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ABSTRACT:

We introduce in this paper the concept of quadruple D—synchronous functions which generalizes the concept of a pair
of synchronous functions, we establish an inequality similar to Chebyshev inequality and we also provide some Cauchy-
Bunyakovsky-Schwarz type inequalities for a functional associated with this quadruple. Some applications for univariate functions
of real variable are given. Discrete inequalities are also stated.

KEYWORDS: Synchronous Functions, Lipschitzian functions, Chebyshev inequality, Cauchy-Bunyakovsky-Schwarz inequality.

RESUMEN:

Introducimos en este articulo el concepto de funciones D—sincrénicas cuddruples, que generaliza el concepto de un par de
funciones sincrénicas; estableceremos una desigualdad similar a la desigualdad de Chebyshev y también presentamos algunas
desigualdades de tipo Cauchy-Bunyakovsky-Schwarz para un funcional asociado con este cuddruple. Se dan algunas aplicaciones
para funciones univariadas de la variable real. También se indican desigualdades discretas.

PALABRAS CLAVE: Funciones D—sincronicas, funciones Lipschitzianas, desigualdad de Chebyshev, desigualdad de Cauchy-
Bunyakovsky-Schwarz.

1. INTRODUCTION

Let (Q,4,v) be ameasurable space consisting of a set 2, a o-algebra 4 of subsets of Q) and a countably additive
and positive measure v on A with values in [0, +oo] . For a »-measurable function w: Q » &, with w (x) 2 0
for v-a.c. (almost every) x € Q, consider the Lebesgue space

L, (Q,v):={f:Q—=R, fis v-measurable and / w(z)|f (z)|dv(z) < oo},
3)

For simplicity of notation we write everywhere in the sequel /. wdv instead of 1, w (x) dv (x). Assume also
that j, wdv = 1.
We say that the pair of measurable functions (f; g) are synchronous on ) if

(f(z)=f(w)(g(z)—g(y) =0 1)

forv-a.e.x,y € Q. If the inequality reverses in (1), the functions are called asynchronous on Q.
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If (f; g) are synchronouson Q and f ¢, f¢ € L, (Q, v), then the following inequality, that is known in
the literature as Chebyshev’s Inequality, holds:

f wfgdy > f w fdy / wgdy,
Q Q 0

where w (x) 2 0 for v-a.c. (almost every) x € Q and 1, wdy = 1.
If £, ¢ : Q > Rare y-measurable functions and £, g, fz € L, (Q, v), then we may consider the Chebyshev
Sfunctional

)

T.(f.q) :=/u?j"gdu—/ tL-'fduf waqdu.
0 0 0

The following result is known in the literature as the Griiss inequality:

1 -
T (£.9)| < 1 (T =7) (A =),
(3)
provided
—oo <y < f(x) £T < o0, —o<d<g(r) A< @
forv-ae.x € Q.
The constant : is sharp in the sense that it cannot be replaced by a smaller quantity.
Iffe L,(Q,»), then we may define
Dy (f) = f w(z)|f(z) - / w(y) f(y)dv (y)|dv(z).
Q 0
(5)

The following refinement of Griiss inequality in the general setting of measure spaces is due to Cerone &
Dragomir [1]:

Theorem 1.1. Let w, f; g : Q > Rbe v-measurable functions with w > 0 v-a.e. on Q and 1, wdy = 1. Iff, g,
Je € L, (Q,v) and there exist constants 3, A such that

—xo<d<g(r)<A<oc for v-ae xegfl, »
6

then we have the inequality
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Tw (f,9)] < 5 (A—48) Dy (f).

o | =

(7)

The constant i is sharp in the sense that it cannot be replaced by a smaller quantity.

Motivated by the above results, we introduce in this paper the concept of quadruple D—synchronous
functions that generalizes the concept of a pair of synchronous functions, we establish an inequality similar to
Chebyshev inequality and also provide some CauchyBunyakovsky-Schwarz type inequalities for a functional
associated with this quadruple. Some applications for univariate functions of real variable are given. Discrete
inequalities are also stated.

2. D-SYNCHRONOUS FUNCTIONS

Let (Q, 4, v) be a measurable space and £, g, b, £ : Q2 > Rbe four y-measurable functions on Q.
Definition 2.1. The quadruple (£, g, b, €) is called D—Synchronous (D—Asynchronous) on € if

f(z) I (y) h(x) h(y)
det det > (<)0
glz) gy E(z)  L(y) .
for v-a.c. (almost every) x,y € Q.
This concept is a generalization of synchronous functions, since for g = 1, £ = 1 the quadruple (f; g, 5, £)
is D—Synchronous if, and only if, (f; /) is synchronous on Q.
Ifg, ¢+ 0 v-a.con Q, then

f(z) fly) h(x) h(y)
det det
glz) gy t(x) (y)
=(f(x)g(y) —g (@) f(y) (h(z)l(y) —L(z)h(y))

) (o o (fx) fy)\ (h(z) h(y)
=9(@ )9 W) W) (9(:6) B g(yﬁl) (f(:vﬁ B f(y})

)
forv-ae.x,y € Q. So, if g¢ > 0 v-a.c on Q the quadruple (£ ¢, b, £) is D—Synchronous if, and only if, ¢

is synchronous on Q.
Theorem 2.2. Letf, g b, £: Q> & be v-measurable functions on Q and such that the quadruple (f, g, b, €) is
D-Synchronous (D—Asynchronous), w 2 0 a.e. on Q with 1, wdv =1 andfh, gt, gh, f€ € L, (Q, ). Then,

w fhdy wghdy
fﬂ f o Wy
det > (<)0.

Jqwfldy Jo watdy

(10)
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Proof- Since the quadruple (f, g, b, €) is D—Synchronous, then

0<(f(z)g(y) —g(z) f(y) (h(z)(y) —L(x)h(y))
=f(z)h(x)g(y)t(y)+g(x)f(z)f(y) h(y)
—f(x)b(x)g(y)h(y) —g(z)h(z) f(y)L(y)

(11)
forv-ae.x,y € Q.
This is equivalent to
f@)h(z)g(y)L(y)+g(x)f(z)f(y)h(y)
> f(z)l(z) g () h(y) +9(z)h(z) f(y)£(y) (12)
forv-ae.x,y € Q.
Multiply (12) by w (x) w (y) 2 0 to get
w(z) f(x)h(z)w(y)g(y)(y) +w(z)g(z)(z)w(y) f () h(y)
Zw(z) f(z)l(z)w(y)g(y)h(y) +w(z)g(x)h(z)w(y) f(y)L(y) (13)
forv-ae.x,y € Q.
If we integrate the inequality (13) over x € €, then we get
w9 W) W) [ wihdv+w) f@)h) [ wgtd
> w(y) g () h (1) ] wftdv +w(y) f (1) £ (v) ] wghdy »

forv-ae.y € Q.
Finally, if we integrate the inequality (14) overy € €, then we get

/wfhdyf tugfdy—l—/ -u!gfdy/wfhdy
Q Q Q 0
Zf u!ffdyf-u!gh.dy —l—/wghdy/wffdy,_
Q Q 0 Q

which is equivalent to the desired result (10).

Corollary 2.3. Let f, g, b, £: Q0 > & be v-measurable functions on Q and such that g€ > 0 v-a.e on Q, -4 is
synchronous (asynchronous) on Q, w 2 0 a.e. on Q with 1, wdy =1 and th, g, gh, f£ € L, (Q,v) ; then the
inequality (10) is valid.

Letf, g, b, £: Q) > & be v-measurable functions on Q , w 2 0 a.e. on Q with 1. wdv = 1 and fh, g, gh, f €

L, (Q,v) ; then we can consider the functionals
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Jo wfhdy Jo wghdy
D(f,g,h,;w, Q) := det

Jowftdy [ wgtdy

=/ -w_fhdv/-wgfdv—/wfﬁdv/wghdy,
Q a Q a (15)

and, for (f,¢) = (b, ¢),

D(f..g.l{‘ﬂ]l =D(fgf,g.wﬂ)
[ wf3dv Jowfgdy

Jowfgdv — [owg*dv

2
:/ -u!fgdlf/ wg}’zdlf — (/ -wfgdlf) 1
0 0 0 (16)

provided f*,¢* € L, (Q,7).

We can improve the inequality (10) as follows:

Theorem 2.4. Letf; g, b, £: Q > & be v-measurable functions on Q and such that the quadruple (f, g, b, €) is
D—Synchronous, w 2 0 a.e. on Q with 1, wdy =1 and fh, gt, gh, f € L,, (Q,v) ; then,

= det

D(f,g,h.t;w,Q) = max{|D(|f|.|g], h, (;w,Q)|,
D(f.g. |k, [l ;w, )], [D(f]. g, IRl |€];w, 2)}
=>0. (17)

Proof. We use the continuity property of the modulus, namely

la—b| > ||a| = |B]|, a,b € R.

Since (f; g, b, £) is D—Synchronous, then

(f(z)g(y) —g(z) f(y) (h(z)l(y) —£(z)h(y))
=|f(@)g(y)—g(@) f@W|h(z)(y)—L(x)h(y)|
[(Lf ()] g )| = |g ()] | (»)]) (h(z) £(y) — €(z) h(y))]

29 [(f(@)g () —g =) @) (RE@)]€)] —[£)] Ry

(17 ()l g )] = lg ()] 1f ()] ([ ()] 1€ (y)] — [€ ()] R (y)])] (1)
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forv-ae.x,y € Q.
As in the proof of Theorem 2.2, we have the identity

D(f.g.h.l;w,Q fﬂ L Jw (y) (f (z)g(y) —g(z) f(y))
(z) €(y) — £(z) h(y)) dv (z)dv (y). (19)

By using the identity (19) and the first branch in (18) we have

D (f.g.h. t;w, ) fﬂ/ (2)w (@) (1 @) g )] - g @] 1 @)
(h(z)f(y) — £ (z) h(y))|dv(z)dv (y)
_zj]/w{r w®) (17 @lle @)~ g @)1 17 W)

x (h(z)€(y) — £ () h(y))dv (z)dv (y)]
_|D(|f|=|g|'—h*£5u":ﬂjla

which proves the first part of (17).

The second and third part of (17) can be proved in a similar way and details are omitted.

3. FURTHER RESULTS FOR THE FUNCTIONAL D

We have the following Schwarz’s type inequality for the functional D:
Theorem 3.1. Let f; g, b, £: Q > ® be v-measurable functions on Q , w 2 0 a.e. on Q with 1, wdv =1 and

frgt bt e L, (Q,v). Then,
D? (fyg,h, 6w, Q) <D(f, g;w,Q)D (h,£;w,). o0

Proof. As in the proof of Theorem 2.4, we have the identities

D(f,9,h, ;w02 /fu (x)w (y) (f (x) g (y) —g(z) f(y))
h(z)€(y) —£(x) h(y)dv (z)dv(y),

D(f,g;w, ffﬂu» w(y) (f (x) g (y) — g (z) f ()* dv (z) dv (y)
and
D (h, £:,9 [Ju‘ w (y) (b (2) €(y) — £ (z) h ()2 dv (z) dv (y)

By the Cauchy-Bunyakovsky-Schwarz double integral inequality we have
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2
(L /Q w(z)w(y) (f(x)g(y)—g(z) f(y) (h(z)f(y) —£(x)h(y))dv (z)dv (y))
< L _/;; w(z)w(y) (h(z)g g(z)h(y) ) dv (z)dv (y)
/;z L w(y) (h(2) £(y) — £ (2) b (y)* dv () dv (y),

which produces the desired result (20).

Corollary 3.2. Let f g h, £: Q > & be v-measurable functions on Q withg*,¢* € L, (Q,v),w >0 a.c.
on Qwith 1, wdv=1,and a, A, b, B € & such that A> a, B> b,

ag < f<Ag and bl <h < Bf (1)

v-a.e. on Q. Then,

D(f,g,h,l;w, Q)| < i (A—a)(B - b]/ u=g2a’y/ wldv.
: 0 )

(22)

Proof- In [2] (see also [4, p. 8]) we proved the following reverse of Cauchy-BunyakovskySchwarz integral

inequality
2 2
/ ttfzdif/ wgldy — (/ thngf) < 1 (A —a]g (/ 'wggdzf)
Q

provided that ag < f'< Agv-ae.on Qandg* € L, (Q,v).

Since, we also have

2 2
/ -u!h.zdy/ wl?dy — (/ whfdy) < 1 (B —b)* (/ u=€2dzf) .
0 0 0 4 0

provided that 5¢ < b < B¢v-a.e.on Q and £* € L,, (€, v). Then, by (20) we have

]_ 2 ) 2
h,t;w,Q — (A —a w Qdu) ( -u!fzdp)
D*(f.g, )<+ ) ( (fﬂ g fﬂ

that is equivalent to the desired result (22).
For positive margins we also have:

Corollary 3.3. Let f, g, h, £: Q > R be four v-measurable functions on Q witbg2 e L, (Q,9),w=0
ae.on Qwith 1, wdv=1,anda, A, b, B> 0such that A > a, B> b,

ag < f < Ag and bl < h < BY

(23)
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v-a.e. on Q. Then we have

. I{A—a.J(B—b]/ /
Dif.g. h f:w Q) <= wfgdy | whidy.
D(f.g.h w, Q)| < 7 —— A fa :

(24)

Proof'In [3] (see also [4, p. 16]) we proved the following reverse of Cauchy-BunyakovskySchwarz integral

inequality:
2 2 :
/ wfgdy/ wgtdy — (/ wfgdp) < M (/ -usfgdy) ’
g . o daA Q

whenever ag < f< Agv-a.e. on Q.

Since
2 2 2
/’wh.gfflf/ wldy — (f wh.t‘dy> < @ (f 'whfdy) )
Q 0 0 4bB Q

provided 6¢ < b < Bl v-a.c. on Q, then by (20) we get the desired result (24).

If bounds for the sum and difference are available, then we have:
Corollary 3.4. Let f, g, b, £: Q > & be v-measurable functions on Q with gz e L, (Q,),w>0ac on
Q with 1, wdy = 1. Assume that there exists the constants P 1, Q 1, P 5, Q 5 such that

lg—fl<P, lg+fl<@Q [h-l<P, [h+{<Q2 o3)

a.e. on Q; then,

1
D(f, g, ht;w Q) < ZPIQLP:EQQ-
(26)

Proof. In the recent paper [5] we obtained amongst other the following reverse of CauchyBunyakovsky-
Schwarz integral inequality:

2
. 1
/ wfdv f wg*dv — ( / wfydv) < < PPQ3,
LY (1 0 4

provided |g— /] <Py, |g+ /] < Q1aec.on Q.

Since
2 1
f whzdyf wldy — (/ ’whfdlf) < -P;Q3,
0 Q 0 1
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if |h— 4| <Py |h+ ¢ < Q;ae on,then by (20) we get the desired result (26).

If bounds for each function are available, then we have:

Corollary 3.5. Let f; g b, £: Q> ® be v-measurable functions on Q) and w > 0 a.e. on Q with 1. wdy = 1.
Assume that there exists the constants ai, A;, b; and B; with i € {1, 2} such that

0<a < f<A < o0, 0<ay<g< Ay < oo, -
and
0<b <h<B;| < oo, 0 < by <l < By < 00, (28)
a.e. on Q; then,
1
|P{fghfu Q|{ —’1 —’12—(110!2} Bl By — byba). 09

Proof. We use the following Ozeki’s type inequality obtained in [6]:

9
1

/ *wfgdu/ tugzdy — (/ wfgffy) < (4144 —ala.gjg,_
0 0 0 3

provided0 <z <f<A41<0,0<a,sg< A4, <0ae onl

Since
1
/’whz{flff widy — (/ -whfdu) = (B1 B> —blbgj
0 Q 0

when0<b;<h<Bi<e,0<b,<l<B;<ooac. on,then by (20) we get the desired result (29).

o

4. RESULTS FOR UNIVARIATE FUNCTIONS

Let Q = [4, b] be an interval of real numbers, and assume that £, g, b, £ : [, b] > & are measurable D
—Synchronous (D—Aynchronous), w > 0 a.c. on [, b] with 1 w () dt =1 and fh, g€, gh,f¥ € L, ([, b]) ; then,

b b
fu(f (#) h{)dr/ w(t) g (£) £ (£) dt
b b
3(5)/ w (t]g(tjh(t)dﬁ/ w(t) f (£)€(¢) dt

(30)
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Now, assume that [4, b] # (0, ) and take f(2) =# ,g(t)=# ,h (t) =7 and € (¢) = ¢ withp,q,7,s
€ . Then,

—— =tF1 and — =1t""°%.

g(t) (t)

If (p — q) (r—s) > 0, then the functions (4 have the same monotonicity on [, 6] while if (p — g) (r —s) <
0 then (%) have opposite monotonicity on [4, 6] . Therefore, by (30) we have for any nonnegative integrable
function w with 1 w () dt = 1 that

f(t) h (1)
77

b b b b
f w(t) tp_rdf.f w(t) 3 dt > (g:)f w (t) t‘i’”dtf w (t) tP4dt,

(31)

provided (p — ¢) (r —s) > (<) 0.
Assume that [4, 6] # (0, c0) and take f(#) = exp (@2), g (£) = exp (82), b () = exp (y2) and € (2) = exp (%),
witha, 8,7,0 € r. Then,

O _xpla—p)g and 29 _expl(y—5)4.

g(t) £(t)
If (e — B) (y — 9) > 0, then the functions (:+) have the same monotonicity on [, 6] , while if (« — 8) (y - ) <

0 then ¢4 have opposite monotonicity on [4, 6] . Therefore, by (30) we have for any nonnegative integrable
function w with ! w (¢) dt = 1 that

b b
j w (t) exp [(a + ) t] dt/ w(t)exp [(B + 5)t] dt

b b
> (3)] w(t)exp [(F+7)1] dtf w (t)exp[(a + §) ] dt,

(32)
provided (z — f) (y — 9) > (<) 0.
Consider the functional
b b
Dp.g.r.s (W) :=f w (t) f.?"'+"'d1‘./ w (t) t97dt
a @
b b
— / w (t) 977 dt f w (t) tFdt,
1 3 il (33)

for any nonnegative integrable function w with it w (#) dr=1,and p, g, 7, s € &.
We observe that for £ € [a, b] # (0, o) we have
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a?~ 1, it p > g,
kpgq(a,b) = < —f (t) =1
.9 : = {t}
ba ifp<q Y
bra, it p > g,
< Kpg(a.b) =

aP=9 if p < g, "

and, similarly,

Using the inequality (22) we have

1
Dp.q.rs (w)| < 1 [Kpq (a,b) — Ky g (a,0)] [Kyq (a,b) — Ky (a,B)]
b b
x/ w{t}tzth] w (t) t24dt,

(35)
while from (24) we have

[Kp.q (a,) — kpg (a,0)] [Krs (@, D) — krs (a,D)]
Vkpq(a,0) k. (a,0) K, (a,b) K, (a,b)

b b
X / w (t) tPT9dt f w (t) 7 4dt.

1
|Dp_,q__r_,s (?-UN E i

(36)
We also have for ¢ € [a, b] # (0, o) that

a?, itp =0,
up (a,b) == < f(t)=1tP
br, it p < 0,
bP, if p = 0,

<U,(a,b) :=
a?, it p < 0,
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and the corresponding bounds forg (£) =# ,h (1) =7 and € (¢) = ¢ , with p, ¢, 7, s € r. Making use
of the inequality (29) we get

(Up (a,b) Uy (a,b) — uy, (a,b) ug (a, b))
x (Uy (a,b)Ug (a,b) — u, (a,b) ug (a, b)) .

1
Dp.g.rs (W) < 3

(37)
Similar results may be stated for the functional

b

Do gy (w) —/ w (t)exp [(a +7) t]dt/ w(t)exp[(B+4d)t]dt

i}

b b
—/ w (t)exp [(B + ) t] dt/ w (t)exp [(o +d) t] dt

for any nonnegative integrable function w with i’ w (£) dr = 1,fora, 8,7,0 € & and [, b] # (0, o0). Details
are omitted.
We say that the function ¢ : [4, b] > & is Lipschitzian with the constant L > 0 if

o (t) —p(s)| <Lt — s

forany s s € [4,b].
Define the functional

b b
D(f,g,h,{;w,[a,b]) :=/ w (t) f(t) h(t) ch‘./ w(t)g(t)e(t)dt

- [wwewr@d [wesoewa

In the next result we provided two upper bounds in terms of Lipschitzian constants:

Theorem 4.1. Letf; g, b, £: [a, b] > ® be measurable functions and w 2 0 a.e. on a, b) with 1t w (¢) dr= 1.

(1) Ifg(2),€(2) #Oforanyt € [a,b),and : is Lipschitzian with the constant L > 0, and is Lipschitzian with
the constant K & > 0, and g€, gle e L, ([a,b) withe(t)=t,t € [a,b], then

ID(f,g.h,6;w,[a,b])]

b b
gﬂvwmmmqu&mwnmm%

b 2
—(/awﬂm&nwmuﬂ)}-
: (38)

(ii) If; in addition, we have wgl € L . [a, b] and
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[wgt]| ., = esssupyep, g |w () g (£) £(t)] < oo,

then
_ 1 4 .- 12
D (f.g.h.t;w,[a,b])| £ = (b—a) LK |wgl|
Proof. We have
D (f.g.h,;w, a, b)) ff (&)w(s) (F(B)g(s) - g(t) £ (5))
x (h (1) £ (s) — £(t) h (s)) dtds
/] (t)w (s) g () g () £ (£) £ (s)
10 SO (10RO g,
X(gm (s)) \2() " €(s)
By taking modulus in this equality, we get
D (f.g. kb, [a,B]) |
L “’, y _ F@&) fe)||h®) hs)
<5/ [w@uebOls@eone x [HE-al2d -8 s
1
<31k [ [ w@w o @llo @@l - 9P dras o

Now, observe that

[ [ w@w@ls@la@leolee) @ s s
Z/: /:”’(t}‘w ()19 (£)] 19 ()| [€(£)] |£(5)] (£2 — 2ts + s%) dtds
=2 ( [ [ e@w@oiseieoe)taan
- /: /: w(t)w (s)|g (t)l g (s)] € (B)] |€ (s}|tsdtds)

b b
=2[/ w(s)|g (s}||£(s)|ds] w (t) |g (O] € ()] £2dt

b 2
- (/ w(®)lg ) |€(t}|zdt) } -
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(41)
On making use of (40) and (41) we get the desired result (38).
Ifwgl € L  [a,b], then
[ [ w@re@la@ig@l1e@le) o -2 as
b 1 \ )
< llwgtl’ (t = )" dtds = 2 (b—a)* wgt,
’ j / 6 (42)

Therefore, by inequalities (40) and (42) we obtain the desired result (39).

5. DISCRETE INE QUALITIES

Consider the z-tuples of real numbers x = (x 1, ., %, ), Y= (V15 s Y0 ) 2= (2 1, e 2 ) and 22 = (4 1, o0, 1, ).
We say that the quadruple (x, y, z, #) is D—Synchronous if

I; I 24 Zj
0 < det det
Yi Y U U

= (miy; — z9:) (25 — 2ju5) o
foranyi,j € {1,...n}.
Ifp=(p1, .. pn) is a probability distribution, namely, p; > 0 forany i € {1, ..., n} and ='=1p; = 1, and
the quadruple (x, y, z, %) is D—Synchronous, then by (10) we have:

ZLLP:‘I:'E{ Z?:l Pilizi
D, (z,y,z,u;p) = det
ST Y Pl

n mn mn n
= pixim Y paiti — Y pirit; Y piyizi > 0.
i=1 i=1 =1 i—=1

(44)

For an n-tuples of real numbers x = (x 1, ..., x, ), we denote by |x| :=

%, |). On making use of
the inequality (17), then for any D—Synchronous quadruple (x, ¥, z, #) and for any probability distribution
p = (P 1> '--5pn ) we haVC

D, (z,y,z,u;p)
z max{|Dy, (|z],y, 2, w;p)|, |Pn (z, |yl , 2,4 p) [, [Dn (2], [y], 2, u;p) [} 2 (45)
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Observe that if we consider

n n m 2
D, (z,y;p) i=Dn (2,9, 2,4:p) = > _pix? ¥ pif? — (Z pixiya) -_
i=1 i=1 i=1

then by (20) we have

D, (2,9, z,u; p)|> < Dy, (,4;p) D (2,45 p)

(46)
for any quadruple (x, y, z, #) and any probability distribution p = (p 1, .... p» )
Ifa,4,b,B € ® and (x, 9, z, ) are such that 4 > 2, B > b,
ay; < x; < Ay; and bu; < z; < Bu; )
foranyi € {1, .., n}, then by (22) we have
1 m m
2 2
D, (z,y,z,u; p)| < 1 —a.]{B—b)Z-piinpiui.
= L= (48)
Ifa, A, b, B > 0 and condition (47) is valid, then by (24) we have
1 {A —a (B b
D, (z,y,z, u; i T s iZiU;.
Dy (z,y, P)|_._1 JaAlB Z;;U yz;u "

Now, if we use the Klamkin-McLenaghan’s inequality

il s n 2 mn n
Yot $nat - (Snnn) = (V-1 S 3o
i=1 i=1 i=1 i=1 i=1

that holds for x, y satisfying the condition (47) with A4, 2 > 0, then by (46) we get

Dy, (z,y, 2, u;p) |

< (Vi) (VB )

n 1/2 n 1/2 n 1/2 n 1/2
X (Z Pily yi) (Z piI?) (Z Pizi H‘q’) (Z Pz‘Z?) 1
i=1 i=1 i=1 i=1
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(50)
provided (x, y, z, #) satisfy (47) with a, 4, b, B> 0.
Now, assume that
0<ap <z2; <A < o0, 0<as <y; < As < o0, (51)
and
0<b <z; < B < o0, 0 < by <u; < Be < 00, 52)

foranyi € {1, .., n} ; then by (29) we get

[ =

D, (z,y,z,u;p)| < 5 (A1 A2 —ajag) (B1 By — biba)

[we]
—
N
S
=

for any probability distribution p = (p 1, ..., ).
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