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Abstract. In this paper we establish an identity of Fink type for approximat-
ing the integral of analytic complex functions on paths from general domains.
Error bounds for these expansions in terms of p-norms are also provided. Ex-

amples for the complex logarithm and the complex exponential are given as
well.
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Una identidad de tipo Fink para la integral de funciones
analiticas complejas en caminos de dominios generales

Resumen. En este articulo se establece una identidad de tipo Fink para apro-
ximar la integral de funciones analiticas complejas en caminos desde dominios
generales. También se proporcionan limites de error para estas expansiones
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100 S.S. DRAGOMIR

1. Introduction

In 1992, [6] A. M. Fink obtained the following identity for a function f : [a,b] — R whose
(n — 1)-derivative f(»=1 with n > 1 is absolutely continuous on [a, ]

5 [ 0@ =R @, 1)

! [f @)+ Y Fi)
k=1

for x € [a,b], where

n— (k=1) (@) (z — a)" —D)F (b — )k f-D)
Fi(2) = k!klf @0+ D b0/ <b>]’ @)
for k=1,...,n — 1 where n > 2, and
R, (z) := ﬁ (3)

xl/wmftf/%t@fmmﬂdt%/b@tfﬂtwaMﬂd4.

If n =1 the sum 22;11 Fy, (z) is taken to be zero.
In the case ) € Ly, [a,b], namely

Hf(n)

1= €SSUPye[q ) ‘f(") (t)‘ < 00,

la,b],00

then the following bound for the remainder obtained by Milovanovi¢ and Pecari¢ in 1976,
[8] holds

(z — a)n+1 +(b— a:)"+1 .

Rn S 4
| ()] n(n+ 1) (b—a) )
In the case of f(" e L, [a,b], p > 1, namely
b 1/p
p
Hf(”) = / Fm (t)‘ dt| < oo,
[a,b],p a

then the following bounds for the remainder obtained by Fink in 1992, [6] hold

(z—a)" 4 (b—g)mat? /4 n

[ wl(b—a) | B((n=1a+La+1)[[f™],,,

RIS R
IRy (z)] < for p, q>1w1th5—|—5—1, (5)

ety max[(@ — )", (b= )" | £, -

n"n!(b—a)

For other results connected with Fink’s identity, see [1], [2], [3] and [7].

In order to extend these results for the complex integral, we need the following prepara-
tions.
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An identity of Fink type for the integral of analytic complex functions on paths 101

Suppose v is a smooth path parametrized by z (t), t € [a,b] and f is a complex function
which is continuous on 7. Put z (a) = u and z (b) = w with u, w € C. We define the
integral of f on 7y, = as

/vf(Z)dz—/%)wf(z)dz = /abf(z(t))z’(t)dt.

We observe that the actual choice of parametrization of « does not matter.

This definition immediately extends to paths that are piecewise smooth. Suppose 7 is
parametrized by z (t), t € [a,b], which is differentiable on the intervals [a,c] and [c, b],
then assuming that f is continuous on y we define

(2)dz := (2)dz + / f(z)dz

v, w

Yu,w

where v := z (¢) . This can be extended for a finite number of intervals.

We also define the integral with respect to arc-length

/

and the length of the curve ~ is then

() = / GE / 1wl

Let f and g be holomorphic in G, an open domain and suppose v C G is a piecewise
smooth path from z (a) = u to z (b) = w. Then we have the integration by parts formula

b
£ (2)|dz] == / £z ()1 (0)] dt

u,w

f(2)g' (2)dz = f(w) g (w) — f(u)g(u) - / f(2)g(2)dz. (6)

Yu,w Yu,w

We recall also the triangle inequality for the complex integral, namely

/vf(z)dz

£l .00 7= sup[f ()] (8)
zey

< / F 1] < F1 0 () (7)

where

We also define the p-norm with p > 1 by

171 = ( [urer |dz>1/p,

91,0 = [ 1 @)l

For p =1 we have
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102 S.S. DRAGOMIR

If p, ¢ > 1 with % + % =1, then by Holder’s inequality we have

1£1ly0 < CENYAUA,, -

For p = co the norm is defined by (8).
In the recent paper [4] we obtained the following identity:
Theorem 1.1. Let f: D C C — C be an analytic function on the domain D and x € D.

Suppose v C D is a smooth path parametrized by z (t), t € [a,b] with z(a) =u, z(t) =
and z (b) = w where u, w € D. Then we have the equality

[1606=% P @ [w- o+ 0 e -0
v k=0 ’

+ On (x,f}/) ’

where the remainder Oy, (z,v) is given by

0, (7)== I [ / G et /

|
n Y, w

(z—w)" f™) (2) dZ] (10)

and n is a natural number, n > 1.

The remainder O, (x,7) satisfies the following bounds

I

Y, w OO |:f'Yu,a: |Z - u‘n ‘d2| + f')’m,w |Z - w|n |dZ|:| 9

1/q
1 (n) ( _an _an )
On sl < = WPy (h, J2 =™ el + L, 1= wl™ ] (1)
s wherep,q>17%+%:1;

Hf(n)

n n
Yu,w,1 max {maXZGVu,w |Z - ul y MAXzey, 4 |Z - ’LU| } .

In this paper, we established an identity of Fink type for approximating the integral
of analytic complex functions on paths from general domains. Error bounds for these
expansions in terms of p-norms were also provided. Examples for the complex logarithm
and the complex exponential were given as well.

2. Representation Results

We started with the following preliminary result that was of interest in itself [4]. For the
sake of completeness, we gave here a short proof as well.

Lemma 2.1. Let f: D C C — C be an analytic function on the domain D and x € D.
Suppose v C D is a smooth path parametrized by z (z), t € [a,b] with z (a) = u, z(t) = =

[Revista Integracion



An identity of Fink type for the integral of analytic complex functions on paths 103

and z (b) = w where u, w € D. Then we have the equality

free- > ﬁ (@ =) )+ (1) = ) ()
v k=0 :

1
nl

+ / (x—2)" f™ (2)dz (12)

forn > 1.

Proof. The proof is by mathematical induction over n > 1. For n = 1, we have to prove
that

[t@d=a-wf@+w-0fw+ [@-f@d )

Y

which is straightforward as may be seen by the integration by parts formula applied for
the integral

A (x— 2) ' () d=.

Assume that (12) holds for “n” and let us prove it for “n + 1”. That is, we wish to show
that:

[ £ @z =3 s [l =0 ) )+ (1) =) 1 )
v k=0 '

1) / (= 2)" LD () dz. (14)

Using the integration by parts rule, we have

G L e s
=i e (10 @) e
- i o [(:c e () Z +(n+1) L (@ —2)" f™ (2) dz]
" (n i 1)!
= ™ @) = @ 0 )+ (k) / (2 10 @)
= % l (x—2)" f™ (2)dz
~ i @ =0 I )+ () =) S )] )
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104 S.S. DRAGOMIR

which gives that

S e ™ (2)dz

= e [ )™ ) ) (1) (= ) )]

(n+1)!
1 n+l p(n+1)
—_ — dz. (16
Farm ) T @ )
From the induction hypothesis we have
! n p(n)
— [ (@ =2 ) () d

n!

n—1
[1616-F g [ 0™ 9 @+ (0 -0 0 @)
il k °

=0
By making use of (16) and (17) we get

-1

Jr@d= Y o [l =0 7 )+ (1) =) ) )]
v k=0 ’

e +1 1) (@ =)™ £ (@) + (=) (w = @)™ ) (w)]
B (e
oy e e
which is equivalent to (14). 4

We have the following generalization of Fink identity for the complex integral.

Theorem 2.2. Let f: D C C — C be an analytic function on the domain D and x € D.
Suppose v C D is a smooth path parametrized by z (t), t € [a,b] with z(a) =u, z(t) =
and z (b) = w where u, w € D, u # w. Define

Fi(a) = 2=k lf(’“) () (=" + (=D (w—2)* fY <w>] E

k! w—1u
fork=1,...,.n—1 where n > 2.

Then we have the equality
1

w—1u

f@)+ S )
k=1

/ f(2)dz = Ry (2.7). (19)

1
n
where the remainder Ry, (z,7) is given by

1

R, (z,7) = m

g

(z—2)""" (z—u) f (2)dz + / (z—2)"""(z—w) f™ (2)dz|. (20)

Yo, w

u,T

[Revista Integracion



An identity of Fink type for the integral of analytic complex functions on paths 105

For, n =1 the identity (19) reduces to

where

Proof. We prove the identity by induction over m. For n = 1, we have to prove the
equality (21) with the remainder R; (z,v) given by (22).

Integrating by parts, we have:

/%,I (z —u) f’ (Z)dz+/ (z—w) f (2) dz

YV, w

:<z—u>f<z>|i—/ f(z)dz+<z—w>f<z>|;”—/ f(2) d
=<x—u>f<x>+<w—x>f<x>—/f<z>dz

:(w—u)f(x)—/f(z)dz,

which proves the statement.

[Tl

Assume that the representation (19) holds for “n” and let us prove it for “n + 1”. That
is, we have to prove the equality

1
n+1
) — *=D) (1) (z — ) + (=1)" " (w — 2)F fED (w
xlf(mz £l k’[f (e =)+ ()" =o'/ ()H
k=1 )
—wiu/f(z)dz
_ 1
(n+ D! (w—u)

@, w

« [ / (= 2)™ (2 — w) £+ (2) da + / (= 2)™ (2 — w) FHD (2) dz] (23)
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106 S.S. DRAGOMIR

Using the integration by parts, we have

[, (x —2)" (2 —u) f(”+1) (2)dz
—[ @ emw (@)

Yu,z

= (z—2)"(z—u) f7 (2)

R RICRE NGO CEE
—- / [n@—2" e+ - 2] 7 () dz

u,x
—’I’Z/
Y

(2 — 2)" ™ (2 — ) f® () dz — / (x—2)" [ (2)dz (24)

w,x Yu,x

and

j @) e ) ds
[ @-emw (106) @

Vo, w

= (z—2)" (z—w) [ (2)

= / (2= 2" (2= w)) £ (=) dz
= —L {—n (z—2)"""(z—w)+ (z — z)"} M (2)dz
:nL (x—amﬁg—wUMM@dz—L (@—2)" f) (2)dz. (25)

If we add these two equalities, we get

[ @m0 @d [ a2 -0 [ ()

Yu,z Y, w

=n l/ (x—2)"""(z—u) f™ (2) dz+/ (x—2)""" (z—w) f™ (2) dz}

Yu,z Yz, w

—/@—WWW@Mz(%)

[Revista Integracion



An identity of Fink type for the integral of analytic complex functions on paths 107

By dividing with (n + 1)! (w — u) in (26) we get

1
R (2,7) = [CES =]
X / (x—2)" (z —u) fOFD (z)der/ (z—2)" (z —w) f"Y (2) dz
_ Tt D (w—u) _
X / (z—2)""" (z—u) f™ (z)dz+/ (z—2)"""(z—w) f™ (2)dz
_ N z—2)" ™ (2)dz _
(n+1)!(wu)[{( ) (z)d
= x -1 z—2)" f (2)dz
_n—l—an(’V) (n—l—l)!(w—u)[{( )T z) da

Using the representation (20) for R, (z,7), which is assumed to be true by the induction
hypothesis, we get

Rn+1(l',’)/)
_ o1 Sk [0 (@) (@ - w0+ (D (w =) D (w)
_n—l—lﬁ f(x)+k:1 k! [ w—u

n 1
_n—f—lw—ufyf(z)dz

*Wl(w_u) U (= 2)" f" (2) dz+/ (z —2)" f™ (2) dz]

1
n+1

n—1
% [f (z) + Z % [f(k—l) (1) (@ — w)* + (—1)¥ (w — @)* =D (w)”
k=1 "

T ) O G e Y s @)

Vol. 40, No. 1, 2022]



108 S.S. DRAGOMIR

Observe that

SO TR 100 () (= ) 4 (<1 (0 = ) O )

k=1

=S TR ) - )t (1) () £ ()]
k=1 ’
n—|—;' n |:f(n—1) (u) (.13 _u)n +( 1)n 1( )n f(n 1)( ):|
= Y ) @ ) ) Y ()
k=1

k=1

o[£ @) = ) (1) = )™ £ )
= R [0 ) ) () ) 6 ()]

k=1 ’

which implies that

S T )
k=1

=Y s P @ e = 0+ () =) £ (w)

k=1

n

Y [P @) - ) () - ) 6D ()]

= k! (w— u)

Therefore, by (27) we get

Rus (8,7) = —
" n — *=1) () (x — ) + (=) (w — 2)F fE=D (1
eyl k[f (e + ()" w—a)*/ <>H
k=1

n Jlr 1 Z kI ( 1— ) [f(k_l) (u) (@ = w)* + (1) (w — )" fEY (w)} :

n
)dz — ) ( 2
n+1w—u/f ‘ n—l—l /v f dz (28)

[Revista Integracion



An identity of Fink type for the integral of analytic complex functions on paths 109

n+1

" n — *=1) () (2 — ) + (=D (w — 2)* D (0
|rweynet k[f (=) + (D =o'/ ()H
k=1 ’

—wiu/yf(z)dz

B n—lf— 1 Z k! (wl_ ) [f("?*l) (u) (x — u)k + (71)k—1 (w— z)k FE=D) (w)}
k=1

1 1

+ (n+1)(w—u)Lf(Z)dz_ D) (w—u)

L (2 — )" F (2) dz.

We must prove now that

- ni 1 ki_l 7! (wlf ") [/ (@) (o = + (=) (w = 2)* 7D (w)]
+ WLf (2) dz
eI U L e W] -
namely
A f(2)dz = knl kl, {f““‘l) (u) (z — w)" + (=1)* 7 (w — 2)* f=D (w)}
+ % CEDRRICTE
This however follows by Lemma 2.1, -

We have the following trapezoid type representation:

Corollary 2.3. With the assumptions of Theorem 2.2 we have

n—1 — k—1 —
! [f(u) ) §en—k /A @ e (DT ) U)M]

]
n 2 Pt k! 2

o i " L f(z)dz
|G [ 0 ] £ 2 e

—T,(y) (29)

1

= 2nl (w — u)

forn > 2.

Vol. 40, No. 1, 2022]



110 S.S. DRAGOMIR

Forn =1, we have

f(u);f(w)_ L Af(z)dzz 1 /y(z_u—;w>f’(z)dz. (30)

Proof. We have

and

for k=1,...,n — 1 where n > 2.

From (19) we have

! [f<u>+ZFk | - [ £
k=1 v
= Ru(w) = s [ e ) S ()i 6
and
! [f<w>+ZFk w)| - [ rG)a:
k=1 v
SR = s [ =" 0 (e (3

[ f(w)+ f(w) & Fy(u)+ F (w) 1
n[ D M e T AL
~ 2nl (uli—u) L B (6= 2" 2 = w) + (= 2" (2= w)] 10 (2) 2
1 n n—1 n—1 n
= o (w—u)/ [ -1)" (z —u) (w—2)+ (w—2) (z—u)} f( )(z) dz

which proves (29). v

[Revista Integracion



An identity of Fink type for the integral of analytic complex functions on paths 111

Remark 2.4. If the function f is of real variable and defined on the interval [a,b] then
from (29) we obtain the following trapezoid identity obtained by Dragomir & Sofo in [5]

% [f () ; O kzl - k%D (a) + <—21>’“‘1 SO a),H]
[
- m /: (t=a)(b—t) [6= 0"+ (-1)" (¢ = a)" 2| f ()t (33)
for n > 2.

If n =1, then we have

o) = 10) —bfa/abfumt: bia/: (1-57) r e e

It is natural to consider the case of linear path 7, namely the path parametrized by
z(s) := (1 =s)u+ sw, s € [0,1] that join the distinct complex numbers u, w € D. If
x = (1—1t)u+tw for some t € [0,1], then

F, (1 —t)u+tw)

n—k [ 5D @) t* (w—w)f + (D" (1= 0)F (w —w) pOD <w>]
k! w—u

N nT_'k 70 () (1R (1= 0 54D ()] (w0 (35)

for k=1,...,n — 1 where n > 2,

1

w—u

[yf(z)dzzxyf((l—s)u—i—sw)ds,

Rn((l—s)u—i—tw,'y):%(w—u)n
X {/0 (t—s)" "' sf™ (1= s)u+ sw)ds

1
f/t (t—s)"""(1—5) f™((1—s)u+sw)ds| (36)

Vol. 40, No. 1, 2022]



112 S.S. DRAGOMIR

and the equality (19) becomes

%f«lfﬂu+mm

I
-

n

+ % nI; k [f(k—l) (u) 1 (_1)1@71 (1— t)k FU=1) ()] (w— u)kfl
k=1
*/f((lfs)qusw)ds
:%(w—u)n [/O (t—S)n_lsf(n) (1= 5)u+ sw)ds

—/t (t—s)"""(1—s)F™ (1= s)u+ sw) ds} . (37)

3. Error Bounds

We have the following error bounds:

Theorem 3.1. Let f: D C C — C be an analytic function on the domain D and x € D.
Suppose v C D is a smooth path parametrized by z (t), t € [a,b] with z (a) =u, z(t) =
and z (b) = w where u, w € D, u # w. Then we have the representation (19) and the
remainder R, (x,7) satisfies the bounds

1
n! |w — ul

[ e ul[r
i

u,

|Rn (2,7)] <

X

ol [ el - w1 )
Yz, w

IdZI] (38)

o= 2" 2 =l 2 ]
1/
1 (f'Yuz |z — z|(n71)q |z — ul? \d2|> ! Hf(n) I
~ nlw —ul forp,q>1with%+%:1
max.es, . {|o ="z al} [,

[Revista Integracion



An identity of Fink type for the integral of analytic complex functions on paths 113

S e = 2"z = w| |z || )]

Y, w00

1/q
n—1 n
1 (f%#w |x—z|( )a 2 — w|? |dz|) Hf( )
n!jw — ul forp, > 1 with 4 + ¢ =1

max.c., , {2 — 2" |z = w|} [ 7
1
~ n!(Jlw—wul)

=
< |17

Vo, w ;00

<|LFL, forpa> 1 with L+ =1

<[l

Vo, ws 1

Proof. By the equality (20) we have

R )] < oo
_ o\l _ (n) dz| +
1
~ nlw —ul

x[/‘|xzqumpmw@
Yu,x

which proves the first inequality in (38).

Vol. 40, No. 1, 2022]

Yo, w1

o — 2"z —ulldz| + f, e — 2" |z~ wl |dz|]

R PO S

el [ el - w1 )
Yz, w

— n— 1/q
fy =20 e~z + [, e = 2|0 e = w] ]

n—1 n—1
max {maxze%w {|z—z| |z—u\},max26%1m {|x—z\ |z—w|}}

|
|wﬂ

= A, (39)




114 S.S. DRAGOMIR
Using Holder’s integral inequality we have

[ b=l el )
i

u,

Sy V2= 2"z =l |z [ £

Vo, OO

1/
(fo te =202 —uf?jaz]) |70
for p, q>1with11;—|—%:1

IN

Yu,z P

maxc, . {|x — z\nfl |z — u|} Hf(")H

Yu,z,1

and

[ o= el 1) @)
i

@, w

[ = 2 o ] £

Ve, w00

n 1/q
(S, o = 21700 = ] fazl) ][
for p, q>1with%—|—é:1

Yz, w,P

IN

max.e-, ,, {|x — z\nil |z — w|} Hf(")H

’Yac,wvl ’
which proves the second inequality in (38).
We also have
[ e—allad [ro) e [ e - wlla [
Yw Va0 o Ve w500
< max { |7 £ }
Y500 Yo ur,00

|/
Yu,x
= l/ |x—z|”71\z—u\|dz|+/ x—z|n1|z—w|dz|1 Hf(")
Yu,x Y, w

1/a
(/‘|x—4“1”w—uwwd> [
Yu,x
“(/
A

o — 2" |2 — uf [ds| + /

Yo, w

|z — z\nfl |z — wl |dz|1

Va0 500

Yu,z P

1/q
|x—z|(n_l)q|z—w|q|dz|> Hf(n)

Ya,w,P

T, w

[Revista Integracion



An identity of Fink type for the integral of analytic complex functions on paths 115

1/q
|z — 2|z — ) |dz]

< / & — 2"V |z — | |dz]| + /
Vu,z Yo, w
1/p
)
Yu,z P Y, w,P
1/q
_ U = 2|V |z — | |dz] + / = 2]V |y gy dz|] |7
Yu,z Yo, w Yu,w P
and
max {|x — 2"z = u|} Hf(") + max {|x — 2" Mz — w|} Hf(")
Z2EYu, Y,z 1 Z2€Yw,w Yz, w1l
< max{ max {|x — 2"z - u|} , max {|x — 2" 2= w|}} Hf(")
ZE€EVu,x 2€Yz,w Yu,wsl
which proves the last part of 38). %]

We have the following error bounds:

Theorem 3.2. Let f: D C C — C be an analytic function on the domain D and x € D.
Suppose v C D is a smooth path parametrized by z (t), t € [a,b] with z(a) =u, z(t) =
and z (b) = w where u, w € D, u # w. Then we have the representation (29) and the
remainder T, () satisfies the bounds

1
T,(Y)| < ———
T2 01 < o=l

x / 2 = ulfw = 2| (w = 2" + ()" (2 = w)" | [ £ ()l

w,w

7]

Yu,w,0 n—2 n n—2
R ek K it — — — -1 —

< 2n!w_ﬂ|L 2=l fw = 21| (w = )" + (=1)" (2 = w)" | 2]

Hf(n)“’)’u w 00 n—2 n—2
< —wwr |z—u||w—z|[|w—z| + |z — u ]|dz|7
2nl|lw —u| J,

u,w

w,w

< 0.
Vw500

provided that Hf(”)

The proof follows by the identity (29) by taking the modulus and using the integral
properties.

4. Examples for Logarithm and Exponential

Consider the function f(z) = Log(z) where Log(z) = In|z| + iArg(z) and Arg(z)
are such that —m < Arg(z) < m. Log is called the "principal branch" of the complex
logarithmic function. The function f is analytic on all of C; := C\ {z + iy : <0, y = 0}
and

()" (k- 1)
k

¥ (z) =

, k>1, z€Cy.
z

Vol. 40, No. 1, 2022]



116 S.S. DRAGOMIR

Suppose v C C; is a smooth path parametrized by z (), ¢t € [a,b] with z(a) = u and
z (b) = w where u, w € Cy, u # w. Then

Lf(z)dz:/ f(Z)dZZ/ Log (2)dz =

u,w u,w

= zLog (2|, —/ (Log (2)) zdz

u,w

= wlLog (w) — uLog (u) — / dz

u,w

= wLog (w) —uLog (u) — (w — u),

where u, w € C,.

Define E ot (wa)t
n—=k ( ) ‘I;kul %
F — U u 40
k(@) k(kl)l w—u ’ (40)
for k=2,....,m — 1, where n > 3.
Then we have the equality
wlLog (w) —uLog (u) — (w —u
— |Log (x +2Fk _ whog (w) w_gé )~ ) =Ry, (2,7), (41)
where the remainder R, (x,~) is given by
(_1)TL—1
R, (x, =
(@,7) =~ (w—u)
n—1 n—1
x[/ (x —2) n(z u)dz—i—/ (z z)zn(z w)dzl (42)
z

If d, :=inf.c, |2| is positive and finite, then from (42) we get the inequality

| R (2,7)]

1 _
< " / \x—z\"1|z—u||dz|+/
n|w—u|d$ - .

Consider the function f (z) = 1, z € C\ {0}. Then

k
f®) (2) = % for k >0, z € C\ {0}

|z — 2"z — w) dz|] . (43)

T, w

and suppose v C Cy is a smooth path parametrized by z (t), t € [a, b] with z (a) = v and
z (b) = w where u, w € Cy, u # w. Then

Lf(z)dz=/ fedz= [ %= Log(w) - Log(w)

u,w u,w
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for u, w € Cy.

Define as

(w—x)" k—1 (z—u)”
—k -1
Lk (;1;) — n ; [ wk ( ) uk ’ (44)

w—1u
forx e, k=1,...,n—1, where n > 2.
Then we have the equality

n—1
11 Log (w) — Log (u)
— | L - ::Ln P ) 4
i — (@) (15)
where the remainder L, (z, ) is given by
(-n"
L =
n—1 n—1
X / (z—2) (Z_u)dz—i—/ (z-2) (= w)dz . (46)
Yu,z Zn+1 Yz, w Zn+1

If d defined above is positive and finite, then from (42) we get the inequality

|Ln (2,7)]

1 t/ n—1
T
|w _u|d7+1 [ Yu,z .

Consider the function f (z) =exp(z), z € C. Then

|z — z|”71 |z — wl |dz|1 (47)

T, w

f®) (2) = exp(2) for k>0, z€C

and suppose v C C is a smooth path parametrized by z (¢), t € [a,b] with z (a) = u and
z (b) = w, where u, w € C, u # w. Then

/ f(z)dz = f(z)dz = / exp (z) dz = exp (w) — exp (u) .

Define for z € ~

k k—1 k
By () = - [(x—u) expu+ (—1)" " (w—z)" expw ’ (48)

w—1u

for k=1,....,.n— 1, where n > 2.

Then we have the equality

~exp(w) —exp(u)

% lexp () + z_: Ei (x)

k=1
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where the remainder E,, (z,7) is given by

1
n! (w —u)

U

Since |exp z| = exp (Rez) and if assumed that for v C C we have

E, (z,7) :=

(x—2)""" (2 — u) exp zdz + / (z—2)""" (z—w)expzdz| . (50)

Yz, w

w,

M, := sup [exp (Rez)] < oo,

zey

then by (50) we get the inequality

|En (z,7)|

~ nlw — ul

M _ _
ul / |z — 2|" 1|qu||dz|+/ |z — 2"z —w||dz|| . (51)
Y,z Va0
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