniformly selective Borel ideal
is uniformly Ramsey.

It is also natural to wonder about when FinBW, Mon, ws, wp™, etc.
hold uniformly; this is left to the interested reader.

10.2. Uniformly tall ideals

From Theorem 10.4, using the front #121 we obtain that hom(c) is a
uniformly tall collection, and thus Inom(c) is a uniformly tall ideal for any
coloring c of pairs of natural numbers. It should be clear thatifa collection
C contains hom(c) for some coloring c, then C is also uniformly tall. In
fact, most of the examples we know of uniformly tall families are of that
type. This could be regarded as a method for showing that a given family
is uniformly tall (see example 10.6 below).

In particular, the random graph ideal R (see section 3) is uniformly tall.
Thus, from the universal property of the random graph, we have that R

<y Lifthereisa F # [#]* such that hom( F ) # L. Therefore, if R <i I, then

I has a Borel selector. That is the case with all examples studied in 2, 31,
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Even Solecki's ideal S has a Borel selector 2], even though it is not known

whether it is Katétov above R (see Question 7.6).

Example 10.6 (*4). The families of sets listed below are all uniformly tall.
This is proved by finding a coloring ¢ : #12 5{0,1} such that hom(c) is a subset
of the given family. The coloring used is the Sierpiriski’s coloring: Let X = {x,:
n # #} be a countable set and = a total order on X. Define c : X1 5 {0,1} by
c({xnXm}) = 0 4f, and only if, n < m and x, < X . The c-homageneous sets
are the < -monotone sequences in X:

(i) nwd(t), where (X, t) is a Hausdor(f countable space without isolated
points.

(ii) Let X be a compact metric space and (x,)n be a sequence in X. Consider
C(xn)n = {A ## : (Xn)nsa is convergent}.

(iii) Let WO(#) be the collection of all well-ordered subsets of # respect
the usual order. Let WO(#)* the collection of well ordered subsets of (#, <*),
where <* is the reversed order of the usual order of #. Then, C = WO(#) U
WO (#)* is a tall family. Notice that C is€D

It is not true that Galvin's theorem 10.3 holds uniformly. In fact, there
is F # Fin such that hom( ) is not uniformly tall (see [24, Theorem
4.21]). Moreover, there is an Fj tall ideal which is not uniformly tall (see
[24, Theorem 4.18]). Since the proof of this fact is not constructive, we
naturally have the following:

Question 10.7 ([24]). Find a concrete example of an Fo tall ideal
without a Borel selector.

Tall Fo ideals are not q+ (otherwise they would be selective and thus
Fréchet, see Theorems 5.4 and 9.10). This suggests the following:

Question 10.8. Is there a weakly selective (or q+) tall Borel ideal
without a Borel selector?

Property g+ might be relevant as the next result suggests.

Theorem 10.9. Let I be an analytic P-ideal. The following assertions are
equivalent:

(i) Lis tall.
(i) I has a continuous selector.
(iii) I is not g+ at #.

Since the generalized summable ideals 77 (see section 5.2) are somewhat
similar to P-ideals, the previous result naturally suggests the following.

Question 10.10. Let 77 be a generalized summable ideal. Suppose 7 is
tall. Is it uniformly tall?

The following result characterizes tall ideals with continuous selectors.

Theorem 10.11 (J. Grebik and M. Hrusdk [23, Proposition 25]). Let
be a Borel tall ideal. Then I has a continuous selector if, and only if, for
every family {Xn : n # #} of infinite subsets of # there is an A # I such that
A#Xn=#foralln##.

These are the only results concerning the complexity of the selector
functions. So we naturally wonder if there is a bound in the Borel
complexity of the selector for Borel tall ideals.
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Ideals admitting a topological representation (as defined in section 6.2)
are tall and countably separated. So we have the following question (a
negative answer of it will solve Question 10.8, as countably separated
ideals are weakly selective [37, Proposition 4.3]).

Question 10.12. Suppose I is a co-analytic ideal with a topological
representation. Is I uniformly tall?

Another question we could ask is whether there is a "simple basis" for
the collection of all tall families. More precisely we have the following
question:

Question 10.13. Let C be a tall family of infinite subsets of #. Suppose
that C is analytic or co-analytic. Is there F # Fin such that hom( 7 ) # C?

The restriction on the complexity is necessary as there is a ! tall ideal
I such that hom( F) # I for all # # Fin. In particular, I does not contain
any closed hereditary tall set (see [24, Theorem 4.24]).

Some test families for the previous question are the following:

Example 10.14.

(a) Let C1 and C2 be two tall hereditary families with Borel selector.
It is easy to verify that C1 # C2 is also uniformly tall. Let B1 and B2 two
fronts on #, and Fi # Bi, for i = 0,1; is there a front B3 and F3 # B3 such
that hom(F3) # hom(F1) # hom(F2)? Or more generally, given Fi # Fin,
fori= 0,1, is there F3 # Fin such that hom(F3) # hom(F1) # hom(F2) ?

(b) Let A be an almost disjoint analytic family of infinite subsets of
#. Let C(A) be I(A) # (I(A))#. Then C(A) is a éDgiy =D | Atall family.
The question would be for which families A there is¢Dg, # Fin such that
hom((N,cr X\ (U,er X)) # C(A).

(c) Consider the following generalization of Example 10.6 (ii). Let K be

a sequentially compact space, and (x,), be a sequence on K. Let
Clrn)n={4A¢e Ml (2, Jnea s convergent}.

Then C(xp)y is tall.

A particular interesting example is for K a separable Rosenthal compacta.
By Debs’ theorem (71 18] (see also [9]), in every Rosenthal compacta, C(x,)n
is uniformly tall. When K is not first countable C(x,)n, is a complete co-

analytic subset of #*°). We do not know if there is F # Fin such that hom(
F ) # C(xa)n.

10.3. Uniformly Fréchet ideals

A Fréchet ideal I on a countable set X is uniformly Fréchet if there is a
Borel function f: 2% 2% such that forall A # X with A # I, F (A) # A,
F (A) is infinite and F (A) # I,

Example 10.15 (Guevara 3. All ideals in B (see section 9.2) are
uniformly Fréchet.

In view of the previous result, we have the following variant of

Question 9.19.
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Question 10.16 (Guevara %)), Suppose I is an ideal such that I and I*
are Borel and uniformly Fréchet. Does I belong to % 2

The definition of a uniformly Fréchet ideal does not requiere that it has
to be a Borel ideal; however, we do not have an example of a non Borel
uniformly Fréchet ideal.

Example 10.17 (Guevara [25]). The ideals 1. and 1, are both uniformly
Fréchet Borel ideals and 1+ and 1, are not uniformly Fréchet.

The previous example is a consequence of the following general fact.

Theorem 10.18 (Guevara **). Let 1 be a Fréchet Borel ideal. If 17 is

uniformly Fréchet, then I * is Borel.

Since Ramsey's theorem holds uniformly (see Theorem 10.4), we
immediately have the following

Theorem 10.19. Every uniformly Fréchet ideal is uniformly Ramsey.

We have seen that every selective analytic ideal is Fréchet (see Theorem
9.10) and also that every Fcr selective ideal is uniformly selective. Thus
we naturally ask the following:

Question 10.20. Is every uniformly selective F, ideal uniformly
Fréchet? Or more generally, is every uniformly selective Borel ideal
uniformly Fréchet?

We have already mentioned in Example 10.14 that I # I” is a tall family
for any ideal I. It is easy to check that if T is uniformly Fréchet, then I # I
is uniformly tall. Thus we have the folllowing,

Question 10.21. Let I be a Borel Fréchet ideal such that T # I is
uniformly tall. Is  uniformly Fréchet?
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