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120 G.A. ANASTASSIOU

1. Introduction

The following results motivate our work.

Theorem 1.1 (1938, Ostrowski [10]). Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.e.,

| FI152P == sup |f'(t)| < +oco. Then
t€(a,b)

a+b

1, (z- T)Q _ 7))5uP
<7+t (b_a)g‘| (b—a)llf'lls (1)

e R

for any x € [a,b]. The constant % is the best possible.

Ostrowski type inequalities have great applications to integral approximations in Numer-
ical Analysis.

Theorem 1.2 (1882, Cebyzev [6]). Let f,g: [a,b] — R be absolutely continuous functions
with f',9" € Lo ([a,b]). Then

bia/abf(x)g(x)dx (bia/abf(x)dx> (bia/abg(z)dx>|

50— 1 19l )

The above integrals are assumed to erist.

<

—_

The related Griiss type inequalities have many applications to Probability Theory. We
presented also ([4], Ch. 8,9) mixed fractional Ostrowski and Griiss-Cebysev type inequal-
ities for several functions, acting to all possible directions. The estimates involve the left
and right Caputo fractional derivatives. See also the monographs written by the author
[2], Chapters 24-26 and [3], Chapters 2-6.

In this article we generalize [4], Ch. 8,9 for several Banach algebra valued functions. Now
our left and right Caputo fractional derivatives are for Banach space valued functions
and our integrals are of Bochner type. Several applications finish this article. Inspiration
came also from [7], [8].

2.  Vectorial background fractional calculus

Here all come from [5]. We need:

Definition 2.1 ([5], p. 106). Let o > 0, [a] = n, [-] the ceiling of the number. Let f €
C" (la,b], X), where [a,b] C R, and (X, |-||) is a Banach space. Also let g € C* ([a,]),
strictly increasing such that g~ € C™ ([g (a), g (b)]).

We define the left generalized g-fractional derivative X-valued of f of order « as follows:

1

(Do) @) = s [ 0@ =g @) 0 (rog™) ),
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Generalized Fractional Ostrowski and Griiss type inequalities involving Banach algebra 121

V x € [a,b], where T is the gamma function. The last integral is of Bochner type ([1], pp.
422-428; [9]).

If a ¢ N, by Theorem 4.10 ([5], p. 98), we have that (D¢

a+;gf) € C([a7b] 7X)'
We set

Dy of @)= ((fog™")" og) () € C([a,b],X), neN, (4)

D2+;gf(x) =f(z), Va€&lal].
When ¢ = id, then
Dg+;gf = Dg—f-;z‘df = D, f, (5)

the usual left X-valued Caputo fractional derivative, see [5], Ch. 1.

We also need:

Definition 2.2 ([5], p. 107). Let a > 0, [a] = n, [-] the ceiling of the number. Let
f € C"([a,b],X), where [a,b] C R, and (X, ]-||) a Banach space. Let g € C* ([a,b]),
strictly increasing such that ¢g=! € C™ ([g (a) , g (b)]).

We define the right generalized g-fractional derivative X-valued of f of order « as follows:

_1\" b
(D) @ = p s [0 - s @) g 0 (Foa™) @) (©

T(h—a
V x € [a,b]. The last integral is of Bochner type.
If @ ¢ N, by Theorem 4.11 ([5], p. 101), we have that (D;;g;g f) e O ([a,b], X).
We set
Dy yf (@)= (=1)" (fog™")" 0g) () € C(fa,] . X), n €N, (7)
DO_;gf () := f(x), Vac€la,b].

When g = id, then
Dy_gf (x) = Dy_af (x) = Dy_, (8)
the usual right X-valued Caputo fractional derivative, see [5], Ch. 2.

We mention the following generalized fractional Taylor formulae with integral remainders
over Banach spaces.

Theorem 2.3 ([5], p. 107). Let a >0, n = [a], and f € C" ([a,b], X), where [a,b] C R
and (X, ||-|) a Banach space. Let g € C*([a,b]), strictly increasing such that g~' €
C"(lg(a),g (b)), a <z <b. Then
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122 G.A. ANASTASSIOU

1 g(z) a1l o .
o / (9() = )" (D2 g ) 097" (2) 2.

We also mention:

Theorem 2.4 ([5], p. 108). Let o >0, n = [a], and f € C™ ([a,b], X), where [a,b] C R
and (X,|]-]|) a Banach space. Let g € C'([a,b]), strictly increasing such that g=* €
C™"([g(a),g(b)]), a <z <b. Then

f(bHi M (Fog™) (g (b)) + (10)
1 g(b) - . o
Y I (C S RYRIEES

If 0 < o < 1, then the sums in (9), (10) disappear.
Also in (9), (10), we have that

11(D%4of) Ogil||||oo7[g(a)7g(b)] S| {2y oQilHHoo’[g(a)hq(b)] < ©o.

3. Banach Algebras background
All here come from [11].
We need:

Definition 3.1 ([11], p. 245). A complex algebra is a vector space A over the complex
filed C in which a multiplication is defined that satisfies

z (yz) = (zy) z, (11)
(x+y)z=1az+yz, x(y+z2)=1ay+az, (12)

and
a(zy) = (az)y =z (ay), (13)

for all z,y and z in A and for all scalars a.

[Revista Integracion



Generalized Fractional Ostrowski and Griiss type inequalities involving Banach algebra 123

Additionally if A is a Banach space with respect to a norm that satisfies the multiplicative
inequality
eyl < [zl lyll (z€ A, yeA) (14)

and if A contains a unit element e such that
re=ex=2x (v €A (15)
and
el =1, (16)
then A is called a Banach algebra.

A is commutative iff xy = yx for all z,y € A.

Remark 3.2. Commutativity of A will be explicited stated when needed.
There exists at most one e € A that satisfies (15).

Inequality (14) makes multiplication to be continuous, more precisely left and right con-
tinuous, see [11], p. 246.

Multiplication in A is not necessarily the numerical multiplication, it is something more
general and it is defined abstractly, that is for z,y € A we have xy € A, e.g. composition
or convolution, etc.

For nice examples about Banach algebras see [11], p. 247-248, S (A) 10.3.

Remark 3.3. Next we mention about integration of A-valued functions, see [11], p. 259,
S (A) 10.22:

If A is a Banach algebra and f is a continuous A-valued function on some compact
Hausdorff space @@ on which a complex Borel measure p is defined, then f fdu exists
and has all the properties that were discussed in Chapter 3 of [11], simply because A
is a Banach space. However, an additional property can be added to these, namely: If
r € A, then

x/ f du:/ zf (p) du(p) (17)
Q Q

</Qfdu)x=/Qf(p)xdu(p)~ (18)

The Bochner integrals we will involve in our article follow (17) and (18). Also, let
f e C(la,b],X), where [a,b] C R, (X,]-]|) is a Banach space. By [5], p. 3, f is Bochner
integrable.

and

4. Main Results

We start with mixed generalized fractional Ostrowski type inequalities for several func-
tions over a Banach algebra. A uniform estimate follows.

Vol. 40, No. 1, 2022]



124 G.A. ANASTASSIOU

Theorem 4.1. Let (A,||||) be a Banach algebra, xzo € [a,b] C R, o > 0, n = [«],
fi € C"([a,b],A), i = 1,...,7 € N—{1}; g € C*([a,b]), strictly increasing such that

gt € C"(lg(a), g @), with (fiog™)"™ (g(x0) = 0, k = 1L,on = 1; i = 1,7,

Denote by
0 (fl, ceey fr) (CC()) =

y / Hfj z)dx — /ab jﬁlfj(x) dz | £ (@o)| . (19)

= i i
Then
1012, oo f2) (o)l < ZH”” 20-91) 09 e jot@ ate
=1
(90 =gla)” | [ anj ar ||+ (20)
J#%

b T
(D% f:) 09_1||||oo,[g(zo),g(b)] (g (b) = g (20))" /w H 155 @)1l | d

'].7 .
J#

Proof. Since (f; og_l)(k) (g(x0))=0,k=1,...n—1;i=1,...,r, we have by Theorem
2.3 that

1 g(x)
fila) = @) = / 9@ = (D) og ) @)= 2D

Ve [1'07 b] R
and by Theorem 2.4 that
fr:o) .
i (@)  fi (x0) / (D5 f) ea) () (22)
g9(z
Y x € [a,zo);

foralli=1,...,7.

Left multiplying (21) and (22) with (H;_l f; (x)) we get, respectively,
i

Hf] fi H.fj fz xO (23)

J#Z J#z

[Revista Integracion



Generalized Fractional Ostrowski and Griiss type inequalities involving Banach algebra 125

(L= 1) i

I'(«) (9 (x) —2)"" (( $0+gfz)og 1) (2)dz,

g(zo)
YV x € [x0,b],
and
H 1 @) | fi Hfj i (wo) (24)
3751 J#z
(Hg_l fi (x)) g(=o)
7 a—1
]r(a)/gm (=g (@) ((Df,_gfi) 097") (2) d,
Vae [aa "Eo} )

foralli=1,...,7.
Adding (23) and (24) as separate groups, we obtain

ZHJZ Ji ZHJ% Ji(wo) =

i=1 Jj=1 =1 j=1
J?él J;ﬁt
1 r r g(z) 1
ra o TIs@ | [ @ = (00 f) g ) Gz (29)
(Oé i=1 j=1 g(zo)
i
YV x € [xo,b],
and
Hf] Hfj fz CUO
i=1 | j=1 =1\ j=1
J#i J7’51

r g(zo)
D Hf] IR T (GO RS ICPECY

YV x € [a,zo] .

Next we integrate (25) and (26) with respect to = € [a,b]. We have

T

ZLD ljfa () de =3, /b I15 @ | do | 5i(oo) =

i=1 z

T i

Vol. 40, No. 1, 2022]



126 G.A. ANASTASSIOU

1 r zo T g(zo) o1 . o »
T () Z {/@ 31:[1 [ (x)) (/g(w) (z —g(x)) ((Dmo,;gfz) g ") (2) dz) dx] )

i=1 =
J#i
Finally, adding (27) and (28) we obtain the useful identity
¢ (fl) ceey f?‘) (1‘0) =

i=1

1 r L) r g(zo) o1 . -
m |:/a (H Ji (x)) (/g(x) (2= 9() ((Dzof;gfl) g )(z)dz) d$:|

JFi
N g(x)
) {/% 1 @) ([ 009 (@ oo 010 d” o
JFi

Therefore we get that
16 (f1; s fr) (o)l =

T b T b T
Z{/ [14 @ ﬁ(w)dw(/ (Hfmc)) dx) fi<:co>]

J#i

1 T zo r g(xo) ot . . B
F(a)z1{ /a Efj(w) (/q(ac) (z =g @) (Diypfi) 09 )(Z)d2> dﬂ?]
L J#i
L 9(2)
+ {/% 1 (”) ([ we-o @wnmyen o) ] ] )
J#i

[Revista Integracion



Generalized Fractional Ostrowski and Griiss type inequalities involving Banach algebra 127

*o r 9(1’0)
L { / (H fi (@ ) (/ - (Dg,_.ofi)og™ ") (2) dz) dg;]
_ (31)

i

Zo r g(zo)
/ (Hm)) ( /() (z =g @) (D2, fi) 09~ 1)<z>||dz> 4

J#i

L 9(z)
+ {/m (JH1 £ (9:)) (/mo) (9(@) = 2)° | (D, f) 0.97) (Z)Hdz> dx” = (%).

J#i

\_/

Hence it holds
16 (frs s fr) (@o)|| < (%) < (33)

1 a o a
WZIH (DZo—afi) 097 )l [g<a)g(m)/ (71_[ 1f; (= ) zo0) — g () dw]
J#
b T
+ HH((D;10+;gfi)og_l)HHO@,[g(m,g(bn/ L1155 @I | (9(@) =g (@)™ da| | <
x0 =1
i

(34)

T

5 20 [0z -02 0 57 g

i=1

(9(w0) 9 (@) ( s (H I <x>) dx)] + (35)
i
|:((Dgo+;gf1) °g )HH Jg(zo), g(b)] (b) —9 (xo))a (/To (H Hfj (x)) dw)]} ’
2

proving (20). v

Next comes an L estimate.

Vol. 40, No. 1, 2022]



128 G.A. ANASTASSIOU

Theorem 4.2. All as in Theorem 4.1, with o > 1. Then

1
16 (f1s s fr) (o)l < @)

T

IO 0 2™ Moty [, | LV @ | o o) =g "
a j=1

i=1 =
J#i

(36)

b ™
10205 2 5 Ml ooy [ | TLIS @I | (0@ = g o))
xo j=1
JFi

Proof. Next we use that o > 1. We observe that

(33) 1
®< o

T

i=1

(D200 2 97 2, g gm0 / 115 @ <g<x0>g<x>>“1dx]
T
3

7)

1 (D240 5) Og_lHHLl([guo),g(b)D/m H I1f; @) | (9 () = g (20)* " da| |
J?ﬁz
proving Theorem 4.2. 7

An L, estimate follows.

1—1 with a > 1 7 Then

Theorem 4.3. All as in Theorem 4.1. Let now p,q > 1: + 4

"@\»—A

1
(p(a—1)+1)7 T (a)

10 (fr, s fr) (o) ]| <

<

zo
> M- 5™ Wy | oG —s@y anj da
J#
(38)
H 1 D2o1:051) © 97 M, o woy.ao

b

/(g(x) H||fj de || = @ (z0).
zo

J#Z

[Revista Integracion
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Proof. We have that

(33 r To g(xo)
< — i ( 2—g(x))P° V) dz
S|l Huf (/g(z) (2~ g (x)) )

=1
J#Z

1
P

1
q

g(z0)
</<) H((D;*o_;gfi)og—l)<z>\\qdz> de| +
g(x

b g(x)
z) — 2)Pe ) gy
/ ang (Lm)(g() ) )

xo
J#Z

1
P

Q=

g(zo)

I(D%y1:95) 097") (Z)qu'z) dm” ) >

‘H
<
m\
&
Sh
=
\;/
—
N
—
8
=)
S~—
I
—
S~—
Tk

a 1+1
r Oé) P el ( HH(( To— ,qu)og )HHq,[g(a),g(ch)] dx
- i
b r
(9(z) —g(zo _
* / Hlifa<>\l o —1> o HH(( eriaf) 09 M, ooy oo @
J#i
_ 1
(p(a—1)+1)7 T (a)
> 05,09 00 Wiy | [ @G0 9@ [ TLIS @] | do
i
(40)
b 1
"’HH(D:oJr;gfi)Og_lHHq,[g(m),g(b)] /(g(m)—g(mo))a_E HHfJ dr ||,
3751
v

proving Theorem 4.3.

We continue with generalized fractional Griiss-Cebysev type inequalities for several func-
tions over a Banach algebra. A uniform estimate follows.

Vol. 40, No. 1, 2022]



130 G.A. ANASTASSIOU

Theorem 4.4. Let (A, H ||) be a Banach algebra, 0 < o < 1, f; € C'([a,b], A
L,...,m € N={1}; g € C'([a,b]), strictly increasing such that g=* € C' ([g(a), g (b)])
xo € [a,b] C R and 0 (f1, .. ,fr) (xo) as in (19). Assume that

M (frsees fr) = il {xoseu[apb]HH( ro—iafi) 097 [9(a).g(x0)] ° (41)
0 ) 257 <
Denote by
b
A(f1y e, fr) ::/ 0(f1,.s fr) (z)dx =
(b—a) fi ( fi(x)dx | —
> / H ; (2) da
3751
b r b
[ 1@ | ( / ﬁ-(x)dx) (42)
a j=1 a
J#i
Then it holds
IA (fiy e fo)ll =
(b—a) f i d -
> / H (@) | £ (o) de
J?ﬁz
b r b
[ 115w | (/ ﬁ(z)das) <
a ]:1 a
i
M (fi, o fr) (b—a)* (g () =g (a)” | ~=||T
Mo+ 1) ; jl;[lejH (43)
J#i 0,[a,b]

Proof. We have that

b (33)
INT AT / 10 (Fro o ) (20)]| dag 2

1 - .
rr o Lo 15207l

i=1 $0€[a7

[Revista Integracion



Generalized Fractional Ostrowski and Griiss type inequalities involving Banach algebra 131

b o r
[ @) =gt | [ TLI5 @1 | do || dap|+ @

i
Lseu[p 11355952 © 97 Mo ooy 000
b b r
[ @ s | [ | T @i || |ag || <
T
(9(b) — g (@) < .
MZHP 11220559 057 Ml 0t

/ab I T114 @ | do | oo {| + (45)

J#i

sup HH( wo+gfl)og_1HH [9(20),9(b)]
xoe[

/ab /b f[lnfj(x) d | deg b | | = (w0).

i
Hence it holds )
M (fi, - fr) (g (b) — g (a)® (b—a)

(+#) <

' (a4 1)
sup H I1f; (= +
i1 zo€[a,b] j=1
J#i 00,[a,zo]
sup H 155 (@
zo€la,b] j=1
JFi 00,[z0,b]
M (f1,0 fr) (b= a)* (g () = g (a)” | =
< 46
< Pt > HHfJII S
7751 00,[a,b]

proving (43). M

Next comes an L,, estimate

Vol. 40, No. 1, 2022]



132 G.A. ANASTASSIOU

Theorem 4.5. Let (A,H||) be a Banach algebra, 0 < o < 1, f; € C'([a,b],A), i =

1,...,7r € N—{1}; g € C'([a,b]), strictly increasing such that g=* € C* ([g (a S,g(b .
Letp,q>1:%+%:1 %<a<1 xo € [a,b] C R. Assume that
N (fi,eo fr) = mz’i?fr{mseu[p (D2, fl)og 1HHL( (a),9(z0)])’
loseu[p Ii¢ “"“ﬂgfi)°fl””m([g(xo),g(bﬂ)} = o
2 (s f) = max S| [ TT 15 . (49)
7#i ¢.[a.b]
Then
Z (b—a) / HfJ fi(x)dz | —
i=1 a
775%
b r b
[ {15 (/ ﬂ(m)d) <
a j=1 a
J#i
2rpN (f1, - fr) Z (.fla- - fr) 141 a—1
(b—a)r™ (g(b) —g(a))™ 7. (49)
(p+1)(p(a—1)+ 1T (a)
Proof. Here ® (xp) is as in (38).
Clearly then it holds
by s Wit
(p(a=1)+1)" T ()
[ @) =g @t [TLI5 @)1 | de |+ (50)

=1 Jj=
J#i

[ @@ =gty [ T115 @I | do
i

Therefore we obtain
b
1A oy £l < / 10 (f1 o £1) (0] dao <

[Revista Integracion



Generalized Fractional Ostrowski and Griiss type inequalities involving Banach algebra 133

b
/ D (z9) dzo < N (fi1, ’f;)
a Pa=1+ 1T ()

r

b Zo p(a 1>+
/ /(9(930)—9 an] da | dro

J#l

i=1

b b a—1)41
] @ - g Hllf] o | | | <

J#z

““"f' x93 anjn
=1

(pla-1+1)r -
J#v a[a.b]
b To %
[/ ( / <g<xo>g<x>>(”<°‘”“>dx) dao | + (51)
b b 5
/ </ (9(@) = g (o)) " d”c) dro| | = ().
Hence we get
(n)_rN(fl" ’fT) (fh' 7f7)
(p(a—1)+ 1) T (a)
b zo % 7
H/ (/ (g(wo)—g(w))(p(al)ﬂ)dx) dro | +
b b 5 T
/ (/ (9 (x) = g () "> dx) dro | | < (52)
(p+1)((a—1)+1)PI‘()(() g@) e (b—a)r™,
proving (49). Y

5. Applications

Remark 5.1. Assume from now on that (A, ||-||) is a commutative Banach algebra. Then,
we get that

T b T
0(f1, 0 £) (w0) & f (@) | do - fi @) | dz | fi2o), (33)
0 [ ([ )| [ °

i

Vol. 40, No. 1, 2022]



134 G.A. ANASTASSIOU

xo € [a,b].
Furthermore, it holds (0 < a <1 case)

Afrronfr) B b—a/a (Hfj )dx
/ab Hfj </ fi (%) ) . (54)

i=1 =

When r = 2, we get that

0 (1. f2) (o) = 2 / f1 () fo (x) dz — fu (o) / fo (&) dz — fo (z0) / fi (x)dz, (55)

xo € [a,b],

and

b b b
A(f17f2)=2l(b—a)/ f1<x>f2<x>dx—</ fl(w)dw> (/ fz(x)dwﬂ? (56)

O0<a<l.

Corollary 5.2. All as in Theorem 4.1, A is a commutative Banach algebra, r = 2. Then

2

101 12) @olll = gy 2 [IND5 08 © 0™l

i=1

(9 (@0) — 9 (a))° / TL15 @l | dar || +
2
b 2
00208 0™ gy @ ® =0 @o)” | [ TLIE @ | da

J:
J#

S

Proof. By Theorem 4.1. ]

We continue with

Corollary 5.3. All as in Theorem 4.4, A is a commutative Banach algebra, r = 2, 0 <
a <1, M(f1,f2) as in (41). Then

M (f1, f2) (b—a)? (g (b) — g (a)®

1A (fi, fo)|l < I'(a+1)

LMo+ W2 ] - (59)

[Revista Integracion



Generalized Fractional Ostrowski and Griiss type inequalities involving Banach algebra 135

Proof. By Theorem 4.4. ]

Finally we derive:

Corollary 5.4. All as in Corollary 5.2, for g (t) = et. Then

101 ) @Ol € gy S ([P, o108 e

1=1

(¢%0 — ¢a)® / [T @ | do | | +

i

b 2
(D212 100 ey (@ =) | [T @ e ||| 69)

i

Proof. By Corollary 5.2. ]
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