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Abstract:
							                           
In this study, an approximate solution of the Schrödinger equation for the q-deformed Hulthen-quadratic exponential-type potential model within the framework of the Nikiforov–Uvarov method was obtained. The bound state energy equation and the corresponding eigenfunction was obtained. The energy spectrum is applied to study H2, HCl, CO and LiH diatomic molecules. The effect of the deformation parameters and other potential parameters on the energy spectra of the system were graphically and numerically analyzed in detail. Special cases were considered when the potential parameters were altered, resulting in deformed Hulthen potential, Hulthen potential, deformed quadratic exponential-type potential and quadratic exponential-type potential. The energy eigenvalues expressions agreed with what obtained in literature. Finally, the results can find many applications in quantum chemistry, atomic and molecular physics.
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1. Introduction

Since the early days of quantum mechanics (QM), the study of a particle confined by a potential field has been of utmost importance (Edet and Okoi, 2019; Edet et al., 2020a; b; Landau, 1977; Schiff, 1995). Studies of this nature are carried out by solving the Schrödinger equation with different interaction potentials of interest. The solutions of the Schrödinger equation with different potential models of interest have been employed by many researchers to give insights, explanations, and predictions into the behavior of diatomic molecules, quarks, etc (Edet et al., 2020c; 2021a; Greiner, 2000; Okoi et al., 2020; Okorie et al., 2019).

Recently, numerous researchers have proffered solutions to the Schrödinger equation for some potential of interest. The analytical solution of the Schrödinger equation with ℓ = 0  and ℓ ≠ 0 for some potentials has been addressed by many researchers in non-relativistic and relativistic quantum mechanics for bound states (Durmus and Yasuk, 2007; Edet et al., 2020d; 2021b; Louis et al. 2018a; 2018b). Some of these potentials include Deng-Fan potential (Falaye et al. 2015), Hyperbolic potential (Onate et al., 2018b), Eckart potential (Onate et al., 2017), generalized trigonometric Pöschl–Teller potential (Edet et al., 2020e), and screened Kratzer Potential (Ikot et al., 2020a).

Also, several methods have been employed to obtain the solutions of the nonrelativistic wave equations with some potential models of interest, some of these methods include: the factorization method (Dong, 2007), formula method (Falaye et al., 2015), supersymmetry quantum mechanics (SUSYQM) (Falaye et al., 2014), Nikiforov-Uvarov method (NU) (Nikiforov and Uvarov, 1988) asymptotic iteration method (AIM) (Ciftci et al., 2003; 2005; Falaye, 2012), exact quantization Rule (Gu and Dong, 2011; Ma and Xu, 2005), proper quantization rule (Qiang and Dong, 2007), WKBJ (Ita et al., 2018), etc.

Moreover, it is the goal in the present consideration to propose a potential of the form:
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Where V0
and V1
 are the potential strengths, α is the screening parameter, a, b and c are the adjusted parameter and q is deformation parameter. We call the potential q-deformed Hulthen-quadratic exponential-type potential (q-HQEP). With respect to what was obtained in previous studies of the molecular potential, the potential to allow for more physical application and a comparative analysis to existing studies of the molecular potential was modified. In addition, in molecular physics, it has also been established that potential energy functions with more parameters tend to fit experimental data than those with fewer parameters and researchers have recently paid great attention to obtaining modified version of potential functions by employing dissociation energy, and equilibrium bond length for molecular systems as explicit parameters. This model will be an important tool for spectroscopists to represent experimental data, verify measurements, and make predictions.

The potential is a superposition of the Hulthen (Ikhdair, 2009; Ikhdair and Sever, 2007; Onate et al., 2018a) and Quadratic exponential-type potentials (Okorie et al., 2018). These potentials have been individually applied to carry out studies extensively by several researchers (Ikot et al., 2014). Hence, the motivation to combine them.

In this research article, the goal is in two-fold. First, the Schrödinger wave equation (SWE) is solved with the  Importar imagen q-HQEP via parametric Nikiforov–Uvarov method. The effect of the deformation parameter on the energy spectra of some diatomic molecules is analyzed with the aid of some graphical representation and numerical analysis.

The outline of the paper is as follows: section 2 provides brief a description of the parametric Nikiforov–Uvarov method. In section 3, the solutions of the three-dimensional (3D) Schrödinger equation (SE) with the q-HQEP via parametric NU. In Section 4, special cases of the potential understudy were discussed. In section 5, the results of this study are presented and discussed. Finally, in section 6, the concluding remarks are given.




2. The parametric NU method

The parametric form of the NU method takes the form (Tezcan and Sever, 2009):
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The energy eigenvalues equation and eigenfunctions satisfy the following sets of equations, respectively:
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where



[image: 42969101005_ee6.png](5)



and Pn
is the orthogonal Jacobi polynomial, which is defined as
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3. Bound-state solutions of q-deformed Hulthen plus quadratic exponential-type potential

The radial Schrödinger equation in arbitrary dimensions (Rampho et al., 2021; Ebomwonyi et al., 2017) can be given as:
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where μ is the reduced mass,  Enℓ
 is the energy spectrum, ћ is the reduced Planck’s constant and  n and ℓ are the principal and orbital angular momentum quantum numbers, respectively (or vibration-rotation quantum numbers in quantum chemistry) (Onate et al., 2018c). Substituting Eq. 1 into Eq. 7 gives:
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 The radial Schrödinger equation with this potential can be solved exactly for ℓ = 0 (s-wave) but cannot be solved with this potential for ℓ ≠ 0. To obtain the solution for ℓ ≠ 0, the approximation scheme proposed by Greene and Aldrich (1976) is employed to deal with the centrifugal term, which is given as:
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It is noted that for a short-range potential, the relation in Eq. 9 is a good approximation to 1/r2, as proposed by Greene and Aldrich (1976), Ikot et al. (2020b) and Okorie et al. (2020). This implies that Eq. 9 is not a good approximation to the centrifugal barrier when the screening parameter α becomes large. Thus, the approximation is valid when α << 1. Substituting the approximation Eq. 8 into Eq. 9, an equation of the form is obtained:
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To solve the differential equation above, the transformation  s = e–αr
  is used so as to enable to apply the NU method as a solution technique to the hypergeometric-type differential equation. Hence, this transforms d
2
 R
nℓ (r)/dr
2 into the form:
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In view of the above, the differential equation of the form is obtained:
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where the following dimensionless abbreviations have been introduced for mathematical convenience:
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Equation 13 is of the form that is solvable by the NU method. Therefore, on comparison to Eqs. 2 and 13, the following parameters are obtained:
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and
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Substituting these polynomials into Eq. 3, it is possible to obtain
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By carrying out some algebraic manipulation, the following equation is obtained:
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Substituting Eq. 14 into Eq. 17 and carrying some simple manipulative algebra, it is possible to arrive at the energy eigenvalue equation of the q-deformed Hulthen plus quadratic exponential-type potential in the form:
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The corresponding wave functions can be evaluated from Eq. 4 as follows:
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From the definition of the Jacobi polynomials (Edet et al., 2020a; b).
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In terms of hypergeometric polynomials, Eq. 21 can be written as
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4. Special cases


4.1 Deformed Hulthen potential

If  V1 is set as  V
1 = a = b = c = 0, the potential model (1) reduces to deformed Hulthen potential (Hall et al., 2018):
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and the energy equation as follows:



[image: 42969101005_ee27.png](24)



This is in agreement with Eq. 44 (Edet and Okoi, 2019).




4.2 Hulthen potential

If   V1 is set as  V
1 = a = b = c = 0  and  q → 1, the potential model (1) reduces to the Hulthen potential:
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and the energy equation as follows:
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Equation 26 is in agreement with the energy equation given in Eq. 39 (Ikhdair, 2009), Eq. 31 (Ikhdair and Sever, 2007), Eq. 34 (Agboola, 2009), Eq. 35 (Bayrak et al., 2006) and Eq. 27 (Jia et al., 2008).




4.3 Deformed quadratic exponential-type potential

If  V
0 is set as V
0 = 0, the potential model (1) reduces to deformed quadratic exponential-type potential:
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and the energy equation as follows:
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4.4 Quadratic exponential-type potential

If  V0 is set as V0 = 0 and  q → 1 the potential model (1) reduces to quadratic exponential-type potential (Okorie et al., 2018):
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and the energy equation as follows:
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Equation 30 is in agreement with the energy equation given in Eq. 31 (Okorie et al., 2018).






5. Results and discussions

In our study, the energy (Eq. 18) and wave function (Eq. 22) of the deformed Hulthen potential plus the quadratic exponential-type potential obtained using the parametric NU. For validity purposes, were also obtained the energy eigenvalues and wave function of the deformed Hulthen potential, Hulthen potential, deformed quadratic exponential-type potential and quadratic exponential-type potential, shown in Eqs. 23–30 as special cases.

In the present study, the energy spectrum was used to study the four selected diatomic molecules, H2, HCl, CO and LiH. The spectroscopic parameters of these molecules are given in Tab. 1 and taken from (Edet et al., 2020e; Rampho et al., 2021). The following conversions were used;  ℏc = 1973.269eVÅ and  1amu = 931.5 × 106 
eV(Å)-1 for all computations (Edet et al., 2020e; Rampho et al., 2021). All non-spectroscopic parameters are kept in natural units.




Table 1.




Spectroscopic parameters of the molecules used in this work (Edet et al., 2020e; Rampho et al., 2021).
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In Tab. 2, the energy values for the q-deformed Hulthen-quadratic exponential-type potential was shown for H2, HCl, CO and LiH diatomic molecules for various values of the deformation parameter and of quantum states. It is seen clearly that when the deformation parameter is  q = –0.5, the energy is low and for instance in LiH molecule it becomes more bounded. But for  q = 0.5, the energy is raised significantly although drops slightly and remains positive when  q = 1 (i.e., absence of deformation).




Table 2.




Energy values for the q-deformed Hulthen-quadratic exponential-type potential for H2, HCl, CO and LiH diatomic molecule for various values of the deformation parameter and of quantum states.
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The variation of the energy eigenvalues with different parameters of the combined potential, such as V0, V
1, a, b, c and q, is shown in Figs. 1–7, respectively, for H2, HCl, CO and LiH diatomic molecule in the ground state. In Fig. 1a and b, the variation of the energy spectrum was plotted for various values of n as a function of the parameter ℓ for q = 1 and  q = –1, respectively. Figure 1a shows that the energy decreases as the angular momentum increases. In Fig. 1b, it is possible to observe that the energy increases as the ℓ increases up to a maximum and then drops again sporadically. Figure 2a and b shows the variation of the energy spectrum for various values of n as a function of the parameter V
0 for  q = 1 and  q = –1, respectively, in the region  0 < V0 < 3. In Fig. 2a, the energy of the system increases as the parameter V
0 increases. In Fig. 2b, the energy linearly decreases as V
0 increases. Figure 3a and b shows the variation of the energy spectrum for various values of n as a function of the parameter V
1 for  q = 1  and q = –1, respectively, in the region  0 < V1 < 0.16. In both figures, the energy increases monotonically as the parameter V
1 increases as well. Figure 4a and b shows the variation of the energy spectrum for various values of diatomic molecules as a function of the parameter a, respectively, in the interval  0 < a < 0.25. In both cases considered, the energy increases linearly with increasing a, but in the case q = –1 (Fig. 4b), there is a wider spacing between the energy levels. Figure 5a and b shows the variation of the energy spectrum for various values of n as a function of the parameter b for q = 1 and  q = –1, respectively, in the region  0 < b < 1. In Fig. 5a, the energy increases linearly as the parameter b increases. In Fig. 5b, the energy decreases linearly as the parameter b increases. Figure 6a and b shows the variation of the energy spectrum for various values of n as a function of the parameter c for  q = 1 and  q = –1, respectively, in the region  0 < c < 0.20. In Fig. 6a, the energy decreases linearly as the parameter c increases. In Fig. 6b, the energy decreases linearly as the parameter c increases. Figure 7a and b shows the variation of the energy spectrum for various values of n as a function of the parameter  –q and +q in the intervals  –1 < q < 0 and  0 < q < 1, respectively. In Fig. 7a, the energy increases up to a maximum as q increases and then declines again. In Fig. 7b, the energy increases linearly as q upsurges.
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Figure 1.




(a) The variation of the energy spectrum for various values of n as a function of the parameter ℓ for q = 1. (b) The variation of the energy spectrum for various values of n as a function of the parameter ℓ for q = –1. a = 2fm-1, b = 1fm-1, c = –3fm-1, V1 = 2fm-1 and V0= 3fm-1).
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Figure 2.




(a) The variation of the energy spectrum for various values of n as a function of the parameter V
0 for q = 1. (b) The variation of the energy spectrum for various values of n as a function of the parameter V
0 for q = –1. h = 1, μ = 1, a = 2, b = 1, c = –3, V1 = 2 and α = 0.05.
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Figure 3.




(a) The variation of the energy spectrum for various values of n as a function of the parameter V
1 for q = 1. (b) The variation of the energy spectrum for various values of n as a function of the parameter V
1 for q = –1. a = 2, b = 1, c = –3 and V0 = 3.
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Figure 4.




(a) The variation of the energy spectrum for various values of n as a function of the parameter a for q = 1. (b) The variation of the energy spectrum for various values of n as a function of the parameter a for q = –1. b = 1, c = –3, V0 = 3 and V
1 = 2.
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Figure 5.




(a) The variation of the energy spectrum for various values of n as a function of the parameter b for q = 1. (b) The variation of the energy spectrum for various values of n as a function of the parameter b for q = –1. a = 2, c = –3, V0 = 3 and V
1 = 2.
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Figure 6.




(a) The variation of the energy spectrum for various values of n as a function of the parameter c for q = 1. (b) The variation of the energy spectrum for various values of n as a function of the parameter c for q = –1. a = 2, b = 1, V0 = 3 and V
1 = 2.
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Figure 7.




(a) The variation of the energy spectrum for various values of n as a function of the parameter –q. (b) The variation of the energy spectrum for various values of n as a function of the parameter +q. a = 2, b = 1, c = -3, V1 = 2 and V0 = 3.


















6. Conclusion

In this work, the bound state solutions of the Schrödinger equation were studied with the q-deformed Hulthen-quadratic exponential-type potential using parametric NU method. The Greene and Aldrich approximation scheme was used to deal with the centrifugal term; the energy eigenvalues and the corresponding eigenfunctions were obtained and some special cases of the potential were also discussed. The energy spectrum is applied to study four selected diatomic molecules, H2, HCl, CO and LiH. The effect of the deformation parameters and other potential parameters on the energy of the system were graphically and numerically analyzed. The results are in excellent agreement with literature. Finally, the results can find many applications in quantum mechanical systems, atomic and molecular physics.
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