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Abstract

This study describes the development and formulation of a novel mathematical model for coal flotation kinetic. The flotation rate was
considered as a function of chemical, operating and petrographic parameters for a global flotation order n. The equation for flotation rate
was obtained by dimensional analysis using the Rayleigh method. It shows the dependency of flotation kinetic on operating parameters,
such as air velocity and particle size; chemical parameters, such as reagents dosage and solids content; and mineral and maceral composition
of coal. The flotation rate equation integrates the kinetic coefficient and the intrinsic characteristics of coal with dimensional consistency,
and it is expressed by three dimensionless numbers which have physical chemical meaning. The model also exhibits similarities with
traditional transport phenomena models represented by dimensionless numbers and predicts the flotation kinetic constant of a Colombian
coal sample showing a good correlation between experimental and calculated values.

Keywords: coal flotation; flotation rate; kinetic model.

Un nuevo modelo matematico para la cinética de flotacion de
carbones

Resumen

Este estudio describe el desarrollo y formulacion de un nuevo modelo matematico para la cinética de flotacion de carbén. La velocidad de
flotacion se considera una funcién de parametros quimicos, operacionales y petrogréaficos para la flotacion global de orden n. La ecuacion
de velocidad de flotacion se obtuvo por analisis dimensional usando el método de Rayleigh. Este método muestra la dependencia de la
cinética de flotacion sobre los parametros de operacion tales como velocidad del aire y tamafio de particula; parametros quimicos tales
como dosis de reactivos y contenidos de sélidos; y composicién mineral y maceral del carbdn. La ecuacion de velocidad de flotacion
integra el coeficiente cinético y las caracteristicas intrinsecas del carbon con consistencia dimensional, y se expresa por tres nimeros
adimensionales que tienen significado quimico fisico. El modelo también muestra similitudes con los modelos tradicionales de fenémenos
de transporte representados por nimeros adimensionales y predice la constante cinética de flotacion de un carb6n Colombiano mostrando
buena correlacion entre los valores experimentales y calculados.

Palabras clave: flotacion de carbon; tasa de flotacion; modelo cinético.

1. Introduction chemical and/or statistical meaning. These efforts have

shown that the adjustment grade of each model to

The flotation rate constant is necessary to scale-up
flotation units on an industrial scale from results obtained in
laboratory. This constant also offers a way to evaluate and
predict the performance of flotation equipment and determine
the effect of operating parameters on flotation efficiency. As
a result of this, many years of research have tried describing
the flotation process with mathematical models involving the
flotation rate constant and coefficients with physical,

experimental results is sensitive to many factors and depend
on the mineral type, the equipment and the operating
parameters. For that reason, there is no predominantly
acceptable model in the research area [1]. Each model may
be applied to the flotation of a material on specific conditions
and this leads to many kinetic expressions with restricted
applications on the flotation of different minerals [2].

Some sources [3-5] state that the classic first-order
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flotation model is the most widely accepted approach and the
model most widely used to optimize the design of a flotation
circuit. Although there are numerous mathematical models,
most of them are derived from the statement that the flotation
follows a first-order Kinetic, and some of these models are
modified versions of the classic model including other
parameters or functions (e.g. the flotation rate distribution).
Kelsall’s kinetic model [3], for example, incorporates two
rate terms instead of one rate constant, but still considers the
flotation as a first-order process. Even studies of different
approaches as multi-phase second-order kinetic models [2],
concluded that the best fit of the experimental data was
observed in first-order kinetic models.

The classic flotation model, which relates the kinetics of
a chemical reaction to the flotation kinetic, is one of the most
applied models [3-5] and still constitutes the research base of
recent mineral flotation studies published in 2015 — 2017 [6-
12]. This model assumes that flotation occurs as a chemical
reaction (A + B — C) where the bubble establishes a bond
with a solid particle to produce the bubble-particle
attachment, as shown in Fig. 1.

As a chemical reaction in a constant-volume batch
reactor, the kinetic of the flotation process is described by eq.
(1), where C, and Cy, are the concentrations of particles and
bubbles respectively, t is the time, n and m are the orders of
reaction and k is the flotation rate constant.

dc
- =kCpCy )

The classic model considers that flotation follows a first-
order Kinetic, with n = 1 [13]. Since the airflow is kept
constant during the process, the flotation rate depends on the
solid particles and is linearly dependent on their
concentration. Therefore, the flotation process is represented
by eq. (2) as a differential equation.

dcC
14
——P—kC @
dt p

After integration, the kinetic expression in terms of the
concentration of particles that remain in the system at t = t,
Ci, and the initial concentration of particles, Co, is given by

eq. (3).
Ce _
In (C—O) = —kt 3)
+ @ o O
Buhble Particle B-P Attachment

Figure 1. Approach of the classic flotation model
Source: The authors.

In the case of coal flotation, the combustible recovery, R,
is expressed by eq. (4) as a function of the initial

concentration and the concentration of remaining particles.
Then, the coal flotation kinetic in terms of combustible
recovery is given by eq. (5). According to this model, the
flotation rate constant can be obtained from a data set of
combustible recovery as a function of time, which can be
measured in conventional flotation equipment [14].

Co — C;
R="2=2 4
Co @

In(1-R) = —kt 5)

Since it is not possible to obtain 100% combustible recovery
in real flotation systems, the classic model is modified, including
a maximum recovery parameter, R., which represents the
maximum recovery after a long flotation time. Thus, the flotation
kinetic can be expressed by eq. (6). Despite of the acceptance of
this first-order kinetic model, there is an unresolved controversy
about the order of the flotation process [5]. Klassen and
Mokrousov [15] suggested that the flotation order n most
frequently equals 1, less frequently equals 2 and seldom 3 or
more. De Bruyn and Modi [16] observed first order rates for the
flotation of fine particles if the solids content in the pulp is less
than 5.2%. Tomlinson and Fleming [17] also observed that the
flotation is a first-order process when the solids concentration in
the pulp is low. When the concentration is high, the flotation
behaves as a zero-order process.

m(1-2) - ke 6
n( E)_ (6)

Following the approach of the classic first-order model,
Yoon and Mao [18] proposed that the flotation rate constant
is a function of both hydrodynamic parameters and surface
phenomena, given by eq. (7), where Sy is the superficial
surface area rate of bubbles, and P is the probability of the
particles being collected by air bubbles.

1
k==SP U]
4 b

The superficial surface area rate of bubbles, Sy, is defined as
the bubble surface area moving out of the cell per unit time per
unit cross-sectional area, and it is a function of the superficial gas
velocity and the bubble size. The probability of collection, P, isa
function of the hydrodynamics of the system and all dominant
surface forces found in flotation [19]. The complexity of
calculating k, from surface and hydrodynamic parameters,
justified the appearance of kinetic expressions as a function of
operating parameters affecting the flotation and can be measured
more easily [20]. Zhang [21] presented a review of Kinetic
expressions based on the classic flotation model. Szatkowski and
Freyberger [22] expressed the flotation rate constant as a function
of operating parameters as particle size, d,, bubble size, dy, air
concentration in pulp, C,, air flow, J, and pulp volume, V. The
flotation rate is represented by eq. (8), where A is a coefficient.
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Inoue and Imaizumi [23] suggested that the flotation rate
constant is defined by the agitation velocity of the conventional
flotation equipment. k is given by eq. (9) where Nas is the airflow
number calculated from the features of the agitation system,
represented by eq. (10), i is the specific agitation energy, obtained
from the agitation power and the characteristics of the pulp, given
by eq.(11), and A and B are coefficients.

k=ANa}®i®’® +B ©)
Qa
Nar = (10)
TN, D}
) P
1= W (12)

Where Q. is the airflow rate, N is the rotating velocity of
the impeller, D; is the impeller diameter, P is the agitation
power, p is the apparent density of the stirred pulp and V is
the pulp volume. Other authors related the flotation rate with
particle size [24,25]. These studies agree that the dependence
of the flotation rate constant with the particle size, dp, is
represented by eq. (12), where A is the coefficient of
proportionality and n is a parameter between 1 and 2.

k=Ady (12)

Based on this relationship, Mohns [26] obtained a second
order polynomial model for k as a function of the particle
size, given by eq. (13), where A, B and C are coefficients.

k=A+Bd,+ Cd} (13)

Cilek [27] found a statistical model represented by eq.
(14) for the flotation rate constant as a function of the airflow
rate (x1), the froth thickness (x2) and the feed grade (xs), with
a-g coefficients. This model integrates the grade, a

characteristic of the mineral, as a factor affecting the kinetics
of flotation.

k=a+bx;+ cx, +dx; +exixy + fxyx3 (19)
+ gx1x3

2. Formulation of the new mathematical model for coal

flotation kinetics

The proposed model allows for the calculation of an
“average” flotation rate constant for all particles in the system
and under all flotation conditions. This is the simplest
discrete model type with a single rate constant assuming a
feed of particles with the same floatability. To be able to
compare with the classic flotation model, the population-
balance models also are discrete kinetic models where the
particles in the system are divided into groups, and the

particles in any one group are similar in dimension and
composition [3,28]. Those particles in the system have
distinct characteristics affecting their floatability (particle
size and hydrophobicity) and the proposed model will apply
only when these features are taken into account. This
includes, for example: a good liberation degree (i.e. particle
size reduction accounting the mineral liberation) and narrow
particle size distributions. These applicability conditions of
this type of model were included in the present work.
According to the classic flotation model, the change in the
concentration of coal particles, C,, over time, in conventional
flotation equipment, can be expressed by eq. (15), where t
represents the flotation time, n is the order of the process and k
is the flotation rate constant. If the volume of the system is kept
constant throughout the process, the flotation kinetic may be
represented by eq. (16), where M represents the mass of coal that
remains in the equipment and k is a complex constant. The
flotation rate constant may be expressed by several empirical
correlations where K is related with operating parameters such as
particle size, airflow, and pulp concentration [20-26]. In spite of
the effort to obtain a general equation for Kk, these correlations
are limited to a first-order kinetic and do not show dimensional
consistency regarding the parameters and exponents involved.

dacC.

—Ef=kQ' (15)
am

—E = an (16)

One of the reasons for this is that the flotation kinetic constant
is highly affected by other parameters such as the reagents dosage
and the characteristics of the mineral. In coal flotation, k is
influenced by factors related to the chemistry of the process, the
petrographic characteristics of the coal and operating conditions.
Chemical parameters include solids concentration in the pulp and
frother and/or collector dosage. Operating parameters include
airflow velocity and particle size. In terms of petrographic
characteristics, this includes the floatable macerals and non-
floatable particles content in the coal. By considering all these
independent variables, an equation to determine k can be derived
by dimensional analysis using the Rayleigh method [29].
According to this method, the flotation rate constant, k (g*"/s) can
be expressed theoretically by eqg. (17).

k = f(Ug, Co,dp, Cr, My, M;) 17)

where Jg is the airflow velocity (cm/s), Co is the solid
concentration in the pulp (g/cm?), d, is the particle size (cm),
Cr is the frother concentration (g/cmq), and Mt and M; are the
floatable macerals and the non-floatable particles volume in
the coal feed (cm?), respectively. In general terms, eq. (17)
can be expressed in an exponential form by eq. (18), where
the exponents a, b, ¢, d, e and f make the equation
dimensionally consistent.

k = J,%Cod, Cr*MeM;” (18)

By substituting the corresponding dimensions of each
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parameter, the expression given by eq. (19) is obtained,
where M is the unit of mass (g), L is the unit of length (cm),
t is the unit of time (s) and Lm is the unit of length for
macerals in coal (cm, for volumetric content of macerals).

= [at~aMP3b e e 3d m3eLm3f  (19)

tM™

Solving for the exponents:a=1,b=1-n-d,c=2-3nand f
-e. After substitution of these exponents, eq. (18) becomes eq.
(20).

k — ]g1C01—n—ddp2—3nCRdeeMi—e (20)

By grouping the parameters with the same exponent, eq.
(20) can be expressed by eq. (21).
3n-2
kd, )e]

e [(

A proportionality constant, ko, can be introduced in the
equation and constants d and e can be renamed as a and b,
respectively. Therefore, eq. (21) can be rewritten as eq. (22).

CR
Co

@] e

3n-2 d
]gCOn_1 CO M;

Due to the fact that coal macerals have differences in both
hydrophobicity and electro Kinetic surface properties, they have
different behaviors in the flotation process. The decreasing
hydrophobicity order for coal macerals is liptinite > vitrinite >
inertinite [30]. On this basis, the percentage by volume of
floatable macerals, My, can be considered as the percentage by
volume of liptinite, L, and vitrinite, V; whereas the percentage by
volume of non-floatable particles, M, can be considered as the
percentage by volume of inertinite, I, and mineral matter content,
MM (%, v/v). Thus, eq. (22) can be expressed as eq. (23).

kdp3n—2

e =to(@) ()

The left side term of eq. (23) relates to the flotation rate
constant, k, with operating parameters such as airflow
velocity, particle size and solids concentration in the pulp.
The first factor on the right side relates to the solids
concentration, which also affects the chemistry of the process
and the reagent concentration; and the factor on the far right
represents the relationship between the percentage of
floatable and non-floatable coal material. From eq. (23), the
flotation rate constant can be calculated by eq. (24).

(@) ()

Eq. (24) allows for the calculation of an average flotation
rate constant for all particles in the pulp, assuming a feed of

CR
Co

V+L

—_— (23)
I+ MM

CR
Co

V+1L
I+ MM

]g Con 1

k_kd3n2

(24)
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Figure 2. Dimensionless numbers in the coal flotation kinetic model Source:

The authors.
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Figure 3. Analogy of the coal flotation kinetic model and the heat transfer
coefficient model
Source: The authors.

particles with the same floatability. Since the particles in the
flotation system have distinct characteristics affecting their
floatability (e.g. particle size and hydrophobicity), the
proposed model has application only when these features are
controlled (i.e. high mineral matter liberation and narrow
particle size distributions). By substituting eq. (24) into eq.
(16), the coal flotation Kinetic is given by eq. (25).

K <1gCo"‘1>( )d(

dp3n 2

A well as exhibiting dimensional consistency, the
dimensionless numbers in the model represented by eq. (23),
as shown in Fig. 2, have a physical-chemical meaning.

The dimensionless number | represents the relationship
between the kinetics of the process and the factors affecting
the hydrodynamic process. Dimensionless number Il is
associated with the chemical characteristics of the flotation
process and dimensionless number Il considers the coal’s
characteristics by the relationship between floatable and non-
floatable fractions. Those dimensionless numbers were based
according to the effect of chemical reagents dosage and solids
concentration on the chemistry of froth flotation [31], the
effect of the hydrophobicity of coal macerals [30], and the
operating variables affecting the hydrodynamics of the
process [32].

The coal flotation kinetics model resembles transport
phenomena models represented by dimensionless numbers, for
instance, the equation used to calculate heat transfer coefficients
which is a function of Nusselt, Reynolds and Prandtl
dimensionless numbers. This analogy is shown in Fig. 3.

The heat transfer driving force given by the Reynolds
number, can be related to the dimensionless number Il in the
model, which represents the chemistry of the process. Since

V+L
I+ MM

aM
dt

Cr

e
L 2
5 () e
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chemical reagents dosage and the solids concentration affect
the collision, attachment and stability processes between
particles and bubbles which govern particle recovery [31],
the relation of parameters in the dimensionless number Il can
be considered as the driving force of the overall flotation
process. The Prandtl number provides a combination of
properties of the fluid while the dimensionless number I11 is
a combination of the properties of the coal defining its natural
hydrophobicity or hydrophilicity [30]. The Nusselt number
represents the ratio of the convective and conductive heat
transfer of a fluid, two mechanisms of heat transfer, whereas
the dimensionless number | relates to the main recovery
mechanisms in the flotation, comparing the flotation kinetics,
which considers recovery by true flotation, with the
hydrodynamic features of the process defining recovery by
entrainment [32]. The Rayleigh method has also been useful
to develop kinetic models of other processes as char
combustion for pulverized coal, where the physical
characteristics of the char, the chemical characteristics of the
coal/char combustion process and the composition of the coal
are related to the chemical reaction rate coefficient through
dimensionless numbers [33].

3. Validation of the flotation rate new mathematical
model for coal flotation kinetics (special case of n = 1)

Following the classic first-order model approach, the
flotation rate constant can be expressed as eq. (26), by
substituting n = 1 in eq. (24).

e n (2

V+L )e 26)
d, \C,

I+ MM

The required coefficients to validate the kinetic model
shown in eq. (26) were derived from experimental data of
kinetic flotation runs using a coal sample from the state of
Antioquia-, Colombia, under different operating conditions.
Table 1 shows the proximate analysis and the maceral
composition of the coal sample.

The kinetic tests were carried out in a 135 c¢cm high 3.9 cm
diameter batch glass flotation column. Kerosene and Aerofroth-65
were used as the collector and frother respectively and the
frother/collector ratio and the pulp concentration were kept
constant at 1.6 and 7.6% wi/w, respectively. Three particle sizes
(less than 150, 250 and 500 um), three airflows (0.82, 0.89 and 1.03
cm/s) and three frother concentrations (2400, 2600 and 2800 g/ton)

Table 1.
Proximate and petrographic analysis of the coal sample.
Parameter Value
Proximate analysis (wt.%, dry basis)
Ash 11.17
Volatiles 45.94
Fixed Carbon 42.89
Sulfur 0.69
Petrographic analysis (vol.%, including mineral matter)
Vitrinite 87.90
Liptinite 455
Inertinite 1.20
Mineral matter 6.35

Source: The authors.

were considered to complete a 3® factorial experimental
design with the flotation rate constant as response variable.
In all experimental runs, froth samples were collected after 5,
15, 35 and 60 seconds of flotation. From the results of
combustible recovery as a function of time, the kinetic
constant was determined by linear regression from the
solution of eq. (16) for n = 1, given by (27).

I (Mo)—kt
n u,) =

For the validation of the proposed kinetic expressed in eq.
(26), a non-lineal least-square method was used to find the
values of the constants ko, d and e, that minimized the sum of
the squares of the residuals between the experimental kinetic
constant and the model calculations. The minimum and
maximum values of k from experimental data, the
parameters, ko, d and e, and the standard error of the
regression, S, are presented in Table 2. The standard error of
the regression represents the average distance that the
observed values fall from the predicted values of k using the
eq. (26) and the parameters of Table 2. The observed and
calculated values of the flotation kinetic constant for the coal
sample are shown in Fig. 4.

According to the Fig. 4 and the results presented in Table 2,
the proposed model shows notable agreement with experimental
Kinetic constants at various operating conditions using the
Antioquia coal sample. The resulting model can be considered a
technical tool to predict the flotation process behavior from
traditional coal analysis data (proximate and petrographic
analysis) and known and/or easily calculated typical operating
conditions (particle size, airflow velocity, pulp concentration and
reagent dosage), to help in the design, evaluation or optimization
of flotation units.

@7)

Table 2.
Validation of the flotation kinetic model given by eqg. (26)
Experimental k

Parameters of eq. (26)

values, 1/s S, 1/s
kmin kmax Ko d e
0.0070 0.0261 0.5500 1.5732 0.7748 0.0031
Source: The authors.
0.04
~0.03
-
s
8
20.02
>
-
b
8
®oo01
o
0
0 0.01 0.02 0.03 0.04

Observed values of k, 1/s

Figure 4. Predicted and observed values of flotation kinetic constant k
Source: The authors.
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4. Conclusions

Most of the flotation kinetic models found in the literature
are empirical and do not have dimensional consistency. A
theoretical analysis can be a more descriptive model for the
microprocesses of the flotation with practical applications
where all of the complex parameters involved are known or
measured with specialized equipment. The coal flotation
kinetics model developed in this work is new and was
obtained by dimensional analysis where petrographic,
chemical and operating parameters involved in flotation were
correlated with the flotation rate constant using the Rayleigh
method. The equation obtained is dimensionally consistent
and is given by a combination of three dimensionless
numbers which have physical-chemical meaning. These
dimensionless numbers represent the hydrodynamical
components of the process; the chemical factors of flotation;
and the characteristics of the coal in terms of the floatable and
non-floatable material content. Moreover, the new model
exhibits similarities with models of dimensionless numbers
used in transport phenomena. The model was validated to
predict the flotation kinetic constant (for the special case of
first-order) of a sample of Colombian coal and it showed that
there is a good correlation between experimental and
predicted values under various operating conditions
involving particle size, airflow velocity and frother
concentration. The proposed model offers an approximation
of the expected behavior of the flotation process when the
coal characteristics and operating conditions are known.
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