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1. Introduction 
 

Maurice Frechet introduced the metric space in 1906. Since 

then it has been generalized by many researchers. The notion 

of 𝑏 metric was introduced by Bakhtin (1989) which was 

further used by Czerwik (1993, 1998) to prove many results. 

Definition 1.1. (Czerwik, 1993)  Let 𝑴  be a non empty set 

and 𝜆 ≥ 1  be a given real number. A function 𝑑: 𝑀 × 𝑀 →

[0,∞)  is a 𝑏 -metric on  𝑴 if the following conditions hold for 

all 𝑥, 𝑦, 𝑧 ∈ 𝑀,  

 

(B1)  𝑑(𝑥, 𝑦) = 0iff𝑥 = 𝑦; 

(B2)  𝑑(𝑥, 𝑦) = 𝑑(𝑥, 𝑦); 

(B3)  𝑑(𝑥, 𝑧) ≤ 𝜆[𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧)]; 

 

The triplet (𝑀, 𝑑, 𝜆) is called 𝑏 -metric space. 

Examples and fixed point theorems related to 𝑏 metric 

space are mentioned in (Ansari, Gupta, & Mani 2020; 

Boriceanu, 2009; Boriceanu Bota, & Petrusel 2010; Shatanawi, 

Pitea, & Lazovic, 2014). 

The concept of 𝑏-metric space is broader than concept of 

metric space, when we take 𝜆 = 1  in 𝑏 -metric space then we 

get metric space. 

Huang and Zhang (2007) generalized the concept of metric 

space by introducing the concept of cone metric space. In the 

research by Huang and Zhang (2007) real numbers are 

replaced with an ordered Banach space and  some fixed point 

theorems for non linear mappings are proved. After the work 

of Huang and Zhang (2007), lot of literature appeared related 

to the study of cone metric spaces. Details are available 

(Jankovi’c, Kadelburg, & Radenovi’c, 2011; Latif, Hussain, & 

Ahmad, 2016; Mehmood, Azam, & Ko’cinac, 2015; Shatanawi, 

Karapinar, & Aydi,2012). 

Zadeh (1965) introduced the concept of fuzzy set theory. 

After his work many researchers started applying this new 

concept to classical theories. In particular, Kramosil and 

Michalek (1975) introduced the new  concept fuzzy metric 

space and proved many results. George and Veeramani (1994) 

introduced a stronger form of fuzzy metric space. Afterwards, 

many mathematicians studied fixed point theorems in the 

related spaces (Chauhan & Utreja, 2013; Chauhan & Kant, 

2015; Gupta, Saini, & Verma, 2020; Gupta, & Verma, 2020). 

Czerwik (1998) introduced 𝑏 metric space and proved some 

results. The concept of 𝑏 metric space is the extension to 

metric space. 

Hussain and Shah (2011) introduced the concept of cone 𝑏 

metric space, which generalizes both b-metric space and cone 

metric space. 

Oner, Kandemire, and Tanay (2015) applied the concept of 

fuzziness to cone metric space and introduced fuzzy cone 

metric space as a generalized form of fuzzy metric space given 

by George and Veeramani (1994). They proved some basic 

properties and fixed point theorems under this space. We can 

see related work in (Oner, 2016a, 2016b; Priyobarta, Rohen, & 

Upadhyay, 2016). 

In this paper, we have introduced the concept of fuzzy cone 

𝑏 metric space in the sense of George and Veeramani (1994). 

Here we combine the notion of cone 𝑏 metric space with the 

concept of fuzziness in the sense of George and Veeramani 

(1994) and proved new version of Banach contraction 

principle using this concept. We have defined fuzzy cone 𝑏 

contractive mapping and proved the fuzzy cone 𝑏 -Banach 

contraction theorem for single mappind as well as the pair of 

mappings. Other important results which are helpful in this 

study are (Abbas, Khan & Radenovic 2010; Ali & Kanna 2017: 

Boriceanu, Bota & Petrusel 2010: Li & Jiang 2014; Turkoglu & 

Abuloha 2010). 

Some more basic definitions which are used directly or 

indirectly are mentioned below: 

Definition 1.2. (Schweizer & Sklar, 1960) The binary 

operation ∗: [0,1] × [0,1] → [0,1] is called continuous t-norm 

if  *  satisfies the following conditions for al 𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1], 
 

1.  * is commutative and associative; 

2.  * is continuous; 

3.  𝑎 ∗ 1 = 𝑎, ∀𝑎 ∈ [0,1];  

4.  𝑎 ∗ 𝑏 ≤ 𝑐 ∗ 𝑑whenever𝑎 ≤ 𝑐𝑎𝑛𝑑𝑏 ≤ 𝑑;    
 

Example 1.1. Some examples of continuous t-norms are ∧ , 

and ∗ 𝐿, which are defined by 𝑐 ∧ 𝑑 = 𝑚𝑖𝑛{𝑐, 𝑑} , 𝑐. 𝑑 = 𝑐𝑑  

(usual multiplication in [0,1]) and 𝑐 ∗ 𝐿𝑑 = 𝑚𝑎𝑥{𝑐 + 𝑑 −
1,0}. 

Definition 1.3. (George & Veeramani, 1994) The triple 
(𝑌, 𝑁,∗)  is said to be fuzzy metric space if 𝑌 is an arbitrary set, 

* is a continuous 𝑡 -norm and 𝑁 is a fuzzy set on 

𝑌 × 𝑌 × (0, ∞)   such that for all 𝑎, 𝑏, 𝑐 ∈ 𝑌  and 𝑠, 𝑡 > 0,  we 

have   
 

1.  𝑁(𝑎, 𝑏, 𝑡) > 0;    

2.  𝑁(𝑎, 𝑏, 𝑡) = 1   if and ony if 𝑎 = 𝑏;    

3.  𝑁(𝑎, 𝑏, 𝑡) = 𝑁(𝑏, 𝑎, 𝑡)  ; 

4.  𝑁(𝑎, 𝑐, 𝑡 + 𝑠) ≥ 𝑁(𝑎, 𝑏, 𝑡) ∗ 𝑁(𝑏, 𝑐, 𝑠);    

5.  𝑁(𝑎, 𝑏, . ): (0, ∞) → [0,1]   is continuous. 

 
Definition 1.4. (Sedghi & Shobe, 2012) Let 𝑌 be a non empty 

set, * a continuous t-norm and let 𝑘 ≥ 1 be a given real 

number. A fuzzy set 𝑁  in 𝑌 × 𝑌 × (0,∞)  is called 𝑏 -fuzzy 

metric if for any 𝑎, 𝑏, 𝑐 ∈ 𝑌, and 𝑡, 𝑠 > 0,  the following 

conditions hold: 

 
1.  𝑁(𝑎, 𝑏, 0) > 0;  

2.  𝑁(𝑎, 𝑏, 𝑡) = 1 if and only if 𝑎 = 𝑏;   

3.  𝑁(𝑎, 𝑏, 𝑡) = 𝑁(𝑏, 𝑎, 𝑡); 

4.  𝑁(𝑎, 𝑐, 𝑡 + 𝑠) ≥ 𝑁(𝑎, 𝑏,
𝑡

𝑘
) ∗ 𝑁(𝑏, 𝑐,

𝑠

𝑘
); 
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5.  𝑁(𝑎, 𝑏, . ): (0, ∞) → [0,1] is continuous. 
Throughout this paper B denotes a real a Banach space and θ 

denotes the zero of B. 

 

Definition 1.5. (Huang & Zhang, 2007) Let 𝑄be the subset of 

𝐵. Then 𝑄 is called a cone if 

 

1.  𝑄 is closed, non empty, and 𝑄 ≠ {𝜃}; 

2.  if 𝑐, 𝑑 ∈ [0, ∞) and 𝑢, 𝑣 ∈ 𝑄, then 𝑐𝑢 + 𝑑𝑣 ∈ 𝑄; 

3.  if both 𝑢 ∈ 𝑄 and −𝑢 ∈ 𝑄, then 𝑢 = 𝜃. 

 

For a given cone 𝑄 ⊂ 𝐵 a partial ordering ≺ on 𝐵 via 𝑄 is 

defined by 𝑢 ≺ 𝑣 if and only if 𝑣 − 𝑢 ∈ 𝑄. 𝑢 ≺ 𝑣 stands for 

𝑢 < 𝑣 and 𝑢 ≠ 𝑣, while 𝑢 << 𝑣 stands for 𝑣 − 𝑢 ∈ 𝑖𝑛𝑡(𝑄), 

where 𝑖𝑛𝑡(𝑄) is the set of all interior points of 𝑄. In this paper, 

we assume that all cones has non empty interior. 

 

Definition 1.6. (Oner et al., 2015) A three tuple (𝑌, 𝑁,∗) is 

said to be a fuzzy cone metric space if 𝑄 is a cone of 𝐵, 𝑌is an 

arbitrary set, *  is a continuous t-norm and 𝑁is a fuzzy set on 

𝑌2 × 𝑖𝑛𝑡(𝑄) satisfying the following conditions for 𝑎, 𝑏, 𝑐 ∈ 𝑌 

and 𝑡, 𝑠 ∈ 𝑖𝑛𝑡(𝑃),   

 

1. 𝑁(𝑎, 𝑏, 𝑡) > 0 and 𝑁(𝑎, 𝑏, 𝑡) = 1  iff 𝑎 = 𝑏;   

2. 𝑁(𝑎, 𝑏, 𝑡) = 𝑁(𝑏, 𝑎, 𝑡); 

3. 𝑁(𝑎, 𝑐, 𝑡 + 𝑠) ≥ 𝑁(𝑎, 𝑏, 𝑡) ∗ 𝑁(𝑏, 𝑐, 𝑠); 

4. 𝑁(𝑎, 𝑏, . ): 𝑖𝑛𝑡(𝑄) → [0,1] is continuous. 

 
Definition 1.7. (Oner et al., 2015) Consider a fuzzy cone 

metric space (𝑌, 𝑁,∗), 𝑦 ∈ 𝑌 and {𝑦𝑛} be a sequence in 𝑌, then   

 
1.  {𝑦𝑛} is said to be converge to 𝑦 if for 𝑡 >> 𝜃 and 𝛼 ∈ (0,1) 

there exists natural number 𝑛1 such that 𝑁(𝑦𝑛, 𝑦, 𝑡) > 1 − 𝛼 

for all 𝑛 > 𝑛1.  

We denote it by lim n
n

y y
→

=   or 𝑦𝑛 → 𝑦 as 𝑛 → ∞; 

2.  {𝑦𝑛} is said to be a Cauchy sequence if for 𝛼 ∈ (0,1) and 

𝑡 >> 𝜃 there exists natural number 𝑛1 such that 

𝑁(𝑦𝑚, 𝑦𝑛, 𝑡) > 1 − 𝛼 for all 𝑚, 𝑛 ≥ 𝑛1;  

3.  (𝑌, 𝑁,∗) is said to be a complete cone metric space if every 

Cauchy sequence is convergent in 𝑌; 

4.  {𝑦𝑛} is said to be fuzzy cone contractive if there exists 𝛼 ∈

(0,1) such that 

        

1

𝑁(𝑦𝑛+1,𝑦𝑛+2,𝑡)
− 1 ≤ 𝛼(

1

𝑁(𝑦𝑛,𝑦𝑛+1,𝑡)
− 1) for all 𝑡 ≥

𝜃,  𝑛 ∈ 𝑁.  
 

2. Main results 
 

Definition 2.1 Let 𝑌 be a non empty arbitrary set, *   is a 

continuous t-norm, 𝑁 is a fuzzy set on 𝑌 × 𝑌 × 𝐼𝑛𝑡(𝑄), 𝑄 is a 

cone of 𝑩 (Real Banach space). A quadruple (𝑌, 𝑁,∗, 𝜆) is said 

to be fuzzy cone 𝑏 -metric space if following conditions are 

satisfied for all 𝑎, 𝑏, 𝑐 ∈ 𝑌and 𝑡, 𝑠 ∈ 𝐼𝑛𝑡𝑄, 𝜆 ≥ 1, 

 

FCNB1: 𝑁(𝑎, 𝑏, 𝑡) > 0;𝑁(𝑎, 𝑏, 0) = 0;  

FCNB2: 𝑁(𝑎, 𝑏, 𝑡) = 1𝑓𝑜𝑟𝑎𝑙𝑙𝑡 > 0𝑖𝑓𝑓𝑎 = 𝑏  

FCNB3: 𝑁(𝑎, 𝑏, 𝑡) = 𝑁(𝑏, 𝑎, 𝑡)  

FCNB4: 𝑁(𝑎, 𝑏, 𝑡) ∗ 𝑁(𝑏, 𝑐, 𝑠) ≤ 𝑁(𝑎, 𝑐, 𝜆(𝑡 + 𝑠)), 𝑠 ≥ 0   

FCNB5: 𝑁(𝑎, 𝑏, . ): 𝑖𝑛𝑡(𝑄) → [0,1] is continuous and 
𝑙𝑖𝑚
𝑛→∞

𝑁(𝑎, 𝑏, 𝑡) = 1.  

 

Example 2.1: Let𝐵 = 𝑅2. Then 𝑄 = {(𝑟1, 𝑟2): 𝑟1, 𝑟2 ≥ 0} 

subset of 𝐵, is a normal cone with normal constant 𝑘 = 1. 

 Let 𝑌 = 𝑅, 𝑎 ∗ 𝑏 = 𝑎𝑏 and 𝑀: 𝑋2 × 𝑖𝑛𝑡(𝑄) → [0,1], defined 

by 

𝑀(𝑥, 𝑦, 𝑡) =
1

𝑒

|𝑥−𝑦|
‖𝜆𝑡‖

 for all 𝑥, 𝑦 ∈ 𝑋and 𝑡 ≥ 0. 

FCNB1: 𝑀(𝑥, 𝑦, 0) =
1

𝑒
|𝑥−𝑦|

0

=
1

𝑒∞ =
1

∞
= 0; 

  𝑀(𝑥, 𝑦, 𝑡) > 0𝑖𝑓𝑡 > 0. 
FCNB2: 𝑀(𝑥, 𝑦, 𝑡) = 1 for all 𝑡 > 0 iff  .x y=  i.e. 

𝑀(𝑥, 𝑦, 𝑡) =
1

𝑒

|𝑥−𝑦|
‖𝜆𝑡‖

=
1

𝑒0 = 1. 

FCNB3: 𝑀(𝑥, 𝑦, 𝑡) =
1

𝑒

|𝑥−𝑦|
‖𝜆𝑡‖

=
1

𝑒

|𝑦−𝑥|
‖𝜆𝑡‖

= 𝑀(𝑦, 𝑥, 𝑡). 

FCNB4: 𝑠 ≤ 𝑡 + 𝑠 ≤ 𝜆(𝑡 + 𝑠), and ( ),t t s t s +  +  as 

𝜆 ≥ 1. 

This gives, ‖𝑠‖ ≤ ‖𝜆(𝑡 + 𝑠)‖
 

and ( ) ,t t s + we 

have 
( )

1
t s

s

 +
  and 

( )
1.

t s

t

 +
  

Now, |𝑥 − 𝑧| ≤ |𝑥 − 𝑦| + |𝑦 − 𝑧|,
 

we can write, |𝑥 − 𝑧| ≤ |𝑥 − 𝑦|
‖𝜆(𝑡+𝑠)‖

‖𝑡‖
+ |𝑦 − 𝑧|

‖𝜆(𝑡+𝑠)‖

‖𝑠‖
,
 

this implies, 
|𝑥−𝑧|

‖𝜆(𝑡+𝑠)‖
≤

|𝑥−𝑦|

‖𝑡‖
+

|𝑦−𝑧|

‖𝑠‖
, 

so, one can get 𝑒
|𝑥−𝑧|

‖𝜆(𝑡+𝑠)‖ ≤ 𝑒
|𝑥−𝑦|

‖𝑡‖ + 𝑒
|𝑦−𝑧|

‖𝑠‖  or 1

𝑒

|𝑥−𝑧|
‖𝜆(𝑡+𝑠)‖

≥
1

𝑒
|𝑥−𝑦|

‖𝑡‖

+
1

𝑒
|𝑦−𝑧|

‖𝑠‖

. 

 

Thus, 𝑀(𝑥, 𝑧, 𝜆(𝑡 + 𝑠)) ≥ 𝑀(𝑥, 𝑦, 𝑡) ∗ 𝑀(𝑦, 𝑧, 𝑠). 
 

FCNB5: Define 𝑓1: 𝐼𝑛𝑡𝑄 → (0, ∞) such that 𝑓1(𝑡) = ‖𝑡‖ =

√𝑟1
2 + 𝑟2

2and 𝑓2: (0, ∞) → [0,1], 𝑓2(𝑣) = 𝑒
|𝑥−𝑦|

𝑣 . 
 

Then 𝑀(𝑥, 𝑦, . ): 𝐼𝑛𝑡𝑄 → [0,1] is composite function of 𝑓1 

and 𝑓2. 

Both 𝑓1 and 𝑓2 are continuous, hence 𝑀(𝑥, 𝑦, . ) is also 

continuous and 𝑙𝑖𝑚
𝑡→∞

𝑀(𝑥, 𝑦, 𝑡) = 𝑙𝑖𝑚
𝑡→∞

1

𝑒

|𝑥−𝑦|
‖𝑡‖

= 1. 

 

Definition 2.2: Let(𝑌, 𝑁,∗, 𝜆)  be a fuzzy cone 𝑏 -metric 

space.𝑅: 𝑌 → 𝑌 be a self mapping. Then 𝑅 is said to be fuzzy 

cone 𝑏 -contractive if there exist 𝛼 ∈ (0,1) such that  
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1

𝑁(𝑅𝑥,𝑅𝑦,𝑡)
− 1 ≤ 𝛼 (

1

𝑁(𝑥,𝑦,𝑡)
− 1) for  𝑥, 𝑦 ∈ 𝑌  and 𝑡 ≥ 𝜃, where 

𝜃 denotes the zero of 𝐵 and 𝛼 is known as contraction 

constant of 𝑅. 

 

Definition 2.3: Let (𝑌, 𝑀,∗, 𝜆)  be a fuzzy cone 𝑏 -metric 

space and {𝑥𝑛} be a sequence in 𝑌. Then {𝑥𝑛} is said to be 

fuzzy cone 𝑏 -contractive if  
1

𝑀(𝑥𝑛+1,𝑥𝑛+2,𝑡)
− 1 ≤ 𝛼 (

1

𝑀(𝑥𝑛,𝑥𝑛+1,𝑡)
− 1) for all 𝑡 ≥ 𝜃, 𝑛is 

natural number,𝛼 ∈ (0,1). 

 

Definition 2.4: Let (𝑌, 𝑀,∗, 𝜆)  be a fuzzy cone 𝑏 -metric 

space.𝐴, 𝐵: 𝑌 → 𝑌  are self mappings. Then mappings 

𝐴and𝐵are known as fuzzy cone 𝑏 -contractive if𝛼 ∈ (0,1) 
such that 

1

𝑁(𝐴𝑥,𝐵𝑦,𝑡)
− 1 ≤ 𝛼 (

1

𝑁(𝑥,𝑦,𝑡)
− 1) for 𝑡 ≥ 𝜃, 𝛼 is called 

contraction constant of 𝐴and 𝐵. 

 

Fuzzy Cone 𝑏 -Banach Contraction Theorem 

 

Theorem 2.1: Let (𝑋, 𝑀,∗ , 𝜆)be complete fuzzy cone 𝑏 -

metric space in which fuzzy cone 𝑏 -contractive sequence is 

Cauchy and𝑆, 𝑇 → 𝑅 be fuzzy cone contractive mappings and 

𝑆(𝑋) ⊆ 𝑇(𝑋). Then 𝑆 and 𝑇have unique common fixed point. 

 

Proof: Let 𝑥0 ∈ 𝑋, define a sequence {𝑥𝑛} such that 

𝑥2𝑛+1 = 𝑆𝑥2𝑛, 𝑥2𝑛+2 = 𝑇𝑥2𝑛+1 for 𝑛 = 0,1,2. .. 

First we show that sub sequence {𝑥2𝑛} is a Cauchy 

sequence  
1

𝑀(𝑥2𝑛+1, 𝑥2𝑛+2, 𝑡)
− 1 =

1

𝑀(𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1, 𝑡)
− 1

≤ 𝛼 (
1

𝑀(𝑥2𝑛, 𝑥2𝑛+1, 𝑡)
− 1) 

= 𝛼 (
1

𝑀(𝑆𝑥2𝑛−1, 𝑇𝑥2𝑛, 𝑡)
− 1) ≤ 𝛼2 (

1

𝑀(𝑥2𝑛−1, 𝑥2𝑛, 𝑡)
− 1), 

Continue in this way, we get  
1

𝑀(𝑥2𝑛+1, 𝑥2𝑛+2, 𝑡)
− 1 ≤ 𝛼2𝑛+1

1

𝑀(𝑥𝑜, 𝑥1, 𝑡)
− 1. 

 

Then 𝑥2𝑛 is a Cauchy sequence in 𝑋and 𝑋is complete . 

Therefore 𝑥2𝑛 converges to 𝑦 for some 𝑦 ∈ 𝑋. Then using 

Theorem 2.10 (Nadaban, 2016) 

we have, 
1

𝑀(𝑆𝑥2𝑛,𝑇𝑥2𝑛+1,𝑡)
− 1 ≤ 𝛼 (

1

𝑀(𝑥2𝑛+1,𝑥2𝑛+2,𝑡)
− 1) ≤ 𝛼 (

1

𝑀(𝑦,𝑦,𝑡)
−

1)  

this gives, 
1

𝑀(𝑆𝑥2𝑛,𝑇𝑥2𝑛+1,𝑡)
= 1. Thus, 𝑆𝑥2𝑛 = 𝑇𝑥2𝑛+1 and 

therefore 𝑆𝑦 = 𝑇𝑦 as 𝑛 → ∞. 

Hence 𝑦 is a coincidence point of 𝑆and 𝑇.  

Now we will prove that 𝑦is a fixed point of 𝑆and 𝑇.  

Since, 
1

𝑀(𝑆𝑦,𝑇𝑥2𝑛,𝑡)
− 1 ≤ 𝛼 (

1

𝑀(𝑦,𝑥2𝑛,𝑡)
− 1),

 

 

this gives, 
1

𝑀(𝑆𝑦,𝑥2𝑛+1,𝑡)
− 1 ≤ 𝛼(

1

𝑀(𝑦,𝑦,𝑡)
− 1) as 𝑥2𝑛 → 𝑦 and 

𝑇𝑥2𝑛 = 𝑥2𝑛+1,
 

thus 
1

𝑀(𝑆𝑦,𝑦,𝑡)
− 1 ≤ 0.

 

Hence 𝑆𝑦 = 𝑦. 

 

For uniqueness, let 𝑢is also a fixed point of 𝑆and 𝑇, ie. 𝑆𝑢 =
𝑇𝑢 = 𝑢.  

Therefore, 
1

𝑀(𝑦,𝑢,𝑡)
− 1 =

1

𝑀(𝑆𝑦,𝑇𝑢,𝑡)
− 1 ≤ 𝛼 (

1

𝑀(𝑦,𝑢,𝑡)
− 1)

 
ie.

 

(1 − 𝛼) (
1

𝑀(𝑦,𝑢,𝑡)
− 1) ≤ 0,

 

this gives,𝑀(𝑦, 𝑢, 𝑡) = 1. 

Thus 𝑦 = 𝑢. and hence𝑦is a unique common fixed point of 

𝑆and 𝑇. 

 

Corollary 2.1 (Fuzzy Cone 𝑏 -Banach Contraction Theorem) 

Let (𝑋, 𝑀,∗ 𝜆) be a complete fuzzy cone 𝑏 -metric space in 

which fuzzy cone 𝑏 -contractive sequence is Cauchy and 

𝑆: 𝑋 → 𝑋be a fuzzy cone contractive mapping. Then 𝑆 has 

unique fixed point. 

 

Proof. If we put 𝑆 = 𝑇in Theorem 2.1, we get the result. 

 

Definition 2.5: Let (𝑋, 𝑀,∗ 𝜆) be fuzzy cone 𝑏 -metric space. 

A self mapping 𝑇on𝑋 is called Chauhan-Gupta contraction if it 

satisfies the following condition for all𝑥, 𝑦 ∈ 𝑋, 𝑘 ≥ 0 and 
𝑎, 𝑏 ∈ 0,1)suchthat𝑎 + 𝑏 < 1, 𝑎 < 1 − 𝑘,  

1

𝑀(𝑇𝑥, 𝑇𝑦, 𝑡)
− 1 ≤ 𝑎 (

1

𝑀(𝑥, 𝑇𝑥, 𝑡) ∗ 𝑀(𝑦, 𝑇𝑥, 𝑡)
− 1)

+ 𝑏 (
1

𝑀(𝑦, 𝑇𝑦, 𝑡)
− 1) 

+𝑘 (
1

min{𝑀(𝑥,𝑇𝑦,𝑡),𝑀(𝑦,𝑇𝑥,𝑡)}
− 1).

 
 (1)

 

Theorem 2.2: Let(𝑋, 𝑀, 𝑡, 𝜆) be a complete fuzzy cone 𝑏 -

metric space. Let 𝑇: 𝑋 → 𝑋 is a Chauhan-Gupta contraction 

given by (1). Then𝑇has a unique fixed point in𝑋. 

 

Proof: Let 𝑥0 ∈ 𝑋 and define a sequence {𝑥𝑛} by 𝑥𝑛 =

𝑇𝑥𝑛−1 for 𝑛 ≥ 0. Then by (1), for 𝑡 ≥ 0, 𝑛 ≥ 1,   
1

𝑀(𝑇𝑥, 𝑇𝑦, 𝑡)
− 1 ≤ 𝑎 (

1

𝑀(𝑥, 𝑇𝑥, 𝑡) ∗ 𝑀(𝑦, 𝑇𝑥, 𝑡)
− 1)

+ 𝑏 (
1

𝑀(𝑦, 𝑇𝑦, 𝑡)
− 1) 

+𝑘 (
1

min{𝑀(𝑥, 𝑇𝑦, 𝑡), 𝑀(𝑦, 𝑇𝑥, 𝑡)}
− 1). 

this gives, 

 
1

𝑀(𝑥𝑛,𝑥𝑛+1,𝑡)
− 1 =

1

𝑀(𝑇𝑥𝑛−1,𝑇𝑥𝑛,𝑡)
− 1

 

                         

≤ 𝑎 (
1

𝑀(𝑥𝑛−1,𝑇𝑥𝑛−1,𝑡)∗𝑀(𝑥𝑛,𝑇𝑥𝑛−1,𝑡)
− 1) +

𝑏 (
1

𝑀(𝑥𝑛,𝑇𝑥𝑛,𝑡)
− 1) 

+𝑘 (
1

𝑚𝑖𝑛{𝑀(𝑥𝑛−1,𝑇𝑥𝑛,𝑡),𝑀(𝑥𝑛,𝑇𝑥𝑛,𝑡)}
− 1),

     

                 

≤ 𝑎 (
1

𝑀(𝑥𝑛−1,𝑥𝑛,𝑡)∗𝑀(𝑥𝑛,𝑥𝑛,𝑡)
− 1) + 𝑏 (

1

𝑀(𝑥𝑛,𝑥𝑛+1,𝑡)
− 1) 
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+𝑘 (
1

𝑚𝑖𝑛{𝑀(𝑥𝑛−1, 𝑥𝑛+1, 𝑡), 𝑀(𝑥𝑛, 𝑥𝑛, 𝑡)}
− 1)

 
                 ≤ 𝑎 (

1

𝑀(𝑥𝑛−1,𝑥𝑛,𝑡)
− 1) + 𝑏 (

1

𝑀(𝑥𝑛,𝑥𝑛+1,𝑡)
− 1) + 𝑘(0), 

 

we get, (
1

𝑀(𝑥𝑛,𝑥𝑛+1,𝑡)
− 1)  ≤  

𝑎

(1−𝑏)
(

1

𝑀(𝑥𝑛−1,𝑥𝑛,𝑡)
− 1) 

 

This implies,
1

𝑀(𝑥𝑛,𝑥𝑛+1,𝑡)
− 1 ≤ ℎ (

1

𝑀(𝑥𝑛−1,𝑥𝑛,𝑡)
− 1) ≤

ℎ𝑛 (
1

𝑀(𝑥0,𝑥1,𝑡)
− 1), where ℎ =

𝑎

(1−𝑏)
< 1 as 𝑎 + 𝑏 < 1. 

{𝑥𝑛} is a fuzzy cone 𝑏 -contractive sequence and therfore one 

can get 𝑙𝑖𝑚
𝑛→∞

𝑀(𝑥𝑛, 𝑥𝑛+1, 𝑡) = 1 for 𝑡 ≥ 0. 

Now, for 𝑚 > 𝑛 ≥ 𝑛0, 
1

𝑀(𝑥𝑛, 𝑥𝑚, 𝑡)
− 1 ≤ (

1

𝑀(𝑥𝑛, 𝑥𝑛+1, 𝑡)
− 1)

+ (
1

𝑀(𝑥𝑛+1, 𝑥𝑛+2, 𝑡)

− 1) +. . . + (
1

𝑀(𝑥𝑚−1, 𝑥𝑚, 𝑡)
− 1)

≤ ℎ𝑛 (
1

𝑀(𝑥0, 𝑥1, 𝑡)
− 1)

+ ℎ𝑛+1 (
1

𝑀(𝑥0, 𝑥1, 𝑡)

− 1) +. . . +ℎ𝑚−1 (
1

𝑀(𝑥0, 𝑥1, 𝑡)
− 1)

 

               

= (ℎ𝑛 + ℎ𝑛+1+. . . +ℎ𝑚−1) (
1

𝑀(𝑥0,𝑥1,𝑡)
− 1) → 0 

as𝑛 → ∞.  

 

Thus 𝑙𝑖𝑚
𝑛→∞

𝑀(𝑥𝑛, 𝑥𝑚, 𝑡) = 1, which gives {𝑥𝑛} is a Cauchy 

sequence. The completenes of 𝑋, one can say 𝑙𝑖𝑚
𝑛→∞

𝑥𝑛 = 𝑢. 

Now, 
1

𝑀(𝑥𝑛+1,𝑇𝑢,𝑡)
− 1 =

1

𝑀(𝑇𝑥𝑛,𝑇𝑢,𝑡)
− 1 

                        

≤ 𝑎 (
1

𝑀(𝑥𝑛,𝑇𝑥𝑛,𝑡)∗𝑀(𝑢,𝑇𝑥𝑛,𝑡)
− 1) + 𝑏 (

1

𝑀(𝑢,𝑇𝑢,𝑡)
− 1) 

+𝑘 (
1

𝑚𝑖𝑛{𝑀(𝑥𝑛, 𝑇𝑢, 𝑡), 𝑀(𝑢, 𝑇𝑥𝑛, 𝑡)}
− 1) 

  = 𝑎 (
1

𝑀(𝑥𝑛,𝑥𝑛+1,𝑡)∗𝑀(𝑢,𝑥𝑛+1,𝑡)
− 1) + 𝑏 (

1

𝑀(𝑢,𝑇𝑢,𝑡)
− 1) 

+𝑘 (
1

𝑚𝑖𝑛{𝑀(𝑥𝑛,𝑇𝑢,𝑡),𝑀(𝑢,𝑥𝑛+1,𝑡)}
− 1)  

                        = 𝑎 (
1

𝑀(𝑢,𝑇𝑢,𝑡)∗𝑀(𝑢,𝑢,𝑡)
− 1) + 𝑏 (

1

𝑀(𝑢,𝑇𝑢,𝑡)
− 1) 

+𝑘 (
1

𝑚𝑖𝑛{𝑀(𝑢,𝑇𝑢,𝑡),𝑀(𝑢,𝑢,𝑡)}
− 1),  

we get,
1

𝑀(𝑢,𝑢,𝑡)
− 1 ≤ 𝑏 (

1

𝑀(𝑢,𝑇𝑢,𝑡)
− 1) for 𝑡 ≥ 0and 𝑏 < 1. 

 

Hence 𝑢 is a fixed point of 𝑇. 

 

For uniqueness, let 𝑣 is another fixed point of 𝑇.  
1

𝑀(𝑢, 𝑣, 𝑡)
− 1 =

1

𝑀(𝑇𝑢, 𝑇𝑣, 𝑡)
− 1 

             ≤ 𝑎 (
1

𝑀(𝑢,𝑇𝑢,𝑡)∗𝑀(𝑣,𝑇𝑢,𝑡)
− 1) + 𝑏 (

1

𝑀(𝑣,𝑇𝑣,𝑡)
− 1) 

+𝑘 (
1

𝑚𝑖𝑛{𝑀(𝑢, 𝑇𝑣, 𝑡), 𝑀(𝑣, 𝑇𝑢, 𝑡)}
− 1) 

= 𝑎 (
1

𝑀(𝑢, 𝑢, 𝑡) ∗ 𝑀(𝑣, 𝑢, 𝑡)
− 1) + 𝑏 (

1

𝑀(𝑣, 𝑣, 𝑡)
− 1) 

+𝑘 (
1

𝑚𝑖𝑛{𝑀(𝑢, 𝑣, 𝑡), 𝑀(𝑣, 𝑢, 𝑡)}
− 1), 

implies, 
1

𝑀(𝑢,𝑣,𝑡)
− 1 ≤ (𝑎 + 𝑘) (

1

𝑀(𝑣,𝑢,𝑡)
− 1),  

where 𝑎 + 𝑘 < 1.  

Thus 𝑀(𝑢, 𝑣, 𝑡) = 1 and this gives 𝑢 = 𝑣. 

 

Hence, 𝑢is a unique fixed point of 𝑇. 

 

3. Conclusions  
 

In this article, we Introduced the idea of fuzzy cone 𝑏 -metric 

space and the fuzzy cone  𝑏 −contractive mapping has been 

defined. Also, the Banach contraction theorem has been 

proved in the setting of fuzzy cone 𝑏 metric space. Based on 

the results in this paper, interesting researches may be 

prospective. In the future study, one can establish the integral 

version of fixed point theorem in this space and can also think 

of establishing some new fixed point results in fuzzy cone 𝑏 -

metric space. The work presented here is likely to provide a 

ground to the researchers to do work in different structures by 

using these conditions.  
 

 

References 

 
Abbas, M., Khan, M.A. & Radenovic, S. (2010). Common 

coupled fixed point theorem in Cone metric spaces for w-

compatible mapping, Appl.Math.Comput, 217(1), 195-202. 

https://doi.org/10.1016/j.amc.2010.05.042 

 

Ali, A.M. & Kanna, G.R. (2017). Intuitionistic fuzzy cone metric 

spaces and fixed point theorems, International Journal of 

Mathematics and its Applications, 5(1), 25-36.  

 

Ansari, A. H., Gupta, V.  & Mani, N. (2020). C-class functions for 

generalized cyclic contractive mappings in b-metric spaces, 

Journal of Applied Mathematics, Statistics and Informatics, In 

press. 

 

Bakhtin, I.A. (1989). The contraction mapping principle in quasi-

metric spaces, Funct. Anal. Unianowsk Gos. Ped. Inst., 30, 26-37.  

https://doi.org/10.12691/tjant-6-2-2. 

 

Boriceanu, M. (2009). Strict fixed point theorems for some 

multivalued operators in b metric spaces, International 

J.Modern Math, 4, 285-301.  

https://doi.org/ 10.12691/tjant-2-1-5. 

https://doi.org/10.1016/j.amc.2010.05.042
https://d1wqtxts1xzle7.cloudfront.net/52027805/Intuitionistic_Fuzzy_Cone_Metric_Spaces_and_Fixed_PointTheorems.pdf?1488683855=&response-content-disposition=inline%3B+filename%3DIntuitionistic_Fuzzy_Cone_Metric_Spaces.pdf&Expires=1596242593&Signature=VGWqMda3ndxzki12oy0hnaw47G73l7FpsrGAFLs2rqyQP6oNJ8GfvsZdZBrWvZyfmP7WPHf-PQftXuoxDejp4MopTpNEY2GKwLrreAPzllshrwcoRAkVWjuiXb6Qxau21YXb6H0n04~9EluVrAKoZX20p5~MX2WRon3Ax6HEPXGw52O5NlbL0JucrjGlC09pX-2rdNYJ0-eoR8EYaKfdJvSOIT1qHddJ6Nl45nhodvuuo1wvF7C5DXQbwwBVnHxVVIKy2hGrdKfDdT-luWM3Yd3BL~8iuny4rPlZPFGi58sJ-qzfCFiJA-i62QDaOine0K-OnpL-wGwxw3Co6FCi9w__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
https://d1wqtxts1xzle7.cloudfront.net/52027805/Intuitionistic_Fuzzy_Cone_Metric_Spaces_and_Fixed_PointTheorems.pdf?1488683855=&response-content-disposition=inline%3B+filename%3DIntuitionistic_Fuzzy_Cone_Metric_Spaces.pdf&Expires=1596242593&Signature=VGWqMda3ndxzki12oy0hnaw47G73l7FpsrGAFLs2rqyQP6oNJ8GfvsZdZBrWvZyfmP7WPHf-PQftXuoxDejp4MopTpNEY2GKwLrreAPzllshrwcoRAkVWjuiXb6Qxau21YXb6H0n04~9EluVrAKoZX20p5~MX2WRon3Ax6HEPXGw52O5NlbL0JucrjGlC09pX-2rdNYJ0-eoR8EYaKfdJvSOIT1qHddJ6Nl45nhodvuuo1wvF7C5DXQbwwBVnHxVVIKy2hGrdKfDdT-luWM3Yd3BL~8iuny4rPlZPFGi58sJ-qzfCFiJA-i62QDaOine0K-OnpL-wGwxw3Co6FCi9w__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
https://d1wqtxts1xzle7.cloudfront.net/52027805/Intuitionistic_Fuzzy_Cone_Metric_Spaces_and_Fixed_PointTheorems.pdf?1488683855=&response-content-disposition=inline%3B+filename%3DIntuitionistic_Fuzzy_Cone_Metric_Spaces.pdf&Expires=1596242593&Signature=VGWqMda3ndxzki12oy0hnaw47G73l7FpsrGAFLs2rqyQP6oNJ8GfvsZdZBrWvZyfmP7WPHf-PQftXuoxDejp4MopTpNEY2GKwLrreAPzllshrwcoRAkVWjuiXb6Qxau21YXb6H0n04~9EluVrAKoZX20p5~MX2WRon3Ax6HEPXGw52O5NlbL0JucrjGlC09pX-2rdNYJ0-eoR8EYaKfdJvSOIT1qHddJ6Nl45nhodvuuo1wvF7C5DXQbwwBVnHxVVIKy2hGrdKfDdT-luWM3Yd3BL~8iuny4rPlZPFGi58sJ-qzfCFiJA-i62QDaOine0K-OnpL-wGwxw3Co6FCi9w__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
http://www.sciepub.com/reference/240487
http://www.sciepub.com/reference/41113


 
 

 

Surjeet Singh Chauhan (Gonder), Vishal Gupta / Journal of Applied Research and Technology 154-160 

 

Vol. 18, No. 4, August 2020     159 

 

Boriceanu, M., Bota, M. & Petrusel, A. (2010). Multivalued 

fractals in b metric spaces, Central Europen Journal of 

Mathematics, 8(2), 367-377. 

https://doi.org/10.2478/s11533-010-0009-4  

 

Boriceanu, M., Petrusel, A. & Rus, I.A. (2010). Fixed point 

theorems for some multivalued generalized contraction in b 

metric spaces, International J.Math.Statistics, 6(S10), 65-76.  

 

Chauhan(Gonder), S.S. & Kant, R. (2015). Tripled Common 

Fixed point theorem in M-fuzzy metric space, Engineering 

Mathematics Letters, 2015 (6), 1-11. 

 

Chauhan(Gonder), S.S. & Utreja, K. (2013). A Common Fixed 

point theorem in fuzzy 2-Metric space, 

Int.J.Contemp.Math.Science, 8(2), 85-91.  

http://dx.doi.org/10.12988/ijcms.2013.13009  

 

Czerwik, S. (1993). Contraction mapping in b-metric space, Acta 

Mathematica et Informatica Universitatis Ostraviensis , 1(1), 5-11. 

 

Czewik, S. (1998). Non liner set-valued contraction mapping in 

b-metric spaces, Atti.Sem.Math.Fig.Univ.Modena, 46(2), 263-

276.  

 

George, A & Veeramani, P. (1994). On some results in fuzzy 

metric space, Fuzzy Sets and Systems, 64(3), 395-399. 

https://doi.org/10.1016/0165-0114(94)90162-7. 

 

Gupta, V., Saini, R.K & Verma, M. (2020). Fixed point theorem by 

altering distance technique in complete fuzzy metric spaces, 

International Journal of Computer Aided Engineering and 

Technology, 13(4), (2020), 437-447.  

https://doi.org/10.1504/IJCAET.2020.10029303  

 

Gupta, V. & Verma, M. (2020). Common fixed points using (ψ, 

ϕ)- type contractive maps in fuzzy metric spaces, Journal of 

Applied Research and Technology, 18(1), 27-33.  

https://doi.org/10.22201/icat.24486736e.2020.18.1.930 

 

Huang, L. & Zhang, X. (2007). Cone metric spaces and fixed 

point theorem in contractive mapping, Journal of 

Mathematical Analysis and Applications, 332(2), 1468-1476. 

https://doi.org/10.1016/j.jmaa.2005.03.087   

 

Hussain, N. & Shah, M.H. (2011). KKM mapping in cone b-

metric spaces, Comput.Math.Appl, 61, (4), (2011), 1677-1684. 

http://doi.org/10.1016/j.camwa.2011.06.004 

 

 

 

Jankovi’c, S., Kadelburg, Z. & Radenovi’c, S. (2011). On cone 

metric spaces: a survey, Nonlinear Anal, 74(7), 2591-2601. 

https://doi.org/10.1016/j.na.2010.12.014 

 

Kramosil, O. & Michalek, J. (1975). Fuzzy metric and statistical 

metric spaces, Kybernetika, 11(5), 336-344.  

 

Latif, A., Hussain, N. & Ahmad, J. (2016). Coincidence points for 

hybrid contractions in cone metric spaces, Journal of 

nonlinear and convex analysis, 17(5), 899-906.  

 

Li, Z. & Jiang, S. (2014). Quasi-contractions restricted with 

linear bounded mappings in cone metric spaces, Fixed Point 

Theory Appl, 2014(87), 1-10. 

https://doi.org/10.1186/1687-1812-2014-87  

 

Mehmood, N., Azam, A. & Ko’cinac, L.D.R. (2015). Multivalued 

fixed point results in cone metric spaces, Topology Appl, 179, 

(2015), 156-170.  

https://doi.org/10.1016/j.topol.2014.07.011  

 

Nadaban, S. (2016). Fuzzy b-metric spaces, International 

Journal of Computers Communications & Control, 11(2), 

273-281.  

https://doi.org/10.15837/ijccc.2016.2.2443 

 

Oner, T. (2016a). On the metrizability fuzzy cone metric space, 

Int.j.Eng.Technol.Manag.Appl.Sci, 2(5), 133-135.  

http://doi.org/10.22436/jnsa.008.05.13 

 

Oner, T. (2016b). On some results in fuzzy cone metric space, 

Int. J.Adv.Comput.Eng.Network, 4, (2016), 37-39.  

 

Oner, T., Kandemire, M.B. & Tanay, B. (2015). Fuzzy cone metric 

spaces, J.Nonlinear Sci.Appl, 8(5), 610-616. 

http://doi.org/10.22436/jnsa.008.05.13  

 

Priyobarta, N., Rohen, Y. & Upadhyay, B.B. (2016). Some fixed 

point results in fuzzy cone metric spaces, Int, J.Pure Appl.Math, 

109(3), 573-582.  

http://doi.org/10.12732/ijpam.v109i3.7  

 

Schweizer, B. & Sklar, A. (1960). Statistical metric spaces, 

Pacific Journal of Mathematics, 10(1), 314-334.  

 
Sedghi, S. & Shobe, N. (2012). Common fixed point theorems 

in b-fuzzy metric spaces, Nonlinear Function Analysis and 

Application, 17(3), 349-359.  

 

 

 

https://doi.org/10.2478/s11533-010-0009-4
https://doi.org/10.2478/s11533-010-0009-4
http://www.ceser.in/ceserp/index.php/ijms/article/view/2715
http://www.ceser.in/ceserp/index.php/ijms/article/view/2715
http://www.ceser.in/ceserp/index.php/ijms/article/view/2715
http://scik.org/index.php/eml/article/view/2048
http://scik.org/index.php/eml/article/view/2048
http://scik.org/index.php/eml/article/view/2048
http://www.m-hikari.com/ijcms/ijcms-2013/1-4-2013/13009.html
https://dml.cz/bitstream/handle/10338.dmlcz/120469/ActaOstrav_01-1993-1_2.pdf
https://dml.cz/bitstream/handle/10338.dmlcz/120469/ActaOstrav_01-1993-1_2.pdf
https://www.sciencedirect.com/science/article/abs/pii/0165011494901627?via%3Dihub
https://www.inderscience.com/info/ingeneral/forthcoming.php?jcode=ijcaet#73097
http://www.jart.icat.unam.mx/index.php/jart/article/view/930
https://www.sciencedirect.com/science/article/pii/S0022247X05002337?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S089812211100472X?via%3Dihub
https://www.sciencedirect.com/science/article/abs/pii/S0362546X10008503?via%3Dihub
https://dml.cz/bitstream/handle/10338.dmlcz/125556/Kybernetika_11-1975-5_2.pdf
https://dml.cz/bitstream/handle/10338.dmlcz/125556/Kybernetika_11-1975-5_2.pdf
http://www.ybook.co.jp/online2/jncav17-5.html
http://www.ybook.co.jp/online2/jncav17-5.html
http://www.ybook.co.jp/online2/jncav17-5.html
https://fixedpointtheoryandapplications.springeropen.com/articles/10.1186/1687-1812-2014-87
https://www.sciencedirect.com/science/article/pii/S0166864114003538?via%3Dihub
http://univagora.ro/jour/index.php/ijccc/article/view/2443
http://dx.doi.org/10.22436/jnsa.008.05.13
http://dx.doi.org/10.22436/jnsa.008.05.13
http://www.iraj.in/journal/journal_file/journal_pdf/3-228-145767724637-39.pdf
http://www.iraj.in/journal/journal_file/journal_pdf/3-228-145767724637-39.pdf
https://www.isr-publications.com/jnsa/articles-1613-fuzzy-cone-metric-spaces
https://ijpam.eu/contents/2016-109-3/7/
https://msp.org/pjm/1960/10-1/pjm-v10-n1-p20-p.pdf
https://msp.org/pjm/1960/10-1/pjm-v10-n1-p20-p.pdf
http://nfaa.kyungnam.ac.kr/journal-nfaa/index.php/NFAA/article/view/38/31
http://nfaa.kyungnam.ac.kr/journal-nfaa/index.php/NFAA/article/view/38/31
http://nfaa.kyungnam.ac.kr/journal-nfaa/index.php/NFAA/article/view/38/31
http://nfaa.kyungnam.ac.kr/journal-nfaa/index.php/NFAA/article/view/38/31


 
 

 

Surjeet Singh Chauhan (Gonder), Vishal Gupta / Journal of Applied Research and Technology 154-160 

 

Vol. 18, No. 4, August 2020     160 

 

Shatanawi, W., Karapinar, E. & Aydi, H. (2012). Coupled 

coincidence points in partially ordered cone metric spaces 

with a c-distance, J. Appl. Math, 2012, 1-15. 

https://doi.org/10.1155/2012/312078  

 

Shatanawi, W., Pitea A. & Lazovic, R. (2014). Contraction 

conditions using comparison function on b metric spaces, 

Fixed Point Theory Appl, 2014(135), 1-11. 

https://doi.org/10.1186/1687-1812-2014-135 

 

Turkoglu, D. & Abuloha, M. (2010). Cone metric spaces and 

fixed point theorems in diametrically contractive mappings, 

Acta. Math. Sin.-English Ser., 26, 489-496. 

https://doi.org/10.1007/s10114-010-8019-5  

 

Zadeh, L.A. (1965). Fuzzy sets, Inform.Control, 8(3), 338, 353.  

https://doi.org/10.1016/S0019-9958(65)90241-X 

 

 

 

 

https://www.hindawi.com/journals/jam/2012/312078/
https://doi.org/10.1186/1687-1812-2014-135
https://link.springer.com/article/10.1007%2Fs10114-010-8019-5
https://www.sciencedirect.com/science/article/pii/S001999586590241X?via%3Dihub

