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An application of the Linear Logistic Test Model for the construction 
of a Fluid Intelligence Test 

Una aplicación del Modelo Lineal Logístico para la construcción de un test de inteligencia 
fluida  

Thomas Castelain1 
Maria Paula Villarreal Galera2 

Mauricio Molina Delgado3 
Odir Antonio Rodriguez-Villagra4 

 
Abstract: The present article, of quantitative cut, aims at testing –via linear logistic test model (LLTM)– a set of 
cognitive operations (i.e., rules) influencing the item difficulty of a fluid intelligence test on different samples of 
students. In Study 1, high school students (n = 1751) were randomly assigned to study and validation samples. 
The former sample served to test a proposed set of rules as variables affecting item difficulty and the latter aided 
to bring evidences of validity of these rules. In Study 2, university students (n = 162) were recruited to determine 
whether the influence of these rules on the level of difficulty of the items could be generalized to this new group. 
Study 1 brings evidence of the viability of a set of cognitive operations underlying the process of solving the items 
while Study 2 suggests individual differences in respondents’ solution strategies. The same strategy of analysis 
could be applied to the construction of other tests and may help educators, researchers and decision-makers to 
improve their pursue of relying on the most refined instruments. 
 
Keywords: fluid intelligence, Rasch model, linear logistic test model, items difficulty 
 
Resumen: El presente artículo, de corte cuantitativo, tiene como objetivo poner a prueba —a través del uso de un 
modelo logístico lineal (LLTM, por sus siglas en inglés)— un conjunto de operaciones cognitivas (reglas), que 
influencian la dificultad de los ítems de un test de inteligencia fluida en diferentes muestras de estudiantes. En el 
Estudio 1, estudiantes de colegios (n = 1751) fueron asignados al azar a una muestra “estudio” o a una muestra 
“validación”. La primera sirvió para poner a prueba el conjunto de reglas propuestas como variables, que podrían 
afectar la dificultad de los ítems, y la segunda permitió recolectar evidencias de validez de dichas reglas. En el 
Estudio 2, se reclutaron estudiantes de universidad (n = 162), esto para determinar si la influencia de las reglas 
sobre el nivel de dificultad de los ítems podía generalizarse a este nuevo grupo. El Estudio 1 aporta evidencias 
acerca de la validez del conjunto de operaciones cognitivas que subyacen al proceso de resolución de los ítems, 
mientras que el Estudio 2 sugiere diferencias individuales en las estrategias de resolución de las personas 
examinadas. La misma estrategia de análisis podría ser aplicada a la construcción de otros tests. Asimismo, 
podría ayudar a personas educadoras, investigadoras y tomadoras de decisiones en su búsqueda de disponer de 
instrumentos cada vez más depurados.   
 
Palabras clave: inteligencia fluida, modelo de Rasch, modelo logístico lineal, dificultad de los ítems 
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1. Introduction  

Cattell’s investment theory (1963, 1971, 1987) distinguishes between fluid intelligence 

and crystallized intelligence. The former has been related to the capacity of solving novel and 

complex problems using cognitive processes such as inductive and deductive reasoning, 

concept formation, and classification (Kvist and Gustafsson, 2008). Crystallized intelligence 

has been linked with specific knowledge gained from culture, and it is acquired through 

education and experience (Kvist and Gustafsson, 2008). 

In recent years, researchers have tried to take advantage of developments in cognitive 

psychology within the context of psychometric tests to understand fluid intelligence (Arendasy 

and Sommer, 2005, 2013; Carpenter, Just, and Shell, 1990; Embretson, 1995; Primi, 2001; 

Rupp and Mislevy, 2006; Schweizer, Troche, and Rammsayer, 2011). This psychometric-

cognitive approach has been considered significant in the efforts to bring evidence of 

construct validity of the studied variables (Embretson, 2002; Yang and Embretson, 2007).  

In tests’ development, the construction of items has traditionally relied on the expertise 

and creativity of the builders. This domain then appears within a “black box”, so that the 

microstructure of the items in terms of its constituent parts is opaque (Yang and Embretson, 

2007). While some computerized algorithms permit the automated generation of items (e.g., 

Arendasy and Sommer, 2005), the vast majority of educators, psychologists or people 

concerned of building new tests and/or in studying the processes underlying their resolution 

can’t always rely on this sophisticated technique that is also limited to very few constructs. 

Still the possible consequences linked to the use of the tests require that researchers, 

educators or decision-makers rely on methods that help them evaluate the reliability of the 

items of the tests they built as a function of the construct they are interested in.  

This is the case of the figural reasoning test (FRT), a prototype fluid intelligence test, 

developed at the University of Costa Rica (UCR) and built by a team of psychologists and 

psychometricians. In addition, because of its possible use in the selection process of 

students, it is crucial to examine the cognitive operations involved in the process of solving 

items and their impact in explaining the level of difficulty of the items. Thanks to the 

development of recent mathematical models we can collect information that help evaluating 

the validity of items and tests constructed by experts.  

A model that naturally links the cognitive psychology arena and the psychometric view 

is the linear logistic test model (LLTM; Fischer, 2005). This model allows estimating person’s 
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ability and item difficulty taking into account a set of weights reflecting the hypothesized 

cognitive processes or operations to solve each item. The LLTM is often understood to be an 

extension of the Rasch model (Fisher and Molenaar, 1995); but as a formal model, the latter 

is a special case of the LLTM. It means that, with a particular weight matrix, the LLTM can be 

transformed as a Rasch model. In order to provide an understandable definition of the LLTM, 

we first specify the Rasch model and then we show the linear constraint that LLTM imposes 

on the difficulty parameters.  

The Rasch model can be represented as:  

 

where P(Xvi = 1| θv, βi) is the probability that person v gives a correct response to item i, given 

her ability θv and the difficulty of the i as βi.  

 In the LLTM, the item difficulty parameters, βi, are decomposed into a linear 

combination of elementary parameters that can be expressed as follow: 

 

The number of elementary parameters p is restricted to p <= k-1, where k is the number 

of items. In the equation, wij is the given weight of the basic parameter j on item i and ηj is the 

estimated difficulty of the basic parameter j. Traditionally, this constraint on βi has been used 

to examine the validity of a set of hypothesized cognitive operations involved in the solving 

process of a given set of items (Scheiblechner, 1972). In this application of the LLTM, the set 

of elementary parameters j = 1…, p, and the complete set of all items forms the W matrix, 

where the rows represent items and the columns represent cognitive operations. In the 

columns, a zero value indicates that a particular cognitive operation is not involved in the 

solution process of an item and larger values denote the number of times that a hypothesized 

cognitive operation is required to solve an item. Other applications of the LLTM allow 

evaluating position effect of item presentation, content-specific learning effect, effect of item 

response format, etc. (for details see Kubinger, 2009). 

The aim of this research is to evaluate –via LLTM– the underlying cognitive operations 

(rules, from hereinafter) to solve the items of the FRT as suitable predictors of their level of 

difficulty. In a first study, we randomly assigned a sample of high school students into ‘study 

sample’ (i.e., 60%) and ‘validation sample’ (i.e., 40%). The study sample served to evaluate 

the proposed set of rules and the validation sample aimed to replicate the findings of the 
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study sample. The participants belong to the target population of students who can apply for 

admission to the University of Costa Rica (i.e., last year high school students). Study 2 

examined whether or not the evaluated set of rules of Study 1 could be generalized to a 

sample of students from the University of Costa Rica. Given that the selection process of 

these students involved scores on general abilities of reasoning in verbal and in math 

contexts and the average grade of the students throughout the last two years of high school, 

we expected that university students could exhibit larger scores on the FRT than high school 

students.  

To fulfill the objectives of this quantitative research, we relied on R, a language and 

environment for statistical computing (R Core Team, 2017). For data processing and plotting 

we used the R packages reshape (Wickham, 2007), Hmisc (Harrell Jr, 2018), plyr (Wickham, 

2011), and ggplot2 (Wickham, 2016) and the LLTM was estimated and tested with the eRM 

package (Mair, Hatzinger, and Maier, 2018).  

 

2. Study 1 

2.1 Method  

2.1.1 Participants  

Participants consisted of 1751 Costa Rican students (Study sample n = 1050, 

Validation Sample n = 701; using the R function called “sample” without replacement) who 

were in their final year of high school and who wish to enroll in academic programs offered by 

the University of Costa Rica. The sample consisted of 44% females. A 62.2% of the students 

came from public high schools, 23.9% from private high schools, 0.2% from schools abroad, 

and the remaining 13.7% with an undefined state of provenance because they did not register 

the requested information.  

To participate all the students registered through an official website that was enabled to 

those who were interested in some of the academic programs that were collaborating to the 

project in 2008, namely: Law, Computing, Mechanical Engineering, Pharmacy, Chemistry, 

Mathematics, Statistics, and Actuarial Sciences. The volunteers were then informed of the 

place and date and they were informed that it had no consequence for their admission at the 

UCR, since the research had merely diagnostic purposes. One limitation of our sample is that 

not all academic programs were represented. Nevertheless, the high number of participants 

may compensate the lack of representativeness. 
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2.1.2  Instrument  

The figural reasoning test (FRT) is an unidimensional test proposed as an indicator of 

fluid intelligence by measuring inductive reasoning skills in figural matrices and series. The 

FRT measures general reasoning skills involving cognitive processes such as identification of 

rules, and comparison or classification of perceptual similarities between geometric shapes 

with the aim of completing series (i.e., Test 1) and matrices (i.e., Test 2). Items within each 

test are ordered by ascending level of difficulty and the given time to solve Test 1 and Test 2 

was respectively three and five minutes. 

 

2.1.3 Procedure  

Based on the work developed by Jacobs and Vandeventer (1972), Carpenter et al. 

(1990), and Primi (2001), the FRT items were dissected into a set of rules involved in their 

resolution to explain their level of difficulty (see Figure 1). The procedure consisted in two of 

the authors (T.C. and M.P.V.G.) individually resolving and describing each item, with 

discrepancies resolved through discussion with a third author (M.M.D.). From this procedure 

the extracted rules were used for specifying the W matrix of weights required by the LLTM:  

 Increase or decrease of the size (R1): Progressive variation of the size of the figure in 

two ways (i.e., increasing or decreasing).  

 Addition or subtraction (R2): An element of a figure or figure is added or removed.  

 Simple Motion (R3): Motion that can be given according to various configurations: from 

left to right, right to left, bottom to top, top to bottom, diagonally, clockwise direction, 

counterclockwise.  

 Change of shape or texture (R4): Replacing a figure, or its filling texture, for another 

figure, or texture filling.  

 Stylization (R5): Incomplete or irregular figure that progressively acquires a known 

figure.  

 Reflection (R6): Transformation of a figure as if it were placing the resulting image in a 

mirror. In the example, there is a reflection of the geometric shape but not for its filling 

texture. 

 Irregular Movement (R7): Movement of figures that do not follow a simple defined 

pattern.  
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Figure 1 
Illustration of rule 1 (i.e., R1) to rule 7 (i.e., R7).  

 

 
 
Note: The description of each rule is given in the text below.  
Source: Own elaboration based on the items constructed for the FRT in 2011. 

 

 

Furthermore, there is an additional set of characteristics of the items that could increase 

the items difficulty such as:  

 Use of the distractors (R8): This variable indicates whether distractors (response 

options) facilitate the process of solving an item properly.  
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 Number of elements (R9): Refers to the number of figures in a series or in a matrix. The 

mean of figures by item is approximately 26 and has an associated standard deviation 

of 16.56. This indicator has been related to the amount of information that must be 

processed in working memory (Primi, 2001). 

 Level of the rules (R10): Rules were classified according to their ease to be inferred: 

simple or complex.  

 Number of rules (R11): This variable corresponds to counting the rules needed for 

solving an item. The assumption behind this variable is that the greater number of rules 

required for solving the item, the greater working memory load (Primi, 2001). 

 

2.1.4  Data analysis 

As mentioned previously, the rules described above were employed to construct the W 

matrix for the LLTM. In Table 1, a zero value indicates that a particular rule was not 

necessary to solve a given item and values larger than zero indicate either the number of 

times a rule was employed (e.g., from rule 1 to rule 7), the use of distractors (e.g., R8; 1 = 

use of distractors), the number of elements (e.g., R9), the level of rule (e.g., R10; 1 = 

complex), or the number of rules (i.e., R11). 
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Table 1 
Cognitive operations specified as the W matrix. 

Item R1 R2 R3 R4 R5 R6 R7 R8 R9 R10 R11 

Test1-Item1 1 0 0 0 0 0 0 0 23 0 1 

Test1-Item2 0 1 0 0 0 0 0 0 18 0 1 

Test1-Item3 0 1 0 0 0 0 0 0 14 0 3 

Test1-Item4 1 0 1 0 0 0 0 0 45 0 2 

Test1-Item5 0 0 1 0 0 0 0 0 35 0 1 

Test1-Item6 1 0 1 0 0 0 0 0 9 0 2 

Test1-Item7 0 2 1 0 0 0 0 0 9 0 1 

Test1-Item8 0 0 2 0 0 0 0 0 14 0 2 

Test1-Item9 0 1 1 0 0 0 0 0 18 0 2 

Test1-Item10 0 0 0 1 0 0 0 0 9 1 2 

Test1-Item11 2 0 0 2 0 0 0 0 27 1 2 

Test1-Item12 0 0 0 0 1 0 0 1 36 0 1 

Test2-Item1 1 0 0 1 0 0 0 0 81 0 2 

Test2-Item2 0 0 0 1 0 1 0 0 24 0 2 

Test2-Item3 0 0 0 2 0 0 0 0 48 0 3 

Test2-Item4 0 0 1 0 0 1 0 0 14 0 2 

Test2-Item5 0 0 0 2 0 0 0 1 12 0 3 

Test2-Item6 1 0 0 2 0 0 0 1 36 0 2 

Test2-Item7 1 0 1 0 0 0 0 0 26 0 4 

Test2-Item8 0 0 1 1 0 0 0 0 18 0 2 

Test2-Item9 1 0 0 2 0 0 0 1 12 0 3 

Test2-Item10 0 0 1 2 0 0 0 1 36 1 3 

Test2-Item11 0 0 1 1 0 0 1 1 36 1 3 

Test2-Item12 0 0 1 1 0 0 1 1 18 1 1 

 
Note: R1 = Increase or decrease of the size; R2 = Addition or subtraction; R3 = Simple Motion; R4 = 
Change of shape or texture; R5 = Stylization; R6 = Reflection; R7 = Irregular Movement; R8 = Use of 
the distractors; R9 = Number of elements; R10 = Level of the rules; R11 = Number of rules. 
Source: Own elaboration based on the calculation of the W matrix for the LLTM in 2017.  
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The LLTM allowed estimating the trait levels of the subjects, the difficulty of the items, 

and the effect of the rules (i.e., the W matrix) on the items difficulty. To evaluate the 

adequateness of the LLTM to data we considered four criteria. First, we tested the fit of the 

Rasch model to the data by means of Likelihood Ratio Test (Andersen, 1973); therein, item 

parameters of different subsamples were compared. For valid models, item parameters 

should not vary across subsamples in respect to an arbitrary split criterion (e.g., median). 

Second, to evaluate the unidimensionality axiom we used the Martin-Löf Test (Glas and 

Verhelst, 1995), which checks if two sets of items form a Rasch scale. Third, we examined 

the correlation between the difficulty parameters estimated by the Rasch model (i.e., the 

βRasch) and the LLTM (i.e., the βLLTM). A strong correlation (i.e., r >= 0.80) between the LLTM 

and Rasch model estimates provides evidence of the W matrix as a good approximation of 

the item parameters (Gorin, 2005). Finally, we tested the W matrix in a new sample of 

participants in order to find further evidences of validity for the rules proposed in Study 1. 

Study 2 deals with this regard. 

 

2.2 Results 

2.2.1 Rasch Model 

Study Sample. The fit of the Rasch model according to Andersen’s likelihood-ratio test 

–median as split criterion– χ(23) = 79.39, p < 0.01, was unsatisfactory. This is not surprising 

because it is known that this statistic is sensitive to large samples (Bond and Fox, 2001). 

Figure 2 (i.e., the scatterplot titled study sample) shows a graphical model test based on 

βRasch parameters with confidence ellipses for each item. As Figure 2 shows items are not 

fairly away from the diagonal, which suggests that item parameters do not vary across high 

and low test performance. Therefore, we considered that the graphical model test supported 

the fit of the Rasch model to data. 

The Martin-Löf Test –median as split criterion– indicated that the unidimensionality 

assumption is achieved χ(143) = 82.36, p = 1. In addition, data analysis showed that the 

Rasch model did not fit 10 participants (0.95%); that is, Infits Mean Square Statistics 

(InfitMSQ) outside the range of 0.5 and 1.5 (Linacre, 2012). The InfitMSQ for items was in a 

desirable range of 0.85 and 1.03. Item difficulty was in the range of -2.76 and 3.07 (Mdifficulty = 

0.10), and person ability was in the range of -4.00 and 2.77 (Mability = 0.330). The person-item 

map of the study sample (see Figure 3) shows the distribution of the person’s abilities (Top 
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panel) on the same metric as the item difficulties (Bottom panel). The Rasch person-item map 

shown in Figure 3 orders the level of reasoning ability of participants and item difficulty from 

left to right. Persons with ‘low reasoning score’ (i.e., at the left of the scale) have difficulty 

even with easiest items; persons with ‘high reasoning score’ are plotted at the right of the 

scale. Items at the left of the scale are easier to perform. Items become more difficult to 

perform further right the scale. Moreover, the figure shows that items are located at each 

point on the scale and they cover all their areas. This pattern indicates that items cover most 

participants on the scale. 

Validation sample. Andersen’s likelihood-ratio test indicated an unsatisfactory fit of the 

Rasch model to data, χ(23) = 84. 61, p < 0.001; nevertheless, visual inspection suggests an 

adequate pattern (see Figure 2 the scatter plot titled Validation sample). Similar to the 

findings of Study sample, the Martin-Löf Test, χ(143) = 78.74, p = 1, shows that the 

unidimensionality assumption in the FRT is accomplished. The InfitMSQ criterion revealed 

that Rasch model did not fit 3 participants, while items were in the satisfactory range of 0.849 

and 1.10. Person ability (Mability = 0.33) and item difficulty (Mdifficulty = 0.09) were in the range of 

-3.20 and 2.78 and in the range of -3.07 and 3.32, respectively. The person-item map 

followed a similar pattern of study sample, that is, a close correspondence between items 

difficulty and person’s ability (see Figure 3).  

Data analysis of study sample and validation sample supported the fit of the Rasch 

model to data; thus, we can go further inspecting the FRT via LLTM. 
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Figure 2 
Scatter plot for Study sample (left side) and Validation sample (right side).  

 
Note: Graphical model test based on linear relation between the βRasch estimates of the high 
performance group (raw scores > median; y axis) and the low performance group (raw scores <= 
median; x axis).  
Source: Own elaboration based on the calculation of the Rasch Model in 2017. 
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Figure 3 
The Rasch person-item map for Study sample and Validation sample. 

 
Note: The top panel shows persons’ distribution according their ability level (x axis). The bottom panel 
shows each item (y axis) according the level of difficulty (x axis). Note: T1.1 = Test 1 item 1; T2.1 = 
Test 2 item 1.  
Source: Own elaboration based on the calculation of the Rasch Model in 2017. 

 

2.2.2  Linear logistic test model (LLTM) 

The estimated difficulty parameters of the Rasch model and the LLTM were highly 

related for the study sample, r(22) = 0.93, p < 0.001, and for the validation sample, r(22) = 

0.92, p < 0.001. Table 2 shows the η parameters and their respective 95% confidence interval 

for the two samples. The 95% confidence intervals reported in Table 2 did not include zero, 

suggesting that, every rule reliably contributed to predict the difficulty of the items. Item 

parameters in eRm package are estimated as easiness parameters and, by implication, 

negatives η values denote that a specific rule makes an item more difficult (Mair, Hatzinger, 

and Maeir, 2007). The pattern of results for both samples was as follow. The η values 
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belonging to R8 and R9 were positives, which suggests that using distractors and a larger 

number of figures aid to solve the items properly. The remaining parameters contributed to 

increase the items difficulty. As observed, R5, which has been called stylization, shows the 

largest contribution to the level of difficulty, while R7 (i.e., irregular movement) is the following 

most important rule explaining level of difficulty. Finally, R11, number of rules, contributes to 

the level of difficulty of the items.  

 

Table 2 
Estimates of η parameter for Study sample and Validation sample. 

 Study sample  Validation sample 

Rule η parameter Approximate 95% 
confidence intervals 

η parameter Approximate 95% 
confidence intervals 

R1 -.40 [-.46, -.34] -.45 [-.52, -.38] 

R2  -.36 [-.43, -.29] -.31 [-.40, -.22] 

R3 -1.47 [-1.54, -1.40] -1.40 [-1.48, -1.31] 

R4 -.74 [-.81, -.66] -.81 [-.90, -.72] 

R5 -6.00 [-6.31, -5.69] -6.62 [-6.69, -5.58] 

R6 -.54 [-.66, -.43] -.58 [-.72, -.44] 

R7 -1.87 [-2.09, -1.66] -2.09 [-2.35,-1.84] 

R8 .36 [.24, .48] .40 [.25, 0.55] 

R9 .01 [.01, .02] .02 [.01, .02] 

R10 -1.16 [-1.27, -1.06] -.99 [-1.11, -.87] 

R11 -.24 [-.28, -.19] -.19 [-.25, -.14] 

 
Note: R1 = Increase or decrease of the size; R2 = Addition or subtraction; R3 = Simple motion; R4 = 
Change of shape or texture; R5 = Stylization; R6 = Reflection; R7 = Irregular movement; R8 = Use of 
the distractors; R9 = Number of elements; R10 = Level of the rules; R11 = Number of rules. 
Source: Own elaboration based on the calculation of the LLTM in 2017.  
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3. Study 2 

3.1 Method  

3.1.1 Participants   

Study 2 sought to test the rules of the TRF that were characterized in Study 1 thanks to 

a new sample of 162 students who were in their first year at the University of Costa Rica. We 

regarded this group as the UNI group. As we mentioned above, students of the UNI group 

were part of a selection process that involved indicators of reasoning abilities and academic 

achievement during the last two years of high school.  

The sample was composed of 34% of females with 42% of the participants who had 

studied in public high school. All of them were recruited in 2010 and were currently taking 

classes of “Humanidades” that group students from a wide variety of careers offered by the 

UCR. 

 

3.1.2  Data analysis 

As a consequence of this admission process is suitable to predict higher levels of 

reasoning abilities for the UNI group –as compared with high school students of Study 1. In 

this respect some studies suggest that persons achieving higher scores on general mental 

ability and working memory capacity usually attempt to construct a potential solution that can 

be compared to response alternatives (i.e., constructive matching; Arendasy and Sommer, 

2013; Primi, 2002; Putz-Osterloh, 1981). In contrast, respondents showing lower scores on 

measures of these cognitive processes tend to spend more time inspecting response 

alternatives to eliminate incorrect response alternatives (i.e., response elimination; Arendasy 

and Sommer, 2013; Primi, 2002; Putz-Osterloh, 1981). Accordingly, we foresee that R8, use 

of distractors, could be estimated either as a smaller or an insignificant parameter in the UNI 

group.  

In the next section, we presented results of data analysis of the UNI group so as to 

examine the adequateness of the LLTM to this data set. Later, the LLTM parameters for all 

groups are presented.  

 

3.2 Results  

Andersen’s likelihood-ratio test indicated a good fit of the Rasch model to data of the 

UNI group, χ(21) = 27.616, p = 0.15. Figure 4 corroborates this result by showing that the 
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confidence ellipses and the diagonal overlap each other. The Martin-Löf Test, χ(119) = 

47.559, p = 1, brought support to the unidimensionality axiom. The InfitMSQ criterion (see 

Bond and Fox, 2001) indicated that six participants were outside of the suitable range (i.e., 

InfitMSQ between 0.5 and 1.5) and that all items fall in the appropriate range of 0.79 and 

1.10. Person’s abilities and item difficulties were in the range of -1.60 and 3.80 (Mability = 0.67), 

and in the range of -4.25 and 2.39 (Mdifficulty = 0.00), respectively.  

 
 

Figure 4 
Scatter plot for university students group.  

 
Note: Graphical model test based on linear relation between the βRasch estimates of the high 
performance group (raw scores > median; y axis) and the low performance group (raw scores <= 
median; x axis).  
Source: Own elaboration based on the calculation of the Rasch Model in 2017.  

 

Additionally, the person-item map suggests (see Figure 5), in general, an adequate 

distribution between item difficulties and person abilities. Nonetheless, the four items located 

at the left of the scale do not show correspondence between their difficulty level and the 

ability of participants. This finding can be interpreted as a higher level of reasoning abilities for 

university students compared to high school students. The correlation between difficulty 

parameters of the Rasch model and the LLTM, r(20) = .97, p > 0.001, suggested that the 

latter model captured the data structure as well as the Rasch model. 
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Figure 5 
The Rasch person-item map for university students of Study 2.  

 
Note: The top panel shows persons’ distribution according their ability level (x axis). The bottom panel 
shows each item (y axis) according the level of difficulty (x axis). Note: T1.1 = Test 1 item 1; T2.1 = 
Test 2 item 1.  
Source: Own elaboration based on the calculation of the Rasch Model in 2017.  

 

Figure 6 shows η parameters (i.e., the estimated parameter for each rule) for study 

sample, validation sample, and UNI group. Parameters including zero in their respective 95% 

CI indicate a no reliable effect on item difficulty. Figure 6 shows that in the case of the UNI 

group, rules R1, R2, R6, and R8 do not play a major role in influencing the difficulty of the 

items. These results suggest that the hypothesized set of cognitive operations, related to the 

ability of high school students solving the FRT, cannot be completely generalized to UNI 

group. 
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Figure 6 
Cleveland dot plot for η parameter for each rule according groups.  

 

 
Note: Dots represent the LLTM η parameters and lines represent 95% CIs. Note: Study = High school 
students from the study sample; Validation = High school students from the validation sample; UNI = 

University students.  
Source: Own elaboration based on the calculation of the LLTM in 2018.  

 

4. Discussion  

One of the main contributions of this study relies on the identification and validation of 

the most important sources of items difficulty that, at same time, contribute to bring evidence 

of construct validity of the figural reasoning test (FRT). This work also suggests that high 

school and university students use different strategies when solving figural matrices. 

In Study 1 we randomly assigned high school students to different groups: study 

sample and validation sample. Data from study sample were used to test the proposed set of 

rules (i.e., the W matrix) and data from validation sample were employed to bring further 
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support to the rules. Study 2 tested again the W matrix in the UNI group and we argued that 

this group should exhibit higher levels of reasoning abilities due to the admission process at 

the University of Costa Rica.  

Data analysis of validation sample suggests that the proposed set rules are a suitable 

set of cognitive operations underlying the solution process of FRT. In general, our set of rules 

was in accord with studies suggesting that types of rules and number of rules influence the 

item difficulty of figural matrices (Arendasy and Sommer, 2005; Carpenter et al., 1990; 

Embretson, 2002; Primi, 2001). In the FRT participants had to maintain a set of rules in 

memory while they conjecture relationships between rules with the aim of choosing the option 

they expected was accurate. Thus, the significant effect of number of rules on the difficulty of 

items could reflect working memory capacity, which has been regarded as an important 

predictor of fluid intelligence tests (Colom, Rebollo, Palacios, Juan-Espinosa, and Kyllonen, 

2004; Kyllonen and Christal, 1990; Süß, Oberauer, Wittmann, Wilhelm, and Schulze, 2002). 

Surprisingly, R9 –number of elements, seems to facilitate the process of solving the items, 

finding that is in disagreement with other studies (Arendasy and Sommer, 2005; Carpenter et 

al., 1990; Embretson, 2002; Primi, 2001). We suspect that the number of elements in an item 

helps to discriminate between good and bad distractors. This hypothesis is based on 

relationships among R8 –use of distractors, R9 –numbers of elements, and group dynamics. 

Specifically, the study sample and the validation sample groups in which R8 helps to solve 

the items also show a different and a larger facilitation of R9 as compared to the UNI students 

group (first year at the University). 

Study 2 revealed how the effect of some rules changes as function of persons’ ability 

level. A re-analysis of Study 1 data brings evidence of group differences on the relevance of 

R8 –use of distractors. Particularly, it suggests that high school students (i.e., the study and 

validation samples), when confronted to the FRT, tend to deal with items by constructive 

matching as compared with UNI students. Naturally, this finding has to be addressed in detail 

by verbal reports and other methodologies such as eye-movements analyses. Future studies 

should put more emphasis in solution strategies since a recent study demonstrated that 

response elimination can detrimentally affects the construct validity of figural matrices 

(Arendasy and Sommer, 2013). Furthermore, the remaining discrepancies between η 

parameters of the UNI versus study and validation samples indicate that it is not opportune to 

reduce groups’ differences to high or low in performance in the FRT. Our data insinuate more 
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meaningful variations in the so-called fluid intelligence. The present findings are also highly 

relevant in the domain of education. First, it is well known that fluid intelligence predicts many 

forms of academic and school achievements and that it correlates with a good management 

in daily life (Deary, 2012; Smolen and Chuderski, 2015). Therefore, a better understanding of 

the specific mechanisms involved in fluid intelligence will inform educators about the sources 

of variation for people in academic contexts, thereby providing a broad view for developing 

more opportune strategies for teaching and evaluation. Second, although fluid intelligence 

has been conceived as a stable trait that is relatively unaffected by interventions (Carroll, 

1993). However a lot of time and money is invested in training programs with the aim of 

enhancing their intelligence. In this respect it is imperative that professionals on education 

inform people about the controversy and the lack of evidence for improving intelligence 

through these training programs. We suggest that one alternative to clarify this controversy is 

through the understanding of the mechanisms underlying the individual and group differences 

in fluid intelligence. 

To conclude, this study represents a successful application of LLTM to a fluid 

intelligence test. Beyond this specific example, the same strategy of analysis could be applied 

to the construction of other tests–particularly in those for which the automatized generation of 

items is not possible–and other constructs; it also may help educators, researchers and 

decision-makers to improve their pursue of relying on the most refined instruments. 

 

 

5. References  

Andersen, Erling B. (1973). A goodness of fit test for the Rasch model. Psychometrika, 38(1), 
123–140. doi: 10.1007/BF02291180 

 
Arendasy, Martin E. and Sommer, Markus. (2005). The effect of different types of perceptual 

manipulations on the dimensionality of automatically generated figural matrices. 
Intelligence, 33(3), 307–324. doi:10.1016/j.intell.2005.02.002 

 
Arendasy, Martin E. and Sommer, Markus. (2013). Reducing response elimination strategies 

enhances the construct validity of figural matrices. Intelligence, 41(4), 234–243. doi: 
http://dx.doi.org/10.1016/j.intell.2013.03.006  

 
Bond, Trevor and Fox, Christine. (2001). Applying the Rasch model. Fundamental 

measurement in the human sciences. Mahwah, NJ: Lawrence Erlbaum Associates.  
 

http://dx.doi.org/10.1016/j.intell.2013.03.006


Revista Electrónica “Actualidades Investigativas en Educación” 

 

 

____________________________________________________________Volumen 19 Número 1 (Enero-Abril), ISSN 1409-4703 

20 

 

Carpenter, Patricia A., Just, Marcel A. and Shell, Peter. (1990). What one intelligence test 
measures: A theoretical account of processing in the Raven progressive matrices test. 
Psychological Review, 97(3), 404–431. doi: http://dx.doi.org/10.1037/0033-
295X.97.3.404 

 
Carroll, John B. (1993). Human Cognitive Abilities: A Survey of Factor Analytic Studies. 

Cambridge, UK: Cambridge University Press. 
 
Cattell, Raymond B. (1963). Theory of fluid and crystallized intelligence: A critical experiment. 

Journal of Educational Psychology, 54(1), 1–22. doi: 
http://dx.doi.org/10.1037/h0046743 

 
Cattell, Raymond B. (1971). Abilities: Their structures, growth, and actions. Boston, MA: 

Houghton-Mifflin.  
 
Cattell, Raymond B. (1987). Intelligence: its structure, growth, and action. New York, NY: 

North-Holland.  
 
Colom, Roberto, Rebollo, Irene, Palacios, Antonio, Juan-Espinosa, Manuel and Kyllonen, 

Patrick C. (2004). Working memory is (almost) perfectly predicted by g. Intelligence, 
32(3), 277–296. doi:10.1016/j.intell.2003.12.002 

 
Deary, Ian J. (2012). Intelligence. Annual Review of Psychology, 63, 453-482. doi: 

10.1146/annurev-psych-120710-100353 
 
Embretson, Susan E. (1995). A measurement model for linking individual change to 

processes and knowledge: Application to mathematical learning. Journal of Educational 
Measurement, 32(3), 275–294. doi: https://doi.org/10.1111/j.1745-3984.1995.tb00467.x 

 
Embretson, Susan E. (2002). Generating abstract reasoning items with cognitive theory. In 

Sidney H. Irvine and Patrick C. Kyllonen, (Eds.), Item generation for test development 
(pp. 219–250). Mahwah, NJ: Lawrence Erlbaum Associates. 

 
Fischer, Gerhard H. (2005). Linear logistic test models. Encyclopedia of Social Measurement, 

2, 505-514. doi: https://doi.org/10.1016/B0-12-369398-5/00453-9  
 
Fischer, Gerhard H. and Molenaar, Ivo W. (1995). Rasch models: foundations, recent 

developments and applications. New York, NY: Springer-Verlag. 
 
Glas, Cees A. W. and Verhelst, Norman. (1995). Testing the Rasch model. In Gerhard H. 

Fisher y Ivo W. Molenaar (Eds.), Rasch models: Foundations, recent developments, 
and applications (pp. 325-352). New York: Springer-Verlag. 

 
Harrell Jr, Frank E. (2018). Hmisc: Harrell Miscellaneous. R package version 4.1-1. Retrieved 

from https://CRAN.R-project.org/package=Hmisc  
 

http://psycnet.apa.org/doi/10.1037/0033-295X.97.3.404
http://psycnet.apa.org/doi/10.1037/0033-295X.97.3.404
http://dx.doi.org/10.1037/h0046743
https://doi.org/10.1111/j.1745-3984.1995.tb00467.x
https://doi.org/10.1016/B0-12-369398-5/00453-9
https://cran.r-project.org/package=Hmisc


Revista Electrónica “Actualidades Investigativas en Educación” 

 

 

____________________________________________________________Volumen 19 Número 1 (Enero-Abril), ISSN 1409-4703 

21 

 

Jacobs, Paul I. and Vandeventer, Mary. (1972). Evaluating the teaching of intelligence. 
Educational and Psychological Measurement, 32(2), 235–248. doi:   
https://doi.org/10.1177/001316447203200201 

 
Gorin, Joanna. S. (2005). Manipulating processing difficulty of reading comprehension 

questions: the feasibility of verbal item generation. Journal of Educational 
Measurement, 42(4), 351-373. doi: https://doi.org/10.1111/j.1745-3984.2005.00020.x 

 
Kyllonen, Patrick C. and Christal, Raymond E. (1990). Reasoning ability is (little more than) 

working-memory capacity?! Intelligence, 14(4), 389–433. doi: 
https://doi.org/10.1016/S0160-2896(05)80012-1 

 
Kubinger, Klaus D. (2009). Applications of the Linear Logistic Test Model in Psychometric 

Research. Educational and Psychological Measurement, 69(2), 232-244. doi: 
https://doi.org/10.1177/0013164408322021 

 
Kvist, Ann Valentin and Gustafsson, Jan-Eric. (2008). The relation between fluid intelligence 

and the general factor as a function of cultural background: A test of Cattell’s 
Investment theory. Intelligence, 36(5), 422–436. doi: 
https://doi.org/10.1016/j.intell.2007.08.004 

 
Linacre, John M. (2012). Winsteps® Rasch measurement computer program User's Guide. 

Beaverton, Oregon: Winsteps.com. 
 
Mair, Patrick, Hatzinger, Reinhold and Maier, Marco J. (2018). eRm: Extended Rasch 

Modeling. 0.16-2. Recuperado de https://cran.r-project.org/web/packages/eRm/eRm.pdf  
 
Mair, Patrick, Hatzinger, Reinhold and Maier, Marco J. (2007). Extended Rasch modeling: 

The eRm package fort he application of IRT models in R. Journal of Statistical 
Software, 20(9), 1-20. http://www.jstatsoft.org/v20/i09 

 
Primi, Ricardo. (2002). Complexity of geometric inductive reasoning tasks. Contribution to the 

understanding of fluid intelligence. Intelligence, 30(1), 41–70. doi: 
https://doi.org/10.1016/S0160-2896(01)00067-8 

 
Putz-Osterloh, Wiebke. (1981). Problemlöseprozesse und intelligenztestleistung [Strategies 

of reasoning and intelligence]. Bern, Germany: Huber. 
 
R Core Team. (2017) R: A Language and Environment for Statistical Computing. Recovered 

from https://www.R-project.org/  
 
Rupp, André y Mislevy, Robert. (2006). Cognitive Foundations of Structured Item Response 

Models. In Jacqueline P. Leighton and Mark J. Gierl (Eds.), Cognitive Diagnostic 
Assessment: Theories and Applications (pp. 205-241). Cambridge, England: 
Cambridge University Press. 

 
Scheiblechner, Hartmann. (1972). Das Lernen und Lo ̈sen komplexer Denkaufgaben. 

Zeitschrift für Experimentelle und Angewandte Psychologie, 3, 456–506. 

https://doi.org/10.1177%2F001316447203200201
https://doi.org/10.1111/j.1745-3984.2005.00020.x
https://doi.org/10.1016/S0160-2896(05)80012-1
https://doi.org/10.1177%252F0013164408322021
https://doi.org/10.1016/j.intell.2007.08.004
https://cran.r-project.org/web/packages/eRm/eRm.pdf
http://www.jstatsoft.org/v20/i09
https://doi.org/10.1016/S0160-2896(01)00067-8
https://www.r-project.org/


Revista Electrónica “Actualidades Investigativas en Educación” 

 

 

____________________________________________________________Volumen 19 Número 1 (Enero-Abril), ISSN 1409-4703 

22 

 

Schweizer, Karl, Troche, Stefan and Rammsayer, Thomas. (2011). On the Special 
Relationship between Fluid and General Intelligence: New Evidence Obtained by 
Considering the Position Effect. Personality and Individual Differences, 50(8), 1249–
1254. doi: https://doi.org/10.1016/j.paid.2011.02.019 

 
Smolen, Tomasz and Chuderski, Adam. (2015). The quadratic relationship between difficulty 

of intelligence test items and their correlations with working memory. Frontiers in 
Psychology, 6, 1-13. https://doi.org/10.3389/fpsyg.2015.01270  

 
Süß, Heinz-Martin, Oberauer, Klaus, Wittmann, Werner, Wilhelm, Oliver and Schulze, Ralf. 

(2002). Working memory capacity explains reasoning ability—and a little bit more. 
Intelligence, 30(3), 261–288. doi: https://doi.org/10.1016/S0160-2896(01)00100-3 

 
Wickham, Hadley. (2007). Reshaping data with the reshape package. Journal of Statistical 

Software, 21(12). Retrieved from http://www.jstatsoft.org/v21/i12/paper   
 
Wickham, Hadley. (2011). The Split-Apply-Combine Strategy for Data Analysis. Journal of 

Statistical Software, 40(1), 1-29. Retrieved from http://www.jstatsoft.org/v40/i01/  
 
Wickham, Hadley. (2016). ggplot2: Elegant Graphics for Data Analysis. New York: Springer-

Verlag.  
 
Yang, Xiangdong y Embretson, Susan E. (2007). Construct validity and cognitive diagnostic 

assessment. In Jacqueline P. Leighton and Mark J. Gierl, (Eds.), Cognitive diagnostic 
assessment. Theory and applications (pp.119-145). Cambridge, England: Cambridge 
University Press. 

https://doi.org/10.1016/j.paid.2011.02.019
https://doi.org/10.3389/fpsyg.2015.01270
https://doi.org/10.1016/S0160-2896(01)00100-3
http://www.jstatsoft.org/v21/i12/paper
http://www.jstatsoft.org/v40/i01/

