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ABSTRACT:

Introduction/purpose: The aim of this paper is to present the concept of b(an,n) -hypermetric spaces.

Methods: Conventional theoretical methods of functional analysis.

Results: This study presents the initial results on the topic of b(un,gn)-hypermetric spaces. In the first part, we generalize an n-
dimensional (n > 2) hypermetric distance over an arbitrary non-empty set X. The b(un gn)-hyperdistance function is defined in
any way we like, the only constraint being the simultaneous satisfaction of the three properties, viz, non-negativity and positive-
definiteness, symmetry and («n, fn)-triangle inequality. In the second part, we discuss the concept of (an, fn)-completeness, with
respect to this b(yn gn)-hypermetric, and the fixed point theorem which plays an important role in applied mathematics in a variety
of fields.

Conclusion: With proper generalisations, it is possible to formulate well-known results of classical metric spaces to the case of
b (an,pn)-hypermetric spaces.

KEYWORDS: b(un gn)-hypermetric spaces, G-metric, fixed point.

Pe 310M € :

Beeaenne/uean: Lleabto AaHHOI CTaTBU ABASIETCS IIPEACTABACHHE KOHIICTII[HH b(un,gn)_mnepMepr{ccxnx IPOCTPAHCTB.

MCTOABI: B cratpe NPHUMCHCHBI KOHBCHIJHMOHAABHBIC TCOPCTHUICCKUEC MCTOABI (l)yHKLlI/IOHaAbHOI‘O aHaAH3a.
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AKBAR DEHGHAN NEZHAD, ET AL. A DIFFERENT APPROACH TO B (an B )—HYPERMETRIC SPACES
n, Bn

PCSyAbTaTbI: B crarpe IPCACTAaBACHBI HHHUIJHAABHBIC PE3YABTATHI B O6A21CTI/I b(un,gn)-I‘I/IHCPMCTPI/I‘{CCKI/IX IPOCTPAHCTB. B HCPBOﬂ
JaCTHU O606H13€TCH n-MCpHOC (n > 2) THUICPMCTPHICCKOC PACCTOSTHUC HA IMPOU3BOAPHOM HCIYCTOM MHOJXKCCTBC X. (Dy}ucumo
b(an’gn)-I‘I/IHCPPQCTOHHI/IH MO>XHO ONPCACAHUTD IIPOU3BOABPHO IIPH HAAMYIHH TPEX CBOUCTB: HE OTPHULIATEABHOCTD, IOAOXKUTECAbHASL
ONPCACACHHOCTDb, CHUMMCTPHS U (OLH,BD)'HCPaBCHCTBO TPCYrOAbHHKA. Bo BTOPOI;I YacCTH CTATbU PACCMATPHUBACTCS KOHIICIIIHSI
(OCI’I,BI'I)'HOAHOTI)I IO OTHOILICHHIO K b(an)gn>-I‘I/IHCPMCTpI/IKC H TEOpEMEC O HCHOABH)KHOIZ TOYKE, KOTOpasi UTPACT BAXKHYIO POADb B
HPI/IKAa,A,HOI‘/'I MaTEMATHKEC B HCCKOABKHX O6AaCT5[X.

BI)IBOAI)I: C IIOMOIIIPI0O COOTBCTCTBYIOIINX 0606H_ICHI/II>1 MO>XHO C(l)OPMyAI/IPOBaTb H3BCCTHBIC PE3YABTATBI KAACCHYCCKHX
MCTPHICCKHUX ITPOCTPAHCTB B CAyJac b(an,@n)-FI/IHCPMCTPI/I‘{CCKI/IX NPOCTPAHCTB.

KnwuyueBBE cJTO0B a: b(un)Bn)-I‘I/IHCpMCTPI/I‘{CCKI/IC IPOCTPAHCTBA, G-MCTPI/IKS., HCIIOABHMJ)KHBIC TOYKH.

ABSTRACT:

YBoa/1us: s oBOr pasa jecte aa ce IPEACTaBU KOHLIEHT b(dn,g,n)—xnnepMeTpannx IpocTopa.

Metoae: [IpumereHe cy KOHBEHIIMOHAAHE TEOPETCKE METOAE PYHKIIMOHAAHE AHAAHUSE.

PesyaraTu: Y pasy cy npeACTaBA>EHH HHUIIMJAAHH PE3YATATH KOJH CE OAHOCE Ha b(an,gn)-XI/IHCpMCTPI/I‘{KC npocTope. Y IpBOM A€AY
TE€HEPAAM3Yje CE N-AUMEH3MOHAAHO (n = 2) xunepmeTpnuko pacTojame Ha IIpOU3BOASHOM HenpasHoM ckymy X. Qynkuuja b(,m,gn)—
XHIIEPPACTOjatba MOXKE Ce ACPMHUCATH Ha IIPOU3BOSAH HAYUH AOKAE FOA CY 33A0BOACHE TPU OCOOUHE: HEHEraTHBHOCT, IO3UTUBHA
AC)UHUTHOCT, CHMETPHja U (an, Bn)—HejeAHaKOCT TpOyraa. Y APYTOM A€AY PaAd PasMaTpaHU Cy KOHLIENT (an, Bn)-xkommaeTHOCTH
Y OAHOCY Ha b(un,gn)—xnnepMeTany U TeopeMa QUKCHE TauKe, KOja MMa 3HAYajHy YAOTY Y TPUMEHEHOj MATEMATHIIH Ha BUIIE IT05a.
3axaygax: OaroBapajyhum renepasusannjama moryhe je opmyancaru mosnare pesyataTe KAACHIHHX METPUYKHX IPOCTOPA HA
CAYYaj b(an)gn)-XI/IHCPMCTpI/I'{KI/IX IpocTopa.

KEYwoRrbDs: b(an)gn)—xnncpMeTquKH npocropu, G-MeTpuKa, PUKCHE TauKe.

INTRODUCTION

In human effort to describe the surrounding world, the concept of distance has long been fundamental. Our
intuitive understanding of distance as an exact value may however differ from its mathematical definition
and its properties. If one is to include the measurement error, encountered in real life attempt to measure the
distance between two objects, the distance will be defined as an interval. This is, for example, where we may
come across a set-valued distance function. This approach will in fact be our main motivation for presenting
a generalized concept of the distance as a set-valued function in this paper.

The notion of 2-metric spaces, as a possible generalization of metric spaces, was introduced by Gihler
(Gahler, 1963). The 2-metric d(x; , 2) is a function of three variables, and Gihler geometrically interpreted
it as an area of triangle with vertices at x, y and 2, respectively.

B. C. Dhage, in his PhD thesis (1992), introduced the notion of D-metric (Dhage et al, 2000) spaces that
generalize metric spaces. However, most of the claims concerning the fundamental topological properties of
D-metric spaces are incorrect, as shown in 2003 by Mustafa and Sims (Mustafa & Sims, 2003). This led them
to introduce the notion of G-metric spaces (Mustafa & Sims, 2006), as a generalization of the metric spaces.
In this type of spaces, a non-negative real number is assigned to every triplet of elements.

The G-metric spaces were generalized to universal metrics by Dehghan Nezhad et al, in a series of papers
(Dehghan Nezhad & Aral,2011; Dehghan Nezhad & Khajuee, 2013; Dehghan Nezhad et al, 2017; Dehghan
Nezhad et al, 2021; Dehghan Nezhad & Mazaheri, 2010). The interpretation of the perimeter of a triangle
is applied, but this time on G-metric spaces. Since then, many authors have obtained fixed point results for
Gmetric spaces.

In an attempt to generalize the notion of a G-metric space to more than three variables, Khan first
introduced the notion of a K-metric, and later the notion of a generalized n-metric space( for any n > 2)
(Khan, 2012, 2014), in 1975. He also proved the common fixed point theorem for such spaces.

Bakhtin (Bakhtin, 1989) and Czerwik (Czerwik, 1993) generalized the structure of metric space by
weakening the triangle inequality and called it the b-metric space. In 2017, Kamran et al. (Kamran et al,
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2017) introduced the concept of extended b-metric space by further weakening the triangle inequality. For
more details also see (Agarwal et al, 2015; Debnath et al, 2021; Kirk & Shahzad, 2014; Todor¢evi¢, 2019).
Also, for a broader perspective on extended b-metric spaces, dislocated b-metric spaces, rectangular b-metric
spaces, b-metric like spaces, and applications see (Younis et al, 2021a,b,c; Younis & Singh, 2021).

The main purpose of this paper is a generalization of universal metric spaces into bingn) -hypermetric
spaces of the n-dimension.

REMARK 1. An ordered ring is a (usually commutative) ring R with a total order # such that for all a,
b,and cin R:

i)ifa#b,thena+c#b+c

ii)ifO#aand 0 #b, then 0 #a-b.

We denote R a set of non-negative elements of R, namely R" := {g € R: 0 # g}.

The concept of a b-metric space is initiated by Bakhtin (Bakhtin, 1989) and later used by Czerwick
(Czerwik, 1993).

DEFINITION 1. ( Czerwik, 1993) Let X be a non-empty set and dj, : XxX —> [0, +o0) be a function
satisfying the following conditions:

(b1) dy(x, y) = 0if and only if x =y

(62) dy(x, y) = dp(y, x), for all x, y, z # X,

(b3) dy(x, y) < s(dy(x, 2) + di(z, p)) for all x, y, z # X, where s # 1.

The function dy is called a b-metric and the pair (X, dy) is called a bmetric space.

EXAMPLE 1. (Berinde, 1993) Let X = 1,[0, 1] be the space of all real functions ¢(t) with t € [0, 1] such
that /P < += with 0 < p < 1. Define dy, : X x X —> [0, +0) as:
1 v

dp(p, ) = ( lo(t) — 1,."}{#.}|'”df)

0

Therefore, (X, dp) is a b-metric space with .- 2.

REMARK 2. (Czerwik, 1993) The class of the b-metric space is larger than the class of the metric space.
When s = 1, the concept of the b-metric space coincides with the concept of the metric space.

In the following we recall the definition of the extended b-metric space.

DEFINITION 2. (Kamran et al, 2017) Let X be a non-empty set and r : X x X —» [1, +00). A function d,
: X X X = [0, +00) is called an extended b-metric if for all x, y, z # X it satisfies the following conditions:

(b1) d,(x, y) = 0if and only if x = y,

(bZ) dy(x, }’) = dro” x):

(43) d(5.) < (o y)(d 5 2) + (o ),

The pair (X, d,) is called the extended b-metric space.

MAIN RESULTS

The goal of this section is to describe a few properties and the results of the b(,ngn)-hypermetric spaces of the

dimension n.
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B(an,fn) -hypermetric spaces of the dimension n

Now we first recall and introduce some notation. For n > 2, let X" denote the n-times Cartesian product
== and R be an ordered ring. Let P(R) denote the family of all non-empty subsets of R. We begin with
the following definition.

DEFINITION 3. Let X be a non-empty set and a,, B, : X* —> [1, +o0). Let v, x* — rw) be a function
that satisfies the following conditions:

(UT) Uig, g (1, m) = {0}, if 2y = ... =z,

(U2) Uy, g(x1,-- - xn) 2 {0}, forall zy, ..., z, with x; # x;, for some
i,j € {l....,n},

(U3) Uia, gy (w1, yen) = Uga, 5,)(%r,, ..., xx,), for every permuta-
tion (m(y), ..., ™)) Of (1,2,....n)

(U4) Um,__.—j,._)(i??l--’?'ﬂ-. e _.:rn_L_.:rn_LJ - Ufﬂu--’ju)(xl'- T, ... -In—l-xn)s for
allzq,....7, € X,

(US) U, sy(T1, T2, -+ Tn) C anlz1, 72, ..., Tn) - Uy, 5,)(71, 8, ..., a)
+ Bulz1,x2,. .., 20) - U_]{n.r_‘_;j“)(a._ T, ., Ty), forall zy, ... o0 € X.

Let A;be the subsets of X,(i=1,...,n),foranyD,D’ & P*(R") and« € R". We define

D+D' ={d+d|deD,deD}anda-D={a-d|de D,ac R"}.

We shall use the following abbreviated notation: The function v, is called an ordered by, gn)-hypermetric
ring of the dimension n, or more specifically a bungn)-hypermetric on X. The pair (x.v,) is called an by, gn)-
hypermetric space.

For example, we can place #* =z} orr), where 22 =nuf) = {0, 1, 2,...} and & = 0.+ In the sequel, for
simplicity we assume that #* = 2. The following useful properties of a b,-hypermetric are easily derived from
the axioms.

REMARK 3. If a,(x1, X2, . . ., Xn) = Pu(X1, X2, . . ., X) = c for ¢ 2 1 and n = 1, then we obtain the definition
of a b-metric space (Czerwik, 1993). It is clear that for ¢ = 1, this b-metric becomes a usual metric.

PROPOSITION 1. (Example) Let X = [0, 1] and az, B2: X X X = [1, +00), with wwn-1+men -1+
. Define

0
Fa, 5 : X x X — P*(RY)
with,
1, I_ly) : x,y€(0,1], x#y
Flas,p)(@y) =1 {0} ; zyef01], z=y

Fla,p)(y.2) =[1.3) : y=0,2<(0,1]

and also assume A+ B = A #B, for all a.5cr®y). Then (xrv...) isa byzpo) -hypermetric space.
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Proof- Tt is sufficient to show that ..., is satisfied in all properties (U1),(U2), . ..,(US) . The proofs of
(U1),...,(U4), follow immediately from the definition of .. .,. We only need to show that ..., is satisfied in

IF (tz,Fa )( fj) C (lz(.i"‘ y) [F(a2 32}(!' Z) + 92—(1. fj) ]F(Q:2 B2 }(z f;) VL WY, Z e X.
We distinguish the following cases:

(i) Let 2,y € (0,1] For z € (0, 1], we have
Flass)(@y) € a2(2,9).Fa,5)(7,2) + B2(z,y).F(a,5,)(2y) if and

only if
1, Ily) c 1+ Hy)[[) =) + (1 + Z)0,2) if and only if

[1,5) € 1+ 350, 5) + 1[0, 3))
if and only if [1, =) C (Iﬂ;z)[ Sy ifandonly if 2 <2+ 2 +y.
If = = 0, then ]F[a,z,‘gj)(l. y) C  ag(x,y)F (ce2,Ba) (x,0) +

32(-{ U) ]F(os Ba) (U -‘J)

if and only if [1, Iy) C(1+ m)[ 0,1)+(1+ _,Hy)[ ) if and only if
[1,25) € (1+355)([0,2)+[0, ;) ifand only if [1, ) € (xﬁf,z)[ )

ifandonlyif2 <2+ +y.

(if) Forz € (0,1] and y = 0, let z € (0, 1],
]F(ag_.ﬁg}(‘r.‘ U) g (.1'2(.'1.'_, U)']F[O';;.,u'jgj (33: .Z) + 62(.’1.'_, U).IF(Q.&“SQ) (Z_, U) if and Ol'l|y
if
[1.3) S (550, 5) + (%)[U 2) ifand only if [1. £) € (325)([0. 72) +
[0,1))ifand onlyif [1,1) C (=2 2)0, ztl)ifand only if 2z < (z+1)(z +
2).

(iii) Let 2,y € [0,1], = = y. Obviously, F,, s, is satisfied in (U5).

Hence (x...s) is a b go) -hypermetric space.
PROPOSITION 2. Let (x.Vw, .y bea v, -hypermetric space, then for any xy, ..., X, a # X it follows that:

(1) ’f[U(rx,L _...'3“}(1-'1, veey Ly ) {J} then x; = ... = x,,

(2) Uta, o) (@15 Tn) € 270 5 Ugg,, 3"}( s T1, Tf),

(3) Uta, 8,) (@15 2n) © 300 U(an,ﬁ"}(i‘j: eees @),

(4) U(a, p.) (71,72, ..., 02) € (n — 1)U(q, 3,)(®1; -, T1, T2).

PROPOSITION 3. Let (x.Vw.5)) bea v -hypermetric space, then {0} < Ui sym ) 07 all x1p, ..y %, # X.
Proof. By condition (U4) of the definition of a bungn)-hypermetric space, we have

{U} - [['I(f}:n._ﬁ“}(rla . fl) - U(.—:x“_f}’n}( -rn)

PROPOSITION 4. Every b(,,p.)-hypermetric space (X0, defines a bpapay-hypermetric space (x.0..s)
as follows:

U(aghﬁg}(rv ?J) [U(o (j Y- ) + U(o'",,.'jn)(y: T,... 7:’[‘.); V:L.! S X.
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Proof:Note that (U1), ... ,(U4) trivially hold. We only need to show that u...,, is satisfied in

Utay.p)(2:y) € aa(2,y). U, g,) (@, 2) + B2(2,4) Uq, g, (2,¥), Vo, 4,2 € X.

By setting
as(x,y) = max{a,(z,y,....y), 0, (y, &, ..., x)}
and
Bo(x,y) = max{Bn(x,y,...,y), Oy, x,...,x)}.
This completes the proof.

PROPOSITION 5. Let e be an arbitrary positive real number, and (X, d) be a metric space. We define
an induced b, p2)-hypermetric

¢ s X x X = P*(RY)

(0'2 Ba

(d(z,y) — e,d(z,y) + ) U{0}: = #y,d(z,y) >e
Ulas,p) (@, y) = (d(z,y) — e,d(z,y) +€) NRY; = #y.d(z,y) <e
{0} r=yord(z,y) =e.

Then x.v;,,,,) is a bago)-hypermetric spac

Quotient b(an,Bn)-hypermetric space

Let (X, be a bngn)-hypermetric space and % be a partition of X. For each point p € X, we denote 5 a
point in ¥ containing p, and we denote the equivalent relation induced by the relation by ~ .

DEFINITION 4. Let (X.Ui.s.) € biupn) hypermetric space. Let py, . . ., p, # X, and consider »....5. < %.
A quotient b, g,)-hypermetric of points of 5 induced by v..., is the function

e

Ulanpn) : X" —s P*(RY)
given by

Ua,.8,)(P15-- - Pn) = m Uia,.8.)(P15- - Pn)-
P:EPi
PROPOSITION 6. The quotient b, g,)-hypermetric induced by v..., is well defined and is a b, p,)-

hypermetric on X
Proof- v..., is satisfied in all properties (U1), till (U4),
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piEP,

ﬂ (U(o-,,.,,:i,.j(pl ¢ ----q) + U, 8.y (a,p2, - .. :if)n))
pEP;
qeq

= () Utanp)®@1:-- -0 + [ Ugan,p) (@02, )

p‘E.’ﬂ’, pJEﬁg
qeq qeq

Let (x.0.2) be a b pn)-hypermetric space of a dimension n > 2. For any arbitrary a in X, define the

function vi..,s.on X by Ui, s, (1 501) = Ui, a1, 2a1,0). Then we have the following result.
PROPOSITION 7. The function v. ..., efinea ve...,-hypermetric on X.
Proof. We will verify that v.. ., satisfies the five properties of a ¢.........-hypermetric.

PROPOSITION 8. Let I : X > Y be an injection from a set X to a set Y. If Vo2 " = P®RY) S @ by pn)-
hypermetric on the set Y. Then v...,-x»~ v, given by the formula v, v~ U sy, 1) forallxy ...,
Xp # X, 15 4 b pn)-hypermetric on the set X.

PROPOSITION 9. Let (X.0a.) be any b(npny-hypermetric spaceand s < v Then x.v,,.,.)) is also a b,
/Jypermetrz'c space where v, 1.z = ANDNAE U)oz

So, on the same X many intances of the b gn)-hypermetric can be defined, as a result of which the same
set X is endowed with different metric structures. Another structure in the next proposition is useful for
scaling the b, gn)-hypermetric, so we need the following explanation.

For any non-empty subset A of &2, and A € r* wedefincaseth-Atober-A:={A-a|a € A}.

PROPOSITION 10. Let (X.V.s.)) € any bppay-hypermetric space. Let A be any positive real number. We
define 0. w50 = AU, @)« Then o, 15 also a b, p,)-hypermetric space.

A sequence {Xp} in a b gn)-hypermetric space (x.v....) is said to converge to a point s in X, if for any # >
0 there exists a natural number N such that for every my, ..., m,—; 2 N.

U[ﬂ"-.i'i,,jl(:f:ml v s T, 1+ 8) C [0, €),

then we shall write

lim Uia,.8.)(@mys ey Tm,_,»8) = {0}.

Mg yeeay MMy —F+4D0

We shall say that a sequence {x,,} has a cluster point x if there exists a subsequence {Xpk } of {x,n} that
converges to x.
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PROPOSITION 11. Let (x.0.z)) and V. ) be two b,g,)-hypermetric spaces. Then a function T : X >
X# 05 b (4 ) -continuous at a point x # X, if and only if it is b,y pn)-sequentially continuous at x; that is, whenever
sequence {%,,} is by, 0,) -convergent to x one has {T(x,,)} is U pn) -convergent to T (x).

DEFINITION 5. Let (x.Viw.s) be a bypn) -hypermetric space, and A # X. The set A is b, p,) -compact if
Jor every b, p,) -sequence {x,,} in A, there exists a subsequence {x, } of {x,n} such that b, g, -convergences o
somexg# A.

PROPOSITION 12. Let (XU, ) and <V, ) be two b, g,)-hypermetric spaces and T : X > X# a b )
continuous function on X. If X is b, g,)-compact, then T(X) is b(n,pn)-compact.

DEFINITION 6. Let (xX.Viw.5.) be a b(unpn) -hypermetric space, then for xo # X, v > 0, the b(yn,p,) -hyperball

with the centre xy and the radius r is

B._.J{n“_,;" j (:IJ[]% T:] - {y € X U(ﬂ“_ﬁn)(-"f:[]-_.'y; y} g [U T)}

PROPOSITION 13. Let (X.Uis) be a bps)-hypermetric space, then for xo # X, r > 0,

() IfU(q, 5.) (0, T2, ..., zn) € [0,7), then xa, ..., xn € By, ,  (wo,7),
(i) Ify € By, . (vg,7), then there exists, 6 > 0 such that By, , (y,d) C
By, ., (zo,7).

PROPOSITION 14. The set of all V., -balls, 8, = 5o (.r) - x € x.r >0}, forms a basis for a topology T(Ui..s.)
onX.

DEFINITION 7. Let (X.Viw.s.) be a by pn)-hypermetric space. The sequence {x,,} # X is b, p)-convergent to
X i it b (yn,pn)-converges to x in the b, g,)-hypermetric topology, T(U..s.)) .

PROPOSITION 15. Let (X0 be a b(yp,)-hypermetric space. Then for a sequence {x,,} # X, and a point
x # X the following are equivalent:

(1) {zm} is U, s,)-convergent to z,

(2) Ui, gy (Trms ooy T @) — 0, @nd
(3) Uta, p.)(@m, 2, ...y ) — 0.

DEFINITION 8. Let (X.Uis)) 5 0V  be universal hypermetric spaces of the dimensions n and m
respectively; a function T : X —= Y is by, 0), (am pm)-continuous at the point xo # X, if Tw.), for all r > 0.
We say £is bun,gn), (um,pm)-continuous if it is b(un,gn), (um,pm)-continuous at all points of X; that is, continuous
as a function from X with the 7w....)-topology to Y with the 7(v....».)-topology.
In the sequel, for simplicity we have assumed that n = m. Since b, gn)-hypermetric topologies are metric
topologies, we have:
DEFINITION 9. Let (x,0,)) and -Ve.u) betwo by, p,-hypermetric spaces and - XUi.s) = Vs bea
Sunction. The function fis called b, )-continuous at a point a # X if and only if, for given # > 0, there exists 8 > 0
suchthatxy, ..., x,-; # X and the subset relation v, e .va) < 10.6) implies that V. . T@.T@). . T <00,
A function fis b gn) -continuous on X if and only if it is bngn)-continuous atalla & X.
PROPOSITION 16. Let (X.V) 5 :Ves) be byn)-hypermetric spaces, a function T : X —> Y is b, p,)-
continuous at point x # X if and only if it is b, p,)-sequentially continuous at x; that is, whenever the {x,} is
b (un,pn)-convergent to x we have (T(x,,)) is b, ,)-convergent to T(x).
PROPOSITION 17. Let (X.Ui..) be a b p,)-hypermetric space. Then the function
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Uton G120 s0) 1S JOIRELY b (4, ) -cOntinmous in all n of its variables.
DEFINITION 10. A map T : X —> Y between b, p,)-hypermetric spaces XV, and vv..) is an iso-
hypermetric when Ui, s o) = U, (Tw). T, for all xp, . . ., %, # X. If the is0-b (4, )- hypermez‘rzc is injective,

we call it is0-b(,,p, )—hypermetmc embeddmg. A bijective is0-bpn)-hypermetric is called a b, g,)-hypermetric
isomorphism.

Fixed Point Theorem in b(an,Bn)-hypermetric spaces

In a bungn-hypermetric space, the concepts of basic topological notions, such as: by gn)-Cauchy sequence,
b (ungn)-convergent sequence and bngn)-complete by pn)-hypermetric space can be easily adopted as shown
below. We discuss about the concept of by gn)-completeness of b(ungn)-hypermetric spaces.

DEFINITION 11. Let (x.0,5)) be a bign)- hypermetrzc space, then a sequence {xm} # X is called b, g,
Cauchy if for every e > 0, there exists N N such that Uy, s \(tm,ms .o 5m,) < & for allmima, .y > N.

The next proposition follows directly from the deﬁmtlons.

PROPOSITION 18. Iz a by, )-hypermetric space, (x.0....)) , the following are equivalent

(i) The sequence {x,,} is b, s,)-Cauchy.

(ii) Forevery e > 0, there exists N € NsuchthatU,,, 5 \(z1,m, -, Tm) <
g, foralll,m > N.

(i14) {rm} is a Cauchy sequence in the metric space (X,dy,,. , ).

COROLLARY 1. (7) Every b, g,)-convergent sequence in a b, g,,)- hypermetric space is by, g,)-Cauchy. (ii)
If a b(pn)-Canchy sequence in a b, 5,)-hypermetric space (x.V...) contains a b, g,)-convergent subsequence,
then the sequence itself is b(an,Bn)-convergent.

DEFINITION 12. A by pn)-hypermetric space XV, is called b, g,)-complete if every b, p,)-Cauchy
sequence in (X.Ua,s,)) 1S b(m/gn)—convergmt n (X.Ua.a)) .

PROPOSITION 19. A by pn)-hypermetric space (x.Vi,s) is by pn)-complete if and only if ... isa
complete metric space.

DEFINITION 13. Let (x.Viw.5.) and V... be two b, g,)-hypermetric spaces. A functz’on f X —>Yiscalled

@ by pn)-contraction if there exists a constant k # [0, 1) such that v...,0e) 160 = i s forall xg, ...,
x, # X
It follows that f is b(,ngn)-continuous because; v, @1,z # [0, 8) with ##0ands = c/kimples U, , (7). fz)) 0.0,

THEOREM 1. Let XV, be a by,p,) -complete space and let T : X > X be a b, g, -contraction map. Then
T has a unique fixed point T (x) = x.

Proof- We consider x+1 = T(x,), with xg being any point in X. By repeated use of the (an, fn)-rectangle
inequality and the application of the contraction property, we obtain

]'U(a” ?”]( ‘ms Lm41s - :-'L'm-lul) - kmu{a,,,;’in}(x"{]: L1y--- .'-ﬂ:l)

forall m,s; € § whichm < s;andk € [0, 1). It follows from the above that
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n, Bn

U[o',,,ﬁ,,}(:l:nh Tgyse-- :-Tsl) < Flu(n",ﬁ'"}(xm:mnwrln cee s Tl

+F21U(an,3"}($m+lm Tm42y -3 Tm42

+.. +F91—mU m,.jnj(L-;l—lgLs“l ----- s Ly
C F(km -+ k‘m+l S )U(amﬁn)(:f[l::fl: R |

k(] — psi—m
( 1_ & )U(Gmﬁn)(:r“,:rl:...::n]

)
)
+3U(q, 8,) (Tm+2, Tm+3; - - -, Tm+3)
)
)

=T

where I'l = o (Xm Xg1 5+ -+ » X1 )5
and [ =maz{l1,Ty,...,Ts, _} forall a,,, ..., € By, ,  (vo,7).

Then we have

lim U{ﬂm,ﬁ*n}(fﬂmg Lgyyen-sy iﬂsl) — {U}

m, 5 = +00

since

pm(] — fps1—m
lim T ( )

m ., 81 —+ 400 1—fﬂ'

U(ﬂn|5ﬂ}(:rﬂ: Llyeney ﬂ':l) = {U}'

Form <1 <5, € wand (U5) it implies that
U[ﬂ'nq,ﬂnj (:En]_-] ﬂ'ﬁ,;l Y :L-SQ . :L.Sj) g
an(mm: Lsy3Lgy -y m,eg)m[amﬁ“j (ﬂjm: Lgyyeens 5:51)
+Bn (im; LgyyLigy ey :ESQ)U[QH,BH}(Isl s Lggy ey ﬂ:.‘;g)l

now taking a limit as m, sy, s, > 400, we get

[[.J(amﬁ”j(ﬂ:m: Tg s Lgy---yLs,) = {0}
Nowform<s;<s,<...<s,-; €, wewill have
Ula, 5.)(Tm, Ts,s- .-, xs,) = {0};  whenever, m,s1,...,8.-1 = +0o0,

then {x,,} is a Cauchy sequence. By completeness of (x.u.....), there exists a € X such that {x,} is b(ungn)-
convergent to a. It follows that the limit x, is a fixed point of T following the b, gn)-continuity of T, and

Ta=T lim z,= lm Tz,= lim z,.,=a
m—+40o m—++00 m—r+400

Finally, if a and b are two fixed points, then
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{0} C Ve, (@b 0) = Uga, 5, (T(@),TO),...., T(H))
C kUq, s.)(a,b,....b).
We conclude from k < 1 that v,(.s.....s = 101. Consequently, a = b and the fixed point is unique.
CONCLUSION

The objective of this paper is to bring about the study of b, gn)-hypermetric spaces and to introduce certain
fixed point results of mappings in the setting of b(,ngn)-hypermetric spaces. This study presents the initial
results in this topic and more refined results can be derived in the near future. Also in the future, we will
consider engineering applications of the considered topic.
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