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Abstract

Context: Cooperation in supply chain management is an important issue considering the global per-
formance of the different echelons of a specific supply chain. In this sense, applying logistic strategies
such as VMI (Vendor Managed Inventory) allows a system to manage distribution processes from a cen-
tral point or depot. Additionally, the components of the chain work more closely with it, which allows
increasing global performance, instead of individually developing each sector.

Method: A stochastic mathematical model is proposed which considers a network of customers, where
products are delivered from a central depot. These customers can share part of their product with the
central depot for redistribution, aiming to minimize shortage for other customers. A mathematical model
is proposed which includes the elements involved in distribution processes. It is then reformulated to
consider shortage and the linearization of some of its elements.

Results: Results show that implementing or adapting logistic strategies, such as managing from a central
point and sharing resources along the supply chain, allows companies to reduce the complexity of some
decisions and improve performance.

Conclusions: Implementing logistic strategies such as centralized management and sharing resources
along a supply network allows companies to reduce the complexity of some decisions and, in turn,
improve their performance.

Keywords: Centralized supply chains, optimization under uncertainty, sharing resources.
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Resumen
Contexto: La cooperación en la administración de las cadenas de suministro es un factor importante
si se tiene en cuenta el desempeño global de los diferentes sectores de una cadena especı́fica. En este
sentido, aplicar estrategias logı́sticas como el VMI (Vendor Managed Inventory) permite a un sistema
administrar los procesos de distribución desde un punto o depósito central. Asimismo, los componentes
de la cadena trabajan más de cerca con la misma, lo cual permite incrementar el desempeño global, en
vez de desarrollar cada sector individualmente.
Método: Se propone un modelo estocástico que considera una red de clientes, donde el envı́o de produc-
tos se realiza desde un depósito central. Los clientes de esta red pueden compartir parte de su producto
con el depósito central para redistribución, en aras de minimizar los faltantes de otros clientes. Se propo-
ne un modelo matemático que incluye los elementos involucrados en los procesos de distribución, que
después se reformula para considerar el faltante y la linearización del algunos de sus elementos.
Resultados: Los resultados muestran que implementar o adaptar estrategias logı́sticas, tales como la
administración desde un punto central y compartir los recursos a través de la cadena de suministro,
permite a las compañı́as reducir la complejidad de algunas decisiones y mejorar su desempeño.
Conclusiones: La implementación de estrategias logı́sticas tales como la administración centralizada
y el uso de recursos compartidos a través de una red de suministro permite a las compañı́as reducir la
complejidad de algunas decisiones y, a su vez, mejorar el desempeño global.
Palabras clave: Cadenas de suministro centralizadas, optimización bajo incertidumbre, recursos com-
partidos.
Idioma: Inglés

1. Introduction
Information systems have had a fast development in last decades, so their integration into supply

systems became a key task to implement different strategies, with the purpose of obtaining better
overall results. For companies that mainly use roads to distribute products, appropriate manage-
ment of goods and availability have become an important factor to satisfy customer requirements
or demands.

Thus, companies should perfom two tasks factors within the distribution process: (i) satisfying
customer requirements and (ii) managing inventory levels. It is desirable to have a balance among
inventory levels, costs, service levels, and speed of response, since lower inventory levels could
mean lower inventory costs, but also shortages and/or lower service levels.

Correct coordination between different echelons of a supply chain can ensure an improvement
in its global performance, and there is evidence of how linking internal processes or decisions to
suppliers and customers lead to improvements due to integration and cooperation [1]. Thus, that
which leads to distribute goods through a central depot or agency also leads to the implementa-
tion of vendor-managed inventory strategies [2]. This kind of logistic systems also shares resources
with different echelons of the supply chain, which allows improving its overall performance. These
resources can be used by a central depot to be delivered to other echelons with higher shortage risk
or to reduce service levels.
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This paper is then focused in a supply chain model with a central depot that shares resources
with different echelons through coordinated decisions. The paper is organized as follows: section 2
consists of a literature review; in section 3, the proposed mathematical model is presented; section
4 comprises the analysis and results; and finally, conclusions are explained in detail.

2. Literature review

Several approaches have addressed the problem of distributing goods to a set of customers. For
instance, Attiaa, Ghaithanb, and Duffuaa [3] develop a model for an oil and gas supply chain. They
proposed a mathematical model that considers different echelons of the oil and gas supply chain
from the production fields to final demand terminals using two objective functions: i) minimiza-
tion of total costs and ii) maximization of revenue. It also solved a three-period example with a
sensitivity analysis to finally determine the final price of the oil distributed through the network.
A similar study was done by Huanga et al. [4], where jet fuel distribution in accordance with pro-
duction decisions was modeled using a multi-objective four-stage supply chain optimization model
which considers total production costs and green emissions (a gas supply chain problem was also
solved by Zarei and Amin-Naseri [5]).

Other studies aim to optimize distribution processes without considering special conditions such
as the specific type of goods/products (those general problems can be solved using classic inven-
tory routing problem models and their extensions). The problem addressed here consists to make
distribution decisions over a planning horizon, a set of customers, vehicle capacity constraints, and
customer inventory capacities. Furthermore, customers have their own demand that changes over
time, as well as varying inventory capabilities. This problem has been previously studied in the lite-
rature with different extensions and variations. Some authors have developed some exact methods
for analyzing different sizes of network instances in a deterministic environment [6]–[9]. Other
authors consider uncertainty mostly over the demand and travel times [10]–[12] and other exten-
sions [7], [13]–[15]. Fuzzy uncertainty was considered by López, Méndez, and Franco [16] for a
design/distribution problem over supply chain networks with fuzzy demands (represented as fuzzy
numbers) as an uncertainty source whose solution was provided as a three-stage linear optimization
model.

Reverse logistic supply chain problems involving recycling products under uncertainty were sol-
ved by Kim, Chung, Kang, and Jeong, who proposed [17] the use of robust representation of un-
certainty in two stages: i) a deterministic model and ii) adaptation of robust constraints. Some
simulation-aided experiments were performed to emulate uncertain conditions and determine how
robust variables work.

Nowadays, the global economy and highly competitive markets force companies to develop inno-
vative strategies to achieve a high level of services to customers, so cooperation and collaboration
between different echelons becomes an important strategy to improve performance at different
levels of the supply chain. For example, the work by Quintero-Araujo, Gruler, Ángel, and Fau-
lin [18] is based on the concept of vertical/horizontal cooperation, where metaheuristics were used
for analyzing collaboration strategies in a distribution network with shared resources for three dif-
ferent scenarios: i) non-cooperative, ii) semi-cooperative, and iii) fully cooperative. In their study,
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iii) showed lower costs as a result of less depots being opened and reduced routing costs.

A backhaul-based horizontal cooperation analyzing the effects of the cooperation and the en-
vironmental impact of road transportation was developed by Ángel, Faulin, Perez-Bernabeu, and
Josewoiez [19]. Additionally, Caballini, Sacone, and Saeednia [20] used cooperation for drayage
operations, where time windows, trip deadliness, and fleet size were considered over several expe-
riments focused to analyze the number of trips, carrier profit, and others over an Italian real dataset.

This paper proposes a cooperation-inclusion model, where goods are delivered from a depot to
a set of customers who can share them with the depot in order to satisfy requirements coming
from customers in the network. Some healthcare, food, and humanitarian operations problems use
a similar approach [21]–[25].

3. Proposed mathematical model

Demands are one of the main uncertainty sources in time horizon planning-based supply chains,
so, in this paper, we considered them as stochastic variables. In this model, central depot determi-
nes replenishment/sharing decisions (similar to those strategies considered in VMI models [26]).
In this sense, the main idea of the model is to determine when the product on inventory of a cus-
tomer can be shared with the central depot for redistribution, aiming to minimize the stock outs of
the network. The proposed mathematical model works with a planning horizon T , where a set of
customers N or distribution points that belong to the network and the node n = 0 correspond to
the central depot. All customers have their own initial inventory levels IIn, and the central depot
has its own, represented by II0. For each time period, there is an amount of product Qt available
at the central depot that can be distributed along the network. Also, each node of the network must
guarantee a minimum percentage of safety stock Rsn given stochastic demands dnt. Key notations,
set definitions, parameters and decision variables are defined as follows:
Sets:
T
N

Set of planning horizon
Set of customers

Parameters:
IIn
II0
Qt

Rsn
dnt
rn

Initial inventory levels at customer n ∈ N
Initial inventory levels at customer at central depot
Amount of product available that can be used by the central depot at period t ∈ T
Risk index of safety stock of customer n ∈ N
Stochastic demand at customer n ∈ N at time period t ∈ T
Risk aversion of customer n ∈ N of delivering product to the central depot

Decision variables:
xnt

ynt
znt

Int
SSn

Amount of product delivered by the central depot to customer n ∈ N at period t ∈ T
Amount of product shared by customer to the central depot n ∈ N at period t ∈ T
Amount of product available that can be used to satisfy the demand by customer n ∈ N
at period t ∈ T
Final inventory levels of customer n ∈ N at period t ∈ T
Safety stock of customer n ∈ N
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The mathematical model proposed is as follows:

Min E

[∑
n∈N

∑
t∈T

(dnt − znt)
+

]
(1)

Subject to:

Int = Int−1 + xnt − ynt − znt ∀n ∈ N/{0}, t (2)

I0t = I0t−1 +Qt +
∑
n∈N

ynt −
∑
n∈N

xnt ∀t (3)

ynt ≤ rn(Int − SSn)
+ ∀ n ∈ N/{0}, t (4)

In ≥ SSn ∀ n ∈ N/{0} (5)

SSnt ≥ Rsn ∗ dnt ∀ n ∈ N/{0}, t (6)

∑
n∈N

xnt ≥ I0t−1 +Qt +
∑
n∈N

ynt ∀ t (7)

znt ≤ dnt ∀ n ∈ N/{0}, t (8)

xnt, ynt, znt, Int, SSnt ≥ 0 (9)

The objective function (1) aims to minimize expected shortages over the network for all periods
of time. Constraint (2) represents customer inventory levels represented by the amount of product
that comes from the central depot and the amount of product shared with the central depot in order
to support other distribution points. The same idea goes to (3), where inventory levels are modeled
for the central depot considering the amount of available product, the distributed product, and re-
turns coming from other nodes of the network. Constraint (4) ensures the central depot to receive
the amount of delivered product only if safety stocks are greater than inventory levels.

Constraint (5) sets the minimum inventory levels for each customer, given predefined safety stock
levels. Those safety stocks are determined by Eq. (6) as the amount of product that customers are
unable to share with the central depot due to uncertain demands. Constraint (7) ensures that the
amount of product delivered from the central depot cannot exceed its availability. Eq. (8) gua-
rantees that the amount of product sent to satisfy demands cannot exceed the customer demands.
Finally, Eq. (9) defines the codomain of all decision variables.

Note that both the objective function (1) and constraint (4) are nonlinear. To linearize the objective
function, we have added the new variable wnt and the following constraint:

wnt ≥ dnt − znt ∀ n ∈ N/{0}, t (10)
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Eq. (4) is also modified by adding a new binary variable gnt as follows:

rn(Int − SSn) ≥M(gnt − 1) ∀ n ∈ N/{0}, t (11)

ynt ≤ rn(Int − SSn) +M(1− gnt) ∀n ∈ N/{0}, t (12)

ynt ≤Mgnt (13)

As the demand is assumed to be stochastic, uncertain demands are modeled by using possible
scenarios. Therefore, we added a set of S scenarios indexed by the superscript ω . Finally, the
complete mathematical model is as follows:

Min
∑
ω∈S

pω

[∑
n∈N

∑
t∈T

wnt
ω

]
(14)

Int
ω = Int−1

ω + xnt
ω − ynt

ω − znt
ω ∀ n ∈ N/{0}, t, ω (15)

I0t
ω = I0t−1

ω +Qt +
∑
n∈N

ynt
ω −

∑
n∈N

xnt
ω ∀t, ω (16)

In
ω ≥ SSn

ω ∀ n ∈ N/{0}, ω (17)

SSnt
ω ≥ Rsn ∗ dnt ω ∀ n ∈ N/{0}, t, ω (18)

∑
n∈N

xnt
ω ≥ I0t−1

ω +Qt +
∑
n∈N

ynt
ω ∀ t, ω¸ (19)

znt
ω ≥ dnt

ω ∀ n ∈ N/{0}, t, ω (20)

wnt
ω ≥ dnt

ω − znt
ω ∀ n ∈ N/{0}, t, ω (21)

rn(Int
ω − SSn

ω) ≥M(gnt
ω − 1) ∀ n ∈ N/{0}, t, ω (22)

ynt
ω ≤ rn(Int

ω − SSn
ω) +M(1− gnt

ω) ∀ n ∈ N/{0}, t, ω (23)

ynt
ω ≤Mgnt

ω ∀ n ∈ N/{0}, t, ω (24)

xnt
ω, ynt

ω, znt
ω, Int

ω, SSnt
ω ≥ 0, gnt

ω ∈ {0, 1} (25)
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4. Experimentation
To test the proposed model, we used the instances presented by Coelho, Cordeau, and G. Laporte

[9]. Three sets of probabilities were used to define and analyze scenarios:

1. Average: scenarios with the same probability of occurrence

2. Extreme values with lower probability: scenarios with probabilities higher than 0,25

3. Extreme values with higher probability: scenarios with probabilities higher than 0,75

Then, for each customer, different demand values were generated using different scenarios over
different periods of time. In this sense, we generated the random variable dnt

ω using the instances
proposed by Coelho, Cordeau, and G. Laporte [9] and the demand values to generate the different
scenarios as previously shown with the aforementioned probabilities. Three performance measures
were implemented to analyze the obtained results:

• Shortage: it is the shortage amount per customer, measured as the maximum and expected
values of shortage.

• Product share: it is the amount of product shared to the central depot. Maximum values for
the planning horizon and expected values are presented.

• Product delivered to the customers: it is defined as the expected value delivered to each
customer per period.

An instance composed by 5 customers, 3 time periods, and a safety stock risk index and risk
aversion of 0,2 per customer was implemented. Results are shown in Table I. To solve the proposed
model, we used the Xpress-MP optimization software.

Table I. Results of the first configuration.
Shortage Product share Average product delivered

Max. Average Max. Average 1 2 3
1 656 271,23 0 0,00 67,8 12,1 0
2 121 70,63 0 0,00 6,6 17 0,6
3 108 47,50 4 0,01 9 5,1 0
4 96 48,43 0 0,00 8 33,2 40
5 294 55,43 40 0,39 0,8 15,9 0

Table I shows that, given the risk aversion and safety stock levels, the amount of shared product
to the central depot is low with higher shortage levels. Fig. 1 shows the average amount of shortage
inventory and demands of all customers.

It is clear that customers do not share product to the central depot when they have short demands,
which implies higher shortage levels. Only customer 5 reports inventory levels greater than shorta-
ge/demand levels.
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Figure 1. Comparison of behavior among customers.

The second probability scenario is presented in Table II. When comparing this scenario to Table
I, lower demand levels are more probable, as well as, consequently, higher shortage average evels,
whose maximum values remain the same regardless of average levels, so the amount of delivered
product to customers from the central depot increases.

Table II. Results of the second configuration.
Shortage Product share Average product delivered

Max. Average Max. Average 1 2 3
1 656 787,38 0 0,00 71,375 11,9375 0
2 121 203,5 0 0,00 8,25 15,5 0,75
3 108 132,88 4 0,50 11,25 6,375 0
4 96 141,88 0 0,00 9,375 31,625 37,75
5 294 176,56 40 14,31 0,5 14,125 0

Finally, Table III shows the probability scenario. Again, both shortage levels for most customers
and the amount of product delivered from the central depot increase.

Table III. Results of the third configuration.
Shortage Product share Average product delivered

Max. Average Max. Average 1 2 3
1 656 877,32 0 0,00 59,31 14,61 0,17
2 121 229,50 0 0,00 2,75 20,75 0,25
3 108 167,28 4 0,17 1,88 0,00 0,00
4 96 153,32 0 0,00 3,92 36,46 47,01
5 294 139,68 40 4,482 1,71 19,88 0,00

One of the main goals of this model is to evaluate the impact of sharing risks (or the desire
of sharing products coming from custromers’ own depots) with the central depot. To analyze the
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Figure 2. Variation of shortage versus the desire of sharing products to the central depot.

impact of this risk, an additional experiment was performed, whose results show that, given some
demand levels, sharing risks decrease total system shortage (see Fig. 2). This leads us to think that
integration is key in improving system performance.

5. Conclusions
In this paper, we presented a mathematical model for a supply network composed of a central de-

pot and a set of customers with stochastic demands. The idea of collaboration among supply chain
echelons consists of sharing resources to a central depot, which are then redistributed to other cus-
tomers with stockout or demand peaks. This sharing strategy was implemented as a parameter of
the model.

Experiments showed that, if the customers’ resource sharing willingness desire increased (un-
derstood as customer risk), the total system shortage could be reduced, which implies collaboration
among all supply chain echelons. The proposed model can be used as a tool for planning resources
in a distribution network with high demand variability so their resources can be managed by a cen-
tral depot.

Future work could include multi-product management problems and larger supply chain net-
works. This model does not require the implementation of different algorithms to solve large scale
instances.
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