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ABSTRACT: We argue against the claim that the employment of diagrams in Euclidean geometry gives
rise to gaps in the proofs. First, we argue that it is a mistake to evaluate its merits through the lenses of
Hilbert’s formal reconstruction. Second, we elucidate the abilities employed in diagram-based inferences
in the Elements and show that diagrams are mathematically reputable tools. Finally, we complement our
analysis with a review of recent experimental results purporting to show that, not only is the Euclidean di-
agram-based practice strictly regimented, it is rooted in cognitive abilities that are universally shared.
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RESUMEN: Argumentamos en contra de la afirmacion de que el uso de diagramas en la geometria euclidiana
da lugar a vacios 0 lagunas en las pruebas. En primer lugar, mostramos que es un ervor evaluar sus méritos a tra-
vés de las lentes de la reconstruccion formal de Hilbert. En segundo lugar, esclarecemos las habilidades empleadas
en las inferencias basadas en los diagramas en los Elementos, y mostramos que los diagramas son herramientas
matemdticas respetables. Finalmente, complementamos nuestro andlisis con una revision de resultados experi-
mentales recientes que pretenden mostrar que la prictica diagramadtica euclidiana no solo estd estrictamente regi-
mentada, sino que también estd enraizada en ciertas habilidades cognitivas universalmente compartidas.
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1. Introduction

A widely held view in the philosophy of mathematics attributes to diagrams a merely heu-
ristic or illustrative—and thus dispensable—role in mathematical demonstrations. This
tradition conceives of demonstrations as syntactic objects made up of finite and inspectable
arrangements of sentences (Tennant 1986). Thus, demonstrations that make essential use
of diagrams—i.e. that make use of information provided by drawings—came to be viewed
as non-rigorous and of no interest to philosophy (Borwein 2008); such was the case with
the demonstrations found in Euclid’s Elements. Information extracted from diagrams was
then considered to give rise to argument gaps.

This view can be found in the work of many nineteenth-century authors, such as
Pasch, who affirms that “the theorem is only truly demonstrated if the proof is completely
independent of the figure” (Pasch 1882/1926, 43 apud Mancosu 2005, 14). Pasch is well
known for having pioneered geometries without diagrams. Similarly, Hilbert claims in his
lectures on the foundations of geometry that the use of figures can easily be misleading and,
for this reason, a theorem is only proved when the proof is completely independent of the
figure."! Even earlier, Dedekind had expressed dissatisfaction about the appeal to geomet-
ric intuitions (understood as a form of visual perception) in basic infinitesimal analysis and
claimed that the concepts employed therein were vague and obscure (Dedekind 1963). In
the same vein, Russell (1949 [1901]) argued that diagrams have no epistemic role in geom-
etry: “formerly, it was held by philosophers and mathematicians alike that the proofs in Ge-
ometry depended on the figure; nowadays, this is known to be false. In the best books there
are no figures at all. The reasoning proceeds by the strict rules of formal logic from a set of
axioms laid down to begin with” (93). The author explicitly admitted not trusting Euclid-
ean geometrical reasoning’s validity and went as far as claiming that there was no correct
mathematical reasoning before the eighteenth century (Russell 1919, 145).

Legris (2012) remarks that the rejection of the epistemic relevance of diagrams has its
roots in the development of symbolic logic and the discussions about the foundations of
mathematics that took place in the late nineteenth and early twentieth centuries.” That re-
jection, supported by authors like Russell, Hilbert and Tarski, led to a conception of math-
ematical demonstration modelled on the proofs of symbolic logic: a sequence of sentences
each one of which is either an axiom or a sentence that follows from earlier sentences in
the sequence via inference rules. Since inference rules are rules of syntactic transformation,
that conception naturally leads one to the view that demonstrations are purely syntactical
objects. The reconstruction of a demonstration in those terms was supposed to exhibit its
underlying logical form, and allow one to see if it indeed contains a finite sequence of for-
mulas (a supposedly sine qua non condition on proper demonstrations).

Given this definition of proof—pervasive in logic textbooks of the time, such as Carnap
(1939), and Church (1956)—the standard views on mathematical rigor and knowledge were
tied to the possibility of a formal reconstruction of demonstrations. As Ferreirds (2016) sum-
marizes: “Clarifying what proof and rigor meant was the task of logical analysis, which led to

! See Hilbert’s 1894 lecture in Hallett & Majer (2004).

2 See Giaquinto (2007) for concrete examples of mathematical cases where diagrams seemed to lead to
fallacious conclusions and an explanation of why these cases do not constitute a good induction base
for the claim that diagrams can often lead to fallacious conclusions.
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the twentieth-century identification of ‘rigor’ with respect for the rules of a logical calculus,
and ‘proof’ with certain sequences of strings of symbols in formal systems” (24).

However, as the author points out, defining those notions in those terms brings about
multiple tensions when we confront actual mathematical practice. Firstly, mathematicians
from the past did not share that conception of rigor (indeed, Euclid’s Elements was con-
sidered for many centuries #be paradigm of mathematical rigor).? Secondly, even for those
acquainted with current mathematical practice, it is clear that there are more elements in-
volved in a proof than propositions sequentially following from one another. In relation to
that, Ferreirds remarks that “the interest of practicing mathematicians in multiple proofs
of one and the same result, for instance, is evidence that there is more methodology behind
the conduct of proofs than a narrow-minded logical analysis reveals” (2016, 24-25).* Fi-
nally, the claim that diagrams are not rigorous mathematical tools starkly conflicts with the
fact that ancient mathematical practices, such as the Euclidean one, were greatly successful
and free of errors.

These are some reasons why Ferreirds (2016) suggests that understanding how we at-
tain mathematical knowledge crucially depends on an analysis of mathematical practices,
defined as “what the community of mathematicians does when they employ resources
such as frameworks (and other instruments) on the basis of their cognitive abilities to solve
problems, prove theorems, shape theories, and (sometimes) to elaborate new frameworks”
(33).> The epistemology of mathematics suggested by the author employs “a certain under-
standing of the nature of mathematical practices oriented to the knowledge they produce”
(30). It takes the mathematical community into consideration, since there is no practice
without practitioners, as well as what regulates a practice, e.g. which abilities and resources
these communities use. In summary, the analysis of mathematical knowledge suggested by
Ferreirds is pragmatist, agent-based and historically situated.

In this paper, we start with Ferreir6s’ definition of mathematical practice and argue
that, from that perspective, Euclidean geometry is self-sufficient and rigorous, i.c. that as-
sumptions based in diagrams do not give rise to argument gaps as has been claimed. With
that in mind, we first present, following Lassalle Casanave (forthcoming), important differ-
ences between the Euclidean practice and Hilbert’s reconstructions, as well as arguments to
the effect that formal reconstructions do not clarify or ameliorate (in the sense of eliminat-
ing gaps) the Euclidean demonstrative practice.

We then go on to explain why, within the Euclidean practice, diagram use is a con-
trolled and reliable mathematical procedure. In order to do so, we turn our attention to
the work of Manders (2008a, 2008b) about the systematic use of specific aspects of dia-

3 About the changes in the notion of mathematical rigor throughout the history, see Kleiner (1991). In

that paper, the author claims that the patterns of mathematical rigor can vary and that it is not always
the case that the changes consist in an increase in rigor. An illustrative case of rigor decrease is the use
of infinitesimal calculus by Euler.

One example is Gauss’ presentation of four distinct proofs for the Fundamental Algebra Theorem
and the six distinct proofs for quadratic and higher reciprocity laws in number theory (examples taken
from Ferreirés 2016, 10). A more detailed study about these issues can be found in Lemmermeyer
(2000) and Goldstein ez /. (2007).

On the appearance and motivations of the philosophy of mathematical practice, as well as a good
source of important references within that tradition, see Mancosu (2008) and Giardino (2017).
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grams as a basis of inferences in that practice. We complement Manders’ analysis with a
tentative list of abilities and competences involved in the skilled use of diagrams within
the Euclidean tradition. The result of our discussion is that the Euclidean practice is
much more regimented and constrained than its critics have supposed.

The previous discussion might make it seem as if the abilities required for dia-
gram-based reasoning in the Elements can only be acquired by a long process of special-
ization. While we do not deny that training and learning are crucial steps in the forma-
tion of a good geometer, we finish the paper by reviewing recent experimental results
suggesting that the cognitive basis underlying diagram use in the Euclidean practice is
much more basic than what one would expect. Indeed, these results show that crucial
competences required for diagrammatic reasoning in the Euclidean practice, such as the
recognition of topological relations between figures, are present in populations that do
not even have words for most spatial or geometrical concepts. This allows us to claim
that, not only the Euclidean diagrammatic practice is reliable, it is also rooted in cog-
nitive abilities that are possessed independently of factors such as formal education or
training in geometry. We conclude by raising some questions for further investigation.

2. The Elements and formal reconstructions

Ferreirds (2016, chap. 5) claims, against commentators (especially mathematicians and phi-
losophers from the late nineteenth and early twentieth centuries), that the subject matter
of Euclidean geometry is distinct from that of Hilbert’s reconstructions. According to Fer-
reirds, the appearance of complete continuity between those two frameworks obscures the
fact that they showcase distinct ways of doing mathematics. It is an anachronism to assess
the merits of Euclidean geometry through the particular objectives and practices of modern
axiomatic theories.

In this section, we intend to argue that interpreting the formal system presented in
Hilbert’s (1980) Foundations of Geometry (henceforth, Foundations) as if it were an amelio-
ration (in the sense of filling gaps) of the geometry presented in the Elements is a mistake.
In order to do this, we will list and discuss some important differences between these two
ways of doing mathematics. We will show that the Euclidean geometry should be assessed
via its own symbolic and theoretical frameworks, as well as by means of the specific compe-
tences that a geometer is expected to have if she is to be capable of rigorously working with
diagram-based proofs inside of that practice.

When we look at the first six books of the Elements, for example, one finds a theory
of plane geometry and instructions for its demonstrative practice (via the postulates of
Book I, aitémata, the common notions, koinai ennoiai, the symbolic framework with di-
agram-based reasoning, the letters linking text to diagram, the concepts expressed by the
definitions etc.). The nature of the axioms and postulates within those two practices is rad-
ically different, as well as the methods of proof construction.

Building on Lassalle Casanave’s (forthcoming) recent work, these are some differences
between Euclid and Hilbert’s frameworks that we take to be important:

1. In Euclid, the theoretical language (e.g. of the definitions) is sharply distinguished
from the practical one (e.g. of the postulates), as well as theorems from problems.
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6

In Hilbert, practical propositions are reduced to theoretical ones by means of axi-
oms and theorems.

2. In Euclid, the theory provides its objects by means of postulates or constructions.

The construction postulates and, generally speaking, the problems themselves help
achieve that end. Ontological questions fall outside the scope of this paper, but
it is important to emphasize that the objects of Euclid’s study are intra-theoreti-
cal — they are cither constructed by means of postulates or problems and have their
properties demonstrated by the theorems. We also observe that some of these ob-
jects’ properties are extracted directly from the diagram, e.g. that two straight lines
intersect in one (and only one) point. In the next section we will claim that it is a
part of the geometer’s ability within that practice to be able to recognize such as-
pects.® Hilbert, on the other hand, considers three sets of elements (called points,
lines and planes), but, although his axioms do assert the existence of these objects,
Hilbert is only concerned with the relations between them, whatever their nature
turn out to be. In other words, the objects modeled by Hilbert’s system are not
given nor constructed in the same sense as Euclid’s; on the contrary, the former are
extra-theoretical in the sense that Hilbert’s system is not focused on investigating
and demonstrating their specificities, but only the relations between them. This
point is specially clear in a letter addressed to Frege where Hilbert explains what he
thinks a formal theory is: “But it is surely obvious that every theory is only a scaf-
folding or schema of concepts together with their necessary relations to one an-
other, and that the basic elements can be thought of in any way one likes” (Frege
1980, 42)

3. The Euclidean distinction between solving a problem by means of a construction

and demonstrating the soundness of that solution disappears in Hilbert’s recon-
struction, where the only activity is the demonstration of existential theorems.

4. Hilbert’s axioms replace diagrams as sources of justification. The figures used by

Hilbert are only pedagogical tools. All proofs must be based on pre-established

axioms.®

As was observed by an anonymous referee, some properties of Euclidean objects are tacitly given and
never made explicit by the text. However, we believe it is a part of the abilities and competences of a
geometer being able to recognize the diagrammatically relevant aspects of a drawing and being able to
use them in the argument. This will become clearer when we introduce Manders’ distinction between
the diagrammatic and the textual aspects of an Euclidean proof. In any case, see Giaquinto (2011) for a
discussion of the thesis that some properties of the Euclidean space are simply assumed.

This conception of formal theories was given by Hilbert in the context of the Foundations but it
also applies to his posterior works where theories are formal in the purely syntactic sense. The open
interpretation of the primitive symbols (point, line, plane) paves the way for the appearance of strange
objects, e.g. ones that do not obey the Euclidean relations. For example, if the axiom corresponding
to the side-angle-side congruence criterion is substituted for a weaker one, we get a geometry where
isosceles triangles do not need to have equal base angles (Euclid’s proposition 1.4) (Appendix II of the
Foundations). This topic deserves more investigation (sce, for example, Mueller 1981, and Giovannini
2013).

On the second section of chapter 4, Lassalle Casanave (forthcoming) shows why, more than the others,
Hilbert’s axiom of continuity is connected to the idea that diagrams are dispensable.
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In his later writings, circa 1920, Hilbert presents an axiomatic theory that comprises a lin-
guistic system, i.c. a symbolic framework composed of formulas and inscriptions (inference
rules) devised for passing from formula to formula inside that language. His goal was to
analyze the deductive structure and independence of mathematical theories and to prove
their consistency: a metamathematical concern. His method consisted in reducing math-
ematical theories to formal systems and then treating its proofs as mathematical objects in
themselves. By doing that, one would be able to see e.g. whether any of those proofs con-
tains a contradiction. Having that very specific objective in mind, Hilbert defined mathe-
matical proofs in terms of formal syntactic proofs.” However, Hilbert did not intend that
definition to be taken as a general account of mathematical proofs; it was conceived as part
of a more general strategy related to his foundational program. The unrestricted identifica-
tion between proof and formal syntactical proof was in large measure a posterior product
made by philosophers of mathematics and some logicians and mathematicians during the
twentieth century.'” This identification is largely responsible for the idea that Euclidean
proofs are, strictly speaking, not proofs.

Regardless of that, it is often not even clear in which sense the word “formal’ is be-
ing employed in these contexts. Lassalle Casanave (forthcoming) identifies three senses in
which that word has been used in association with proofs. The sense being used by Hilbert
is that of diagram-independence. A second one is that of exclusively syntactic (a special case
of being free of diagrams, many times seen as the only one). A third sense of ‘formal’ is that
of dealing with relations between objects where these objects can be conceived as any object sat-
isfying the theory’s axioms (in opposition to Euclid’s theory where its objects required con-
struction and had their properties demonstrated). Formalization in the second sense is
defined inside Hilbert’s Program but does not even apply to the proofs showcased in the
Foundations, since the latter’s proofs are not purely syntactic.!’ A completely logical (thus
syntactical) reconstruction of Euclidean geometry was only presented by Tarski, who em-
ploys a purely logical vocabulary and two primitive symbols to represent the extra-logical
geometrical relations of in-betweenness and equidistance. In other words, there is a dif-
ference between the formal geometrical theory presented by Hilbert in the Foundations,
which is formal in the senses one and three, and Tarski’s theory, which is formal in the
three senses.'” Lassalle Casanave concludes that we should distinguish between the notion
of a proof and of a formal proof in the syntactic sense: proofs are epistemological and cog-

For a discussion of the functions of symbols in Hilbert’s formalism, see Lassalle Casanave (2015).

In the area of logic, see, for example, the logico-syntactical formalization of Euclidean geometry
presented by Tarski & Givant (1999). In the area of mathematics, one example of formalism that gives
a great deal of attention to the presentation of the formal proofs can be found in the works of Landau
in analysis (see the collected works of Edmund Landau (Heath-Brown 1989)). We would like to thank
an anonymous referee for illuminating us on this point by means of very useful suggestions.

" About Hilbert’s works in the 1920’s and Hilbert’s Program, see Sieg (2014).

Tarski had paid great attention to logico-syntactical formalizations of mathematics. Even though this
is outside the scope of the present paper, we would like to call attention to the role of increasing logical
sophistication inside this story, a topic which deserves further historical investigation. About this
point, besides Tarski’s own works, we suggest Pieri’s work on the foundations of geometry (see Pieri’s
collected works, 1980, under the title Opere sui fondamenti della matematica).
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nitive objects “whose clarification cannot be reduced to the notion of a formal proof, that
is, to an aspect of a purely logical order” (forthcoming, 119).

Considerations like these point to the fact that Euclid’s Elements and the modern
mathematical axiomatizations are based on distinct symbolic and theoretical frame-
works.”? A difference in symbolic framework means a difference in the manner of rep-
resenting problems, solutions and proofs within a mathematical practice (by means of
pictographic signs, diagrams, functions etc.). It is, in other words, a difference in the
system of representation of the theory itself. The importance of that difference should
not be underestimated. If one is not merely interested in the results established by a
mathematical practice but also by the forms of reasoning by means of which those re-
sults are established, one needs to put the particular system of representation em-
ployed in the center of one’s investigation. Equally important, a difference in theoreti-
cal framework entails a difference in the statements accepted by agents at a given time,
the allowed forms of reasoning, and the questions and conjectures that a mathematical
practice departs from.

These observations count heavily against the misguided idea that Hilbert’s formal re-
construction is simply an amelioration of Euclid’s Elements. There are, to be sure, histori-
cal and, up to some point, theoretical continuities between them, but a difference between
mathematical practices and the frameworks which constitute them must not be over-
looked. Here is, we suggest, a better way to understand the relation between these math-
ematical practices: the axiomatization of geometry found in Hilbert is a presentation of
the results of Euclidean geometry within a distinct framework." What is most important
about that proposal is to downplay the idea that a reconstruction of an ancient mathemat-
ical theory in a modern framework leads to the clarification — or even an analysis of — such
crucial mathematical notions such as that of demonstration or mathematical knowledge.
A clarification of these notions can not be made in isolation of specific mathematical prac-
tices and their symbolic and theoretical frameworks. Instead, the philosopher should ask
which abilities and competences a mathematical tradition, such as Euclid’s, would require
of a practitioner.

When we take a closer look at distinct practices of mathematical demonstration, both
Euclidean plane geometry and its axiomatic counterparts come out as self-sufficient math-
ematical theories on their own. They are distinct theories which exploit, in different ways,
the capacities of mathematical agents, each with their own methods and merits (Ferreirés
2016, 119). The hypothesis is that the Euclidean diagram-based practice itself shows that
there are no gaps in its demonstrations. Instead, it presents us with a fruitful and perspicu-
ous way of proving results by using diagrams. As Manders says:

Euclidean diagram use forces us to confront mathematical demonstrative practice, in a much
richer form than is implicit in the notions of mathematical theory and formal proof on which so
much recent work in philosophy of mathematics is based; and to confront rigorous demonstra-
tive use of non-propositional representation. The philosophical opportunities are extraordinary.
(20084, 68)

13 About the notion of symbolic and theoretical frameworks, see Ferreirés (2016, chap. 3).
4 For more on this idea, see Lassalle Casanave and Panza (2015)
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The possibility that non-propositional resources be used in legitimate and rigorous proofs
affords us a richer understanding of the notion of demonstration and mathematical knowl-
edge. From that perspective, if one is concerned with Euclidean geometry, the right ques-
tion to ask is: inside Euclid’s framework, how should one proceed in order to justify infer-
ences on the basis of a diagram? In our view, the ability and competence in dealing with
diagrammatical reasoning is a key factor for answering that question. With this in mind, in
the next section we examine what kind of diagrammatic elements are considered in Euclid-
ean demonstrations and point out some abilities involved in the diagrammatic reasoning
present in this practice.

3. Diagrammatic reasoning in the Elements

As one can see already in the first proof in the Elements (1.1), a great part (if not all)
of Euclidean demonstrations depend not only on what is textually said (in the defini-
tions, common notions and postulates) but also on steps extracted from the drawings
themselves. According to Barwise & Etchemendy (1996), even though “the possibility
of error [in diagrammatic reasoning] is real, [...] it is not more serious than the types
of fallacies that can occur in purely linguistic forms of reasoning” (8). In relation to
the latter, the risk of fallacy has been taken care of through investigation of the prob-
lematic cases and a development of a more sophisticated understanding of linguistic
proofs. The same has not been done for the former, although “it is not obvious that
an analogous study of diagrammatic reasoning could not lead us to an analogous un-
derstanding of the legitimate and illegitimate uses of these techniques” (Barwise &
Etchmendy, ibid).

Manders (2008a, 2008b) goes in that direction in his enlightening study of the use of
diagrams in Euclidean practice. As he emphasizes, his concern is not assessing whether Eu-
clidean geometry is a good theory, since that is something he takes for granted given its un-
questionable and long-lasting success. His concern is explaining how diagrams can be legit-
imate tools in Euclidean proofs, contradicting the prevailing view by claiming that such use
is fundamentally controlled and safe.

Central to Mander’s analysis is his influential distinction between exact and co-exact
aspects of the proof. The first is the information which is dependent on the textual part
of the proof (justified by definitions, postulates, common notions). They are metric in-
formation. They include, for example, equality of segments, angles or other magnitudes,
congruence relations and proportionalities. The latter are aspects of the diagram which
are stable under small variations of the diagram and not eliminable by perfecting it, such
as part—whole relations of regions and intersection points. An example of a co-exact as-
pect appears already in demonstration I.1: as we draw circles on the constructive part of
the proof and ‘se¢’ that they intersect at a point (Fig. 1). The existence of that intersec-
tion point is a co-exact aspect that we learn from inspecting the drawing itself. In con-
trast to the co-exact aspects, exact aspects cannot be reliably extracted from the diagrams,
and, even though the diagrams might suggest them, they do not survive under small vari-
ations of the drawing,

A key observation by Manders is that Euclid’s diagrams are used only as a source of
co-exact information. Euclid never infers exact information from the drawing:
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Typical alleged ‘fallacies of diagram use’ rest on taking it for granted that an—to the eye ap-
parently realized but false—exact condition would be read off from a diagram; but the practice
never allows an exact condition to be read off from the diagram. Typical ‘gaps in Euclid’ involve
reading off some explicit co-exact feature from a diagram; and this is permissible (..). (2008b, 91)

Figure 1
Euclid, Proposition 1.1 (Heath 1968, 241-242).

Thus, diagram use is rigorous and controlled because diagrams are a reliable source of
co-exact information. In cases where it is not clear whether some aspect of a diagram is
co-exact, we can settle the question by deforming or perfecting the diagram and checking
whether the relevant information displays stability. This idea is present in what Manders
calls the diagram control theory (2008b), that is, the obligation a geometer has of trying out
different diagrammatical configurations of the textual part of the proof, whenever there is
some doubt.” Manders’ analysis renders clear under which conditions it is legitimate in Eu-

15 Among the examples offered by critics as evidence that diagram use is not reliable, we find the famous
fallacy such that “every triangle is isosceles”. This example is discussed in recent analysis of authors
such as Norman (2003) and Manders (2008b), where the authors try to show why it does not amount
to a criticism of Euclidean proofs. The point is that every time that the fallacious proof is exhibited,
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clidean practice to use diagrammatic information in an inference. In other words, Manders
makes explicit one of the competences that a Euclidean geometer must have for using dia-
grams efficaciously.

It is thus interesting to notice that Manders analysis, specially his distinction between
exact and co-exact aspects of Euclidean proofs, enabled the development of formal sys-
tematizations of the Elements based on the idea that Euclid’s use of diagrams in geometric
proofs “is not soft and fuzzy, but controlled and systematic, and governed by a discernible
logic” (Avigad ez al. 2009, 3). Two noteworthy examples are Miller’s (2007) and Avigad
et al’s (2009) formal systematizations of the geometrical theory of the Elements.® These
two axiomatic systems strive to formalize Euclidean diagram use by transforming Manders’
insights into parts of the syntax or the semantics of their logic. Interestingly enough, Mill-
er’s (2007) formal system uses diagrammatic elements as an essential part of its syntax, al-
though his diagrams are not the same as the ones found in Euclid, but graph-theoretic ob-
jects that can undergo certain combinatorial operations with the objective of reflecting the
topological (and thus, co-exact) aspects of Euclid’s figures. In Avigad et al, on the other
hand, the co-exact aspects that allowed us to gain information from diagrams are trans-
formed into a series of inference principles. Thus, whereas we had to look at the diagram to
see that the two circumferences intersected at a point in proof I.1 of the Elements, in Avi-
gad ez al.’s system we are able to derive the same conclusion by means of using Rule 5 of Di-
agram Intersections (p. 28), which says: if point a is on circumference a, point b is in cir-
cumference o, point a is in circumference (3, and point b is on circumference §, then o and 8
intersect.

Notwithstanding these differences, both systems have the same objective: modeling
the proof methods found in the Elements by means of a sound and complete formal sys-
tem. These systems are, therefore, formal in a distinct sense than the systems presented by
Hilbert or Tarski are, i.e. the former, but not the latter, preserve central characteristics of
Euclidean geometry and are mostly focused on formally grounding the topological infor-
mation that Euclidean diagrams present. It is thus important to realize that formalization
projects are often very distinct from each other and that each can have very distinct meth-
odologies and objectives. It is also important to emphasize that these formalizations, not-
withstanding their fundamental differences, can be seen as logical analysis of the geometry
presented by Euclid, but not as a clarification of the concept of demonstration employed by
him. In other words, understanding how to do Euclidean geometry with diagrams will not
be achieved by means of formalizing that theory. As we have been insisting, one of the great
virtues of Manders’ investigation is explicating the abilities involved in the legitimate use of
diagrams in Euclid, and, we believe that, for the reasons presented in section 2, this is the

only one of the possible diagram configurations is provided. Norman (2003) shows that, in one of
the possible configurations of the diagram, one information extracted from the figure in the fallacious
proof does not appear, i.c. it is not co-exact information in Manders’ terminology. Heath (1921)
calls attention to a Euclid’s work entitled Pseudry or Pseudographemata which we know only from
secondary sources such as Proclus (who called it the Book of Fallacies). That book might have been
intended to make the geometer more attuned to the possibility of avoiding fallacies such as this (Heath
1921, 430-431).

We would like to thank an anonymous referce for calling attention to these relevant points and
references.
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only way for an adequate comprehension of the concept of demonstration to be found in
the Elements. We will thus follow in that direction, trying below to deepen Manders’ anal-
ysis by means of investigating other competences present in the diagrams use of Euclidean
geometry.

Besides the ability of recognizing and employing adequately the co-exact aspects of di-
agrams, a geometer must also be able to construct, manipulate and interpret a diagram ad-
equately, and that involves seeing the diagrams’ function as a species of proof artifact. Un-
derstanding diagrams as artifacts involves, we suggest, a perspective like that of Giardino’s
(2013), who advances “an account of reasoning in and from diagrams based on the concep-
tion of diagrams as tools used within a specific practice” (141). One important idea is that
the competent use of diagrams does not require being guided by an explicit set of rules. On
the contrary, mere familiarity with a practice is enough to guarantee that one manipulates
diagrams with competence. According to her:

(...) in diagrammatic reasoning what counts is not the appearance of a diagram and a list
of explicit rules that can be applied to it, but rather a set of procedures: when one learns
to use a certain diagrammatic system for performing some inferences, she learns a ma-
nipulation practice. The diagram becomes the mathematician’s worksite, where opera-
tions, plans, and experiments are made in order to find solutions and reasons for these
solutions. (2013, 145-146, emphasis in the original)

Thus, an important step towards understanding the diagrammatic reasoning in Euclid is
conceiving diagrams not as mere instantiations or illustrations of the proof’s textual part,
but as tools and instruments promoting inferences viz its possibilities of manipulation. In
the case of Euclidean geometry, being aware of such possibilities is, for example, knowing
how to adequately apply the construction postulates (1-3). The first postulates allows for
three distinct moves in a diagram: drawing a straight line in between two given points (pos-
tulate 1), extending a straight line indefinitely (postulate 2) and, from a point and a radius,
drawing a circle (postulate 3). These construction rules constrain the geometer’s operations
in the diagrams and force the interlocutor to accept a certain set of diagrammatical move-
ments. Learning how to construct an adequate diagram is knowing how to manipulate the
diagram in accordance with textual prescriptions and learning how to recognize the co-ex-
act aspects emerging from those manipulations.

A point to be emphasized is that Euclidean diagrams are not merely visualized, but also
interpreted and manipulated according to a whole practice. Interpreting a diagram is not only
about perceiving its static aspects, but considering the actions that can be performed on it
and being able to identify the results that emerge. The geometer constructs and reasons with
the diagram not by considering how it is visually given, but how it is conceived. For example,
a line on a diagram can be conceived either as the side of a triangle or as the radius of a cir-
cle. Neither does it need to be a straight line, as long as it is sufficiently straight to be seen as
a straight line. The possibility of this geszalt-shift is what explains how figures often ‘pop-up’
in an Euclidean proof — such as when an equilateral triangle ‘pops up’ in the proof L.1 of the
Elements (Fig. 1) — and thus, how something new can emerge in the drawing, This ability of
seeing as is employed in many Euclidean proofs -see Macbeth (2014)-.

We can see these characteristics in many of the proofs presented in the Elements. For
illustration purposes, we present proof 1.37 (Fig. 2). The first step of the proof consists
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in performingan action on the initially presented diagram. That is allowed by the second
Postulate of construction: “prolong AD in both directions to E and F”. The next two
movements performed on the diagram are also allowed by the postulates (in that case,
by the first one) and previously proved propositions (the proposition 1.31): “draw BE
through B parallel to CA, and draw CF through C parallel to BD”. The geometer must
be able to recognize the adequate actions to be performed on the diagram and whether
these actions respect the restrictions by the postulates. In the next step, the geometer
must be able to correctly interpret the outcome of these actions, i.e. to recognize the
emergence of two figures EBCA and DBCEF in the diagram and see, e.g. the straight CA
(previously a side of the triangle ABC) as a side of the parallelogram EBCA (the same
with the straight DB, previously interpreted as a side of the triangle DBC and now seen
as a side of a parallelogram DBCF). These gestalt-shifts play a role in many proofs in the
Elements and are an essential aspect of diagram use in mathematics. Being able to detect
them and to see bits of a figure either as this or that is one of the abilities that a geometer
must master.

Figure 2
Euclid, Proposition .37 (Heath 1968, 332).

Thus, the geometer must be able to see the diagram in movement, imagining the possi-
ble actions that can be performed on it in order to reach a certain result and interpret it
properly.

Summarizing the previous points lead us to the following tentative list of abilities re-
quired in order to use diagrams within the Euclidean practice:

266 Theoria, 2019, 34/2, 255-276



On Euclidean diagrams and geometrical knowledge

1. Knowing how to draw a diagram on the basis of textual information in a way
that preserves its co-exact aspects. For example, if the text asks for a circle to be
drawn, the adequate diagram must involve a symmetrical closed curve (not an
open curve).

2. Knowing how to employ the co-exact aspects of a drawing in inferences and
knowing how to recognize the relevant aspects of the diagram regardless of im-
perfections in the drawings. That is related, for example, to the willingness to
try out different diagrammatical configurations of the textual part of the proof
whenever there are doubts about the stability of some purported co-exact as-
pect.

3. Knowing the adequate method for constructing and manipulating a diagram
in accordance with the three construction postulates. This ability involves be-
ing able to conceive and interpret the diagram, as opposed to merely visualiz-
ing it.

4. Being able to imagine how a diagram should be drawn, regardless of not being
able to draw it perfectly.

This incomplete list takes us closer to understanding how reasoning operates within the
Euclidean practice and why it is a reliable source of mathematical knowledge. As we have
seen, one crucial point is that diagrams should only be used as a source of co-exact infor-
mation, that is, that type of information that survives small modifications of the draw-
ing. This explains why diagrams are reliable mathematical tools even when imperfectly
drawn.

Even if our analysis shows why the use of diagrams in the Euclidean practice is rigor-
ous, one could still pose the following criticism: “even if we accept that diagrams are a re-
liable and controlled source of co-exact information, what guarantees that these aspects
are always recognizable?” In other words, why should it not be often the case that different
people looking at the same diagram would disagree about its co-exact aspects? In order to
meet this challenge, we will take recent experimental results about visuospatial reasoning
into consideration and use them to investigate the cognitive basis of diagrammatic reason-
ing. Our main point will be that the ability to recognize co-exact properties of drawings is
based on a universal trait of human visuospatial cognition. This will be the subject of the
next section.

4. Cognitive abilities in Euclidean geometry

In this section, we argue that the use of diagrams in the Elements is rooted in cognitive
abilities that are universal in the sense of being shared by populations independently of
their level of formal education, training in geometry or the possession of linguistic re-
sources to express geometrical concepts. Together with the fact—defended in the pre-
vious section—that the Euclidean use of diagrams is controlled and legitimate, these
points present a strong case in favor of the Euclidean diagram-based practice’s mathe-
matical reputability.

In order to investigate the cognitive basis of diagram use in the Euclidean practice,
we explore recent studies in cross-cultural geometrical cognition. Our emphasis will be
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on two particular experiments that provide empirical evidence for the existence of ba-
sic intuitions of visuospatial relations corresponding to one of the core competences
involved in Euclidean geometry enumerated in the previous section: the recognition of
co-exact relations in a drawing. Specifically, our interest is in experiments comparing
the abilities to recognize geometric information of populations with formal education
(and acquainted with tools such as compass and ruler) with populations without these
characteristics. The purpose of these experiments is to verify whether some of these
abilities are present in human beings independently of their culture, education and en-
vironment.

One notable experiment was performed by Dehaene ¢z a/. (2006) with an Amazo-
nian indigenous group, the Munduruku. The reasons why this population is interest-
ing for cognitive scientists are threefold. First, they do not possess formal education in
mathematics; second, they are not familiar with the use of compass or rulers (mathe-
matical tools essentials to Euclidean geometry); finally, they have very few words for
geometrical concepts and spatial relations, as well as a limited vocabulary for num-
bers. Regardless of all that, cognitive scientists showed that they are still able to solve
non-trivial spatial tasks. The experiment consisted in showing them screens of figures
containing multiple representations of one geometrical concept or relation together
with a representation of a distinct one—see figure 3 below. The experimenter then
asked the participants to indicate—among the figures at the screen — the ‘weird’ or
‘ugly’ drawing. Among the geometrical concepts and relations represented, some were
of topological relations (e.g. connectedness, being inside, being closed), some of metric
relations (e.g. equidistance of points). Munduruku adults and children had identical
accuracy in solving those tasks as Western children, while Western adults performed
significantly higher. Even more relevant to our present concerns, the experiments
showed that, even though the Mundurukus had performance deficits in domains
which involved judgments of paradigmatically exact properties, they “succeeded re-
markably well with the core concepts of topology” (381), which include some of the
most important co-exact relations exploited in Euclidean proofs, including the rela-
tion of connectedness. This could be taken as initial evidence that the ability to detect
co-exact information in a diagram, one of the core abilities required by the Euclidean
diagram-based practice, is present in human beings independently of education and
cultural background.

Van der Ham ez 4/. (2017) improved on the previous experiment by explicitly tak-
ing into account Manders’ analysis of the Euclidean diagram-based practice and its
exclusive reliance on co-exact aspects of the drawings. With that in mind, they per-
formed a similar experiment with Senegalese and Dutch subjects with the intention
of testing and comparing their abilities to recognize exact and co-exact aspects of di-

7 The Mundurukus’ performance was lower but still higher-than-chance for slides dealing with
paradigmatically exact properties, such as symmetries and metric properties. The two domains
where the Mundurukus’ performance was poor were in “a series of slides assessing geometrical
transformations, for instance, by depicting two triangles in a mirror-symmetry relation; and another
two slides in which the intruder shape was a randomly oriented mirror image of the other shapes”
(Dehaene ez al. 2006, 381).
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agrammatic representations—see figure 4 below.'® In this case, the Senegalese popula-
tion was composed both by subjects with and without formal education. All the Dutch
subjects, on the other hand, were educated in mathematics and were familiar with the
use of compass, rulers and maps. In this experiment, they compared the results be-
tween the Dutch and Senegalese populations, and between the two different kinds of
population that composed the latter. If the recognitional abilities for some types of
spatial relations are indeed universal, education should not have a significant effect
on performance. In accordance to that prediction, the results showed that the perfor-
mances were highly similar for all participants.”” Very importantly, the difficulty pro-
files were almost identical for all participants, i.e. the subjects’ performance varied in a
similar fashion from test to test. All subjects performed significantly better in the rec-
ognition of co-exact aspects (~80% accuracy for the mixed group of Senegalese, ~95%
for the Dutch) than in the recognition of exact aspects (~50% for the mixed group of
Senegalese, ~70% for the Dutch). These results provide empirical evidence in favor of
the hypothesis that the recognition and judgments of co-exact spatial relations (those
prominent in Euclidean geometry) are much more reliable than the recognition and
judgments of exact ones.

In summary, both experiments strongly suggest that the accuracy of co-exact informa-
tion judgments is significantly higher than that of exact ones (Van der Ham ez al. 2017,
274) even for populations that have not had any type of formal education or, in the case of
the Mundurukus, do not even have linguistic resources to express basic geometrical con-
cepts. These results fit particularly well with the Euclidean diagram-based practice’s con-
straints on the type of information to be drawn from diagrams. This is precisely what al-
lowed Euclid to minimize disagreement about his demonstrations and avoid criticisms.?
As the authors conclude, “high performances in the co-exact condition suggest an initial
cognitive explanation for the reliability of judgments involving co-exact spatial relations
advocated by Manders to explain why only co-exact relations are inferred from diagrams in
Euclid’s deductive reasoning” (Van der Ham ez 4/. 2017, 277). This seems to suggest that
the Euclidean diagram-based practice is not only epistemologically reliable but also rooted
in basic cognitive abilities.

' Van der Ham et al’s experiment was in many senses a realization of the suggestions put forward by
Hamami & Mumma (2013).

Nevertheless, the Dutch participants showed higher accuracy across the tests than the other
participants. The authors contend that this difference cannot be explained by the two groups’
distinct average levels of formal education, since the Senegalese population without formal
education had a highly similar performance to the Senegalese population that had received basic
mathematical training relevant to the tasks at hand. Instead, the authors argue that the difference
in performance between the two nationalities must be due to “general cultural differences in how
people use spatial information in their daily activities” (Van der Ham et /. 2017, 277). For our
present concerns, it is more important to emphasize that all of the participants’ difficulty profiles

19

were very similar.
About Euclid’s concerns in minimizing disagreement and improving the reliability of his proofs, see
Proclus (1970).
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Figure 3

In this task, the subjects have to find the “weird” or “strange” figure among the six slides. Pictures

adapted from (Dehaene ez a/. 2006, 382).

Figure 4

As in the above-mentioned study, in these tasks the subjects have to find the “weird” or “strange”
picture among the six slides. Pictures adapted from (Van der Ham ez a/. 2017, 272).

It is important to pause at this point and emphasize the following point: one should not in-
fer from the results of these experiments that abstract geometrical knowledge, such as that
presented in the Elements, emerges in a completely natural way from humans’ cognitive
architecture. There is a significant gap between the kinds of basic cognitive competences
involved in the recognition of exact and co-exact features of a drawing (those dealt with
by the experiments) and the kind of knowledge born out of a sophisticated mathematical
practice such as Euclidean geometry. Dehaene ez 4l. (2006) seem to make little of this point
when they claim, for example, that “our experiments [...] provide evidence that geometrical
knowledge arises in humans independently of instruction, experience with maps or meas-
urement devices, or mastery of a sophisticated geometrical language” (384).2!

2l According to authors like Spelke ez /. (2010), these experiments demonstrates the existence of a
“natural geometry”, i.c. a kind of geometric cognition that emerges spontaneously in human beings,
independently of the cultural context from which they come.
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We want to insist that the notion of geometrical knowledge should not be used so
lightly. In order to be a competent agent in Euclidean geometry, one must possess abil-
ities that go far beyond the abilities which the aforementioned experiments were con-
cerned with. As we have sketched in the previous section, a skilled geometer must possess
many competences which are only learned by means of the Euclidean practice itself and
which would not emerge irrespective of that. Euclidean geometry is a theoretical frame-
work with idealizations and hypotheses that go way beyond our spontaneous perception
of space and figures. The Elements has an internal structure that emphasizes the very ab-
stract character of the problems that it tries to solve. It employs sophisticated demon-
strations, some of them very distant from day-to-day geometrical reasoning, such as the
method of reductio ad absurdum. Besides all of that, Euclid’s work presupposes very sig-
nificant idealizations (e.g. points without extension) that are necessary for the estab-
lishment of concepts and geometric figures which, given their idealized nature, will in-
evitably resemble only weakly the objects that we know by means of ordinary spatial
cognition (Gaber & Schlimm 2015, 362-363; Ferreirés & Garcia-Perez 2018). We em-
phasize that geometry is not a static body of knowledge developed spontaneously, but
a joint product of evolution and the cultural achievements of a population, such as ma-
terial tools and symbolic representations.” Thus, although we agree that the aforemen-
tioned experiments establish the reliability of judgments based on co-exact information
— that is, they show how those judgments are grounded in very basic cognitive abilities —
one should be careful not to go from there to the stronger claim that geometrical knowl-
edge itself is universal and culturally independent.”

We conclude this section with a suggestion for future investigation. It seems that,
if one wants to understand our geometrical capacities, then it would be illuminating to
carve out distinct levels of complexity. In section two of this paper, we analyzed the abil-
ities learned inside of a specific geometric practice. More particularly, in that section, we
focused on the abilities particular to the Euclidean framework such as the capacity of cor-

2 QOvermann (2013), for example, is a cognitive archacologist who saw, with ethnographic support—
quoted the sources in her paper-, that populations with low level of material complexity (size
population, social classes, religion, and so on) did not (and typically do not) develop a number system
to count beyond five. We do not know of any study on the relations between material complexity
and geometry, but we think it is fair to believe that the results would be comparable to these of
Overmann’s.

A view that is analogous to ours has been defended, with the support of empirical results, for the
related case of numerical cognition (Ntfiez 2011; 2017). In these works, the author distinguishes
between (what he calls) quantical cognition from (properly) numerical cognition. Both are cognitive
abilities having to do with the recognition of quantities, however, the former differs from the latter
in that it is a mere “inexact and non-symbolic” (Nufez 2017, 404) capacity for discriminating
quantities, being detectable even in primates and pre-linguistic infants, while the latter is essentially
symbolic, allowing for complex processes such as general exact quantification. Nufiez’s thesis is that
the former type of cognition is a biologically evolved capacity that is innate at least in the sense that
it is not learned and not contingent on a particular culture. The latter, on the other hand, “demands
crucial ingredients—cultural traits: specific cultural concerns and practices, and the use of symbolic
reference” (ibid, 405). In summary, having the capacity for quantical cognition is necessary but not
sufficient for having the capacity to engage in full-blown numerical cognition such as arithmetical
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reasoning.
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rectly applying the postulates of construction, manipulating the diagrams and correctly in-
terpreting its outcomes. In the present section, we focused on abilities pertaining to a more
basic level, that of recognizing visuospatial aspects from geometric configurations, and
claimed that this ability grounds the reliable recognition and use of co-exact aspects of dia-
grams.

We believe that a richer analysis of the cognitive development of abstract geometri-
cal knowledge needs to consider an intermediary step in between the biologically evolved
capacities of the basic level and the abilities proper to specific geometrical frameworks. In
other words, it needs to demarcate a level where cultural ingredients - such as the intro-
duction of symbolic frameworks by means of, for example, the use of maps - come together
with our more basic capacities and pave the way for the posterior arrival of abstract geomet-
rical knowledge.** In other words, it should consider the intersection between nature and
culture: not only the pre-existent cognitive capacities but also the remarkable influence of
specific cultural practices and their use of cognitive tools. In our view, progress in that sub-
ject will take us closer to understanding how reasoning operates within the Euclidean prac-
tice. This could be the basis for a philosophical view opposing the traditional one according
to which diagrammatical proofs are unreliable.®

S. Final considerations

In this paper we have opposed the traditional view of diagram use in proofs and have ar-
gued that they can be mathematically rigorous tools of geometric reasoning. We focused
mainly in the particular case of Euclidean geometry, where diagrams are commonly used
as source of information in proof steps. Our case in favor of the Euclidean practice is two-
fold. First, we showed that the use of diagrams within that practice is strictly regimented
s0 as not to give rise to errors. Second, we complemented our analysis of diagram use by re-
viewing recent experimental results purporting to show that some important abilities over
which the Euclidean diagram-based practice is based are universal traits of human spatial
cognition.

We started by showing that the traditional view culminates in a conception of proof as
formal proof, one in which diagrams cannot play any significant role. But, as we intend to
have argued, this view does not stand by itself when we conceive of mathematical knowl-
edge as a product of different historically situated mathematical practices. We argued that,
from that perspective, Euclidean geometry is self-sufficient and rigorous, that the use of di-

# The recent literature already shows signs of heading in that direction, especially in cognitive
archaeology studies on the development of mathematics (de Cruz, 2012; Overmann, 2013; 2016).
Similarly, Keller (2004) distinguishes three periods from geometry’s arcaheo-ancestral origins until
the appearance of Euclidean geometry. In that sense, it is important to take into account some recent
studies in the area of Cultural Evolution (Laland 2017), and, more particularly, in evolutionary and
cognitive archacology (Bruner y Lozano 2014 a, 2014 b; Laland & O’Brien 2010, and Coolidge and
Wynn, 2016) that could be useful to understand the archaeo-cognitive genesis of proto-mathematics,
and its relation with later mathematical developments.

» See Giaquinto (2007).
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agrams is controlled and, consequently, legitimate as a source of inferences. With that in
mind, we structured this paper in three sections which we can summarize as follows:

1.

In the first section, we contrasted Hilbert’s geometry (exhibited in the Founda-
tions) with Euclid’s and argued that it is an error to evaluate the latter through the
merits of the former. Formal reconstructions cannot be lauded as ameliorations—
in the sense of correcting gaps—of the Euclidean practice, since they have distinct
symbolic and theoretical frameworks. We concluded the section by suggesting that
a philosophical analysis of mathematical knowledge needs to be sensitive to the
specific mathematical practices with which one is concerned. In this sense, the phi-
losopher should ask oneself which abilities and competences a mathematical tradi-
tion, such as Euclid’s, would require of a practitioner.

In the second section, we explored the abilities and competences required for engag-
ing in the diagram-based reasoning presented in the Elements—one of the key fac-
tors for understanding why the Euclidean practice has been so successful and reliable.
With that in mind, we followed Manders in arguing that the Euclidean diagram-
matic practice only licenses the extraction of co-exact information from diagrams.
We took this to show why the Euclidean diagram use is rigorous. In the remainder of
the section we presented and explored other abilities that we believe to be equally im-
portant for a Euclidean geometer, such as the abilities of constructing, manipulating
and interpreting a diagram adequately. Under this perspective, the diagram should
be seen as an artifact on which the geometer makes operations, experiments and per-
forms inferences on the basis of the restrictions of the Euclidean framework.

In the third section, we complemented our analysis of Euclidean diagram use by
taking into account recent experimental results according to which the judgments
of co-exact relations is much more reliable than that of exact ones, independently
of one’s level of formal education or training in geometry. This fits very well with
the fact that Euclid exclusively relied on these aspects in his diagram-based proofs.
As we have emphasized, this does not allow us to make the stronger claim that Eu-
clidean geometry emerges spontancously from human beings’ cognitive architec-
ture. Instead, our hypothesis is that classical geometry is grounded on basic percep-
tual abilities which are then carefully developed and regimented inside of a shared
framework. We closed the paper with some suggestions for future investigation.
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