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Abstract:
							                           

We discuss a sharpened Hausdorff–Young inequality for n-dimensional Hermite expansions.
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Resumen:
						                           

Consideramos una desigualdad de Hausdorff–Young refinada para expansiones de Hermite n dimensionales.
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1. Introduction. 


This note concerns the sharpened Hausdorff–Young inequality in the context of n-dimensional Hermite expansions. The corresponding 1-dimensional result was considered in [4].

The Hermite functions constitute an ONS in R with respect to the Lebesgue measure there, and are defined as follows [5, 12, 14]. Szegö introduced the Hermite polynomials, Hm(.), in Chapter V of [12]. Earlier, Hille had also considered the Hermite polynomials, and proved some remarkable formulas and estimates [5, 14]. In particular, Hille considered the generating formula
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The n–dimensional Hermite functions are obtained as products of the 1–dimensional Hermite functions [10, 14], and constitute an ONS in R. with respect to the Lebesgue measure there. To the point, given  x= (x1, · · · , xn) in 
[image: 603774916001_gi22.png]
  and an n–tuple of nonnegative integers m= (m1, . . . , mn), let the Hermite function Hm(x) be given by

                                                   Hm(x) = Hm1 (x1) · · · Hmn (xn) .

Now, for a function f(x) defined on 
[image: 603774916001_gi23.png]
 , the Hermite expansion of is given by
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and by the completeness of the Hermite expansion in R, f(x1, x2) = 0 a.e. x2 in R whenever x1 ∈ R \ E. Then, by Tonelli’s theorem, on account of the above observations it follows that
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2. Preliminaries. 


Given a function f defined on
[image: 603774916001_gi19.png]
, with 
[image: 603774916001_gi20.png]
 the Lebesgue measure on 
[image: 603774916001_gi21.png]
,  let m(f, λ) denote the distributionfunction of f,

m(f, λ) = v({x∈
[image: 603774916001_gi4.png]
 : | f(x)| > λ}) , λ > 0 .

m(f, λ) is nonincreasing and right continuous, and the nonincreasing rearrangement 

[image: 603774916001_gi5.png]
of  defined for t > 0 by

                                           f ∗(t) = inf{λ : m(f, λ) ≤ t} , inf ∅ = 0 ,

is informally its inverse (this statement is made precise in [9, p. 43]). f∗ is nonincreasing and right continuous and, at its points of continuity t, f ∗(t) = λ is equivalent to m(f, λ) = t.

The Lorentz space Lp,q(
[image: 603774916001_gi26.png]
) = L(p, q), 0 < p < ∞, 0 < q ≤ ∞, consists of those measurable functions f with finite quasinorm 
[image: 603774916001_gi18.png]
    given by
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and, with 
[image: 603774916001_gi16.png]
 the atomic measure concentrated on the lattice of n-tuples of nonnegative integer atoms m taking the value 
[image: 603774916001_gi17.png]
(m) = 1 on each such atom,
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Finally, an operator T of a class of functions f on 
[image: 603774916001_gi24.png]
 into a linear class of functions is said to be linear provided that, if T is defined for f0, f1, and λ ∈ R, then T is defined for f0 + λf1, and T (f0 + λf1)(x) = T (f0)(x) + λ T (f1)(x).

A linear operator T defined for f ∈ LA(
[image: 603774916001_gi15.png]
) and taking values T(f) = {cm} in lB is said to be bounded if there is a constant K>0 such that
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3. The Hausdorff–Young Inequality. 


The sharpened Hausdorff-Young inequality for n=1 proved in [4, Theorem 4.1] rests on a remarkable estimate for the Hermite functions established by Hille [5, p. 436], [12, p. 240], to wit,
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Let 
[image: 603774916001_gi9.png]
 denote the atomic measure concentrated on the lattice of 2-tuples of integer atoms m=(m1, m2) with m1, m2=0,1,2,..., taking the value 
[image: 603774916001_gi10.png]
(m)=1 on each atom.

Given λ > 0, let I
[image: 603774916001_gi11.png]
= {m : |Cm|> λ} . Now, if m= (m1, m2) is in I
[image: 603774916001_gi13.png]
. and m1 · m2
[image: 603774916001_gi14.png]
 0, by (3.7) we have
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and T is of type (p; q) . This conclusion also follows letting A(t) = 
[image: 603774916001_gi8.png]
 in (3.12) above. This proves (3.3), and we have finished.

A companion result to the Hausdorff-Young inequality addresses under what conditions fcmg is the sequence of Fourier coefficients of a function f in the Hausdorff-Young range [2], [15, Vol.2, Theorem 2.3, p, 101]. For the Hermite expansions in R, this is done in [4, Theorem 4.2]. 

In our context, for the Hermite expansions in n dimensions we have,
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And. since p < g setting 5 = g in (3.15) gives that 7 is of type (7, ). provided that (3.14) holds.
The result for the Orlicz spaces follows now by interpolation. In our case the equation of the line that
passes through (23/24,0) and (1/2,1/2) is given by
1,
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and, consequently, by [12, Theorem 2.8, p. 184]. " of type (4, B) provided that

B()= AT M), >0,

which i (3.16) for n = 2, and the proof is finished.

The reader will observe that as n — o, the expressions (3.2) and (3.4) above relating p.q become
1/p+1/q = 1. which is precisely the Haussdorf-Young range in the case of Fourier expansions. And,
naturally, the expressions (3.4) and (3.15) above approach the formula B (¢) = t A~ (1/t), which s the
condition for the Hausdorff-Young inequality to hold in the case of the Fourier transform 7],
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with L (p. p) the Lebesgue space L?(R").and L(p. o) the space weak-L7(R").

As for the Lorentz sequence spaces, given n-{uples of non-negative integers m, and a sequence ¢ =
{cm). let {c} } denote the sequence obtained by ordering {|c,|} in a nonincreasing fashion. The Lorentz
sequence space ((p,q). 1 < p < o, 1 < g < ov, consists of those sequences ¢ = {c] with finite
quasinorm |c]vs given by
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Hille notes that (3.1)is the best passible estimate, but that in applications he will only use the weaker
formula [H,n(z)| 5 1. On the other hand. as in [4], we will use (3.1) to obtain a sharpemed Hausdorff~
Young inequality for Hermite expansions on R We refer o these estimates as sharpened because they are
of type (p.q) with g < 1.

‘We then have.

Theorem 3.1, Let f() ~ ¥, CoHon(z) denote the expansion of a function | defined on R™ in
a Hermite series, and let T be the mapping that assigns 1o  its sequence of Hermite cocficients {C.y ).
Then, T maps the Loreniz space L(p, ) continuously into the Lorentz sequence space £(q, ). 1 < s < o,
provided that p,q verify

t<p<2 ad

In particular,
Tl = 1{Comles S, W1l 33)

and T is of ype (p..q) whenever (3.2) holds.
Moreover, if A, B are Young's functions such that [} B(s)/s'*" ds/s < B(t)/t"*" and B(t)/* in-
creases, T is of type (A, B). provided that A, B verify
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A bounded operator T from £ to L¥ (") is defined similarly. In either case, the smallest K above
is called the norm of T. is denoted by [T, and the operator is said to be of rype (A, B3). These operators
satisfy [T(f)len < L1, and [T ({emD)llm 5 [[{em }les, respectively. When A(f) = 1 and B(t) =
we say that T is of 1ype (p,q). If the mapping T"is from an L7(E") space into an L#(R"), or a sequence
space £(q, oc), the mapping is said to be of weak-rype (p, ). Similarly for mappings from £7 into weak—
L9(R™) spaces.

For further consideration of the Lorentz and Orlicz spaces the reader may consult [1, 6, 8, 9].
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As for the Orlicz spaces, the letters A, B are reserved for Young's funciions, i
defined for £ 0 that are zero at 7ero, increasing, and convex, or, more generally. A(1)/¢ increasing t0 oo
as t — oo, The Orlicz space L (R") consistsof those measurable functions f (modulo equality a.c.) such
that [ A(1f()|/M) di < oc for some M. normed by

Iy =int {3 0: [

(Vl:

Yz <1}

‘The Orlicz sequence space £ consists of those sequence ¢ = {¢ } such that for some M,
3 Aleml/M) < 20,

normed by

flllex —ml{))ﬂ:;A(T‘l
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Where the Hermite coefficients of f(z). Cip, are defined by

Co= [ Hon(e)ix an

In order to verify that the n—dimensional Hermite functions are an ONS, it suffices to show that if all
the Hermite coeffcients of an L¥(R") function £(#) ~ -, Cu Moo ) vanish, then f(z) = 0 ae. with
respect 1o the Lebesgue measure on B, For simplicity we assume that n. = 2, and let f(z;,72) be such
that Gy = 0 for all m = (my, my) with my, m; 18,..

Let then

cm{!\):/;/ULJ;)?(".,(z:)dr:. TERm =012,

and observe that al the Hermite coefficients €, of 2y, vanish. Indeed, with m = (m;, mz).

Cony =/Rvm(nmwm)dn
= [ 1z o ra)tz o (1), = G =0
e )2

Hence, by the completeness of the Hermite functions in R, 7, (71) vanishes a.c. with respect to the
Lebesgue measure on the line for cach 1z = 0,1,2, .. Let Eny be the set of Lebesgue measure 0 in the
line outside of which @, vanishes, and let E = %, Ep; E s a setof Lebesgue measure 0 in R

Now, foreach z, € R\ E. we have

m=012...,

[ sz etz =0,
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and T is continuous from L (R) into the sequence space £(24, o).
Also, T is of type (2.2) as established by the Parseval-Planchere! formula, and. in particular,

I{Cmble = (S 10m) * S 71

n

We are, therefore, in the appropriate framework o interpolate for the Orlicz spaces. We remind the
reader the underlying principle to oblain these interpolation results [13]. I a lincar mapping 7" s of type.
or weak-type. or mixed types, (i, do) and (p1,d1). With po # py . and the equation of the straight line
passing through the points (1/pv. 1/go). (1/p1,1/a:) is given by y = =z + 7, then. under appropriate
‘growth conditions on the Young’s functions A, . the mapping T is of type (4, B) provided that

B = A7\(r).

In our case T i of weak-type (1,21) and of type (2.2), and the equation of the line passing through
the points (1, 1/24) and (1/2, 1/2) s given by






