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ABSTRACT:

Introduction/purpose: Some sums of the polylogarithmic function associated with harmonic numbers are established.
Methods: The approach is based on using the summation methods.

Results: This paper generalizes the results of the zeta function series associated with the harmonic numbers.
Conclusions: Various interesting series as the consequence of the gen- eralization are obtained.

KEYWORDS: Polylogarithmic function, Series, Harmonic Numbers, Integration.
Pe siowMe:

BBeaeHne/mean: YcraHaBACHBI HEKOTOPBIE CYMMBI TOAHAOTAPUPMUIECKOH PYHKIIUHU, CBSI3AHHBIE C TAPMOHUYECKUMH YUCAAMH.
Metoanr: ITopaxoa 0cHOBaH Ha HCIIOAB30OBAaHUH METOAOB CYMMHPOBAHHSL.

Pesyasrarsr: B aanHoOII cTaTbe 0606m1IeHbI PE3YABTATHI Psiad A3eTa-QYHKIFHI, CBSIBAHHBIX C TAPMOHHYECKHMMH YHCAAMU.
Brisoarr: B caeacTBue 0606menus IIOAY4€HbI PA3AMYHbBIE UHTEPECHBIE PAABL.

KnwdyeBEBHE cJ0B a: HOAI/IAOI‘Q.PI/I(l)MI/I‘ICCKaﬂ (l)yHKI_[I/IH, PAABIL, TADMOHHUYICCKUC YHCAQ, HHTCTPUPOBAHHC.

ABSTRACT:

YBOA/L[I/IAD: VYceranosmene CYy HCKE CyMC€ ITIOAHAOTapHUTaMCKE (l)yHKLlI/IjC IIOBE3aHC Ca XapMOHI/IjCKI/lM 6POj€BI/IMa.
MCTOAG: HPI/ICTYI'I C€ 3aCHHBA HA KOPI/II.I.IhCH)Y MCTOAA CyMHpakba.

PCBYATaTI/I: rCHCpaAI/BOBaHI/I CYy pE3yATaTH HH3a 3€Ta - (l)yHKLlI/Ija IIOBC3aHHUX Ca XaPMOHI/Ij CKHUM 6p0} CBHMa.
SHMY‘JQK: AO6HjCHH CY PaSAUYHUTH 3aHHUMAHBH HU30BH KaO ITOCACAHIIA I‘CHCPQAI/ISaL[I/IjC.

KEYWORDS: TTOAMAOTAPUTAMCKA (l)yHKLlI/Ija, cepuja, XapMOHMjCKH 6pOjCBI/I, HHTErpanyja.
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INTRODUCTION AND PRELIMINARIES

The polylogarithm is a function in mathematics which was investigated intensively by many mathematicians.
Many of them used different definitions but the one we use is the standard modern definition. For more
information about the polylogarithm as a function consult the following book (Lewin, 1981). Questions
about sums and their evaluations trace back to ancient times. Even the great Euler concerned himself with
evaluating the {(2) known as the Basel problem, which was later generalized by him in view of finding a
formula for even zeta values. More on various sums and evaluations can be found here (Hirschman, 2014;
Knopp, 1990; Stojiljkovi¢, 2021; Davis, 2015). We will use the following notation throughout the paper.
The first known definition is as follows.
Definition 1. The polylogarithm, see (Lewin, 1981), is defined by a power series in z, given by

+:>LJL

=2
k=1

This definition is valid for the arbitrary complex order s and for all complex arguments z with |z| < 1. We will

also need the definition given by
“ L 2
" 58— l .
Lis(z) = / "—()dz.
0

N

2

Also, the special case we will use frequently is

Lis(z) = — AZ @d;.

For z = 1 we get the Riemann zeta function { which is also a function of the complex variable s. For more
information see (Edwards, 1974), (Fabiano, 2020).

k'i R(s) > 1

c;
T
2z

I

==
I, Ms

The second definition is as follows.
Definition 2. The harmonic numbers, see (Olaikhan, 2021), are defined as follows

I 1 1
H,=14+-+-+4+..4+—
—|—2—|—3—i— +n

for n > 1 and by definition Hy = 0.

The main results of this paper are the following.
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Theorem 1. Let Lis(z) denote the polylogarithmic function. Then the following equality holds for |z| < 1

+o0 K

Hy (Lis(z) —2— - — ) =
> (Lin(e) oo - )
k=1

1 - 1 =] — 1 ] [ T
/ Lis—1(2) — Lis—1(2m) + zm zdm
0

1—m
- Li.&'—l (z) + 2.
Theorem 2. Let Liy(z) denote the polylogarithmic function. Then the following equality holds for |z| < 1

2 =

+oo 5 Hk
gkh’k (Ll‘g(z)—z—g—---—ﬁ) =

1 Lis(2) — Lig () +

1 /1 Lis—2(z) + Lis—1(zm) — Lis—1(2z) — Lis—2(2zm)
2 Jo

dm

1—-m

Theorem 3. Let Li(z) denote the polylogarithmic function. Then the following equality holds for |z| < 1

+o0 ) 32 z“'
=1

/1 fnl Li[?,_”{z)—z—l(_Lti(,_1}(zt)—ztj dt — fnl Li(,,_1}(z‘rn}—zru—l(_l_‘:l(ﬁ_13(zrlzf'j—z1n-r') drd?n
0 (1 —m)?
B /1 Li(s)(2) — z — (Li(s)(2m) — zm) .
0 1—m
1 . _Til . .
s (f Lis—1(z) — Lisz—1(zm) + zm % dm — Li,_y(2) + 3) .
0 1 — m

The corollaries of the results are given as follows.
Corollary 1. The following equalities come from theorem 1.

+00 k
) z z4+In(l —z
a) E Hy, (Lu(z}—z—...—ﬁ)z ( },|z\<1
k=1 '

Setting -1 we get

— 1\ 1 ()"
b)Y Hy | Liy (§> — 5= E—l =1In(4) — 1.
k=1
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We can also derive

+oo _k .
c) ;Hk (Lig(z) —Z— e — ﬁ) = — Liy (z — 1) — Lii(2).

By setting -1 we get

+0oo X
C N (2)? (z)F\  1In(1-2)
“’;*‘“H’f(h?(*)‘"z—z """ ) = g
%le(dil)+}1(L11(3)—L1(}(2])

By setting - -1 we get

+o00 142 1\k
b)Y H (Lim (%) - % - % — (ZT)) =2+ g +1n%(2) — In(16).

k=1

MAIN RESULTS

We will need some lemmas in order to proceed further. The following lemma will be extensively used

throughout the paper.
Lemma 1. The following equality holds for |z| < 1.
Too k41
E - = Lis—1(2) — 2
4 1)5-1 :
— (k+1)

Proof. Follows from the definition of the polylogarithm.

We will need the following in order to proceed further.
We will need in our analysis Abel’s summation formula (Bonar & Koury, 2006, p.55), (Lewin, 1981,

p-258), which states that if (a,), = 1and (b,), = 1 are two sequences of real numbers and 4.- 5., «, then

T

> arbe = Apbng1 + > Ar(be — bry1)
k=1 k=1

The second lemma will be given.
Lemma 2. The following identity holds:
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T

> Hi=(n+1)Hnp1 — (n+1)
k=1

Proof. We will prove it using the Abel’s summation (finite version). By choosing ax = 1, by = Hi we get
in:an-i—l‘i—i:k' L =nHp41 —ii =nHpi1 —n
k=1 k=1 k+1 k—1k+1

+; %‘l‘l = an-l—l —n+ (H-n+l - ]-j = (ﬂ, + 1)H-n+1 - [ﬂ' + 1)

and the proof is done.
The third lemma that we will need.
Lemma 3. The following equality holds.

Proof. We will prove it using the Abel’s summation (finite version). By choosing ax = k, b = Hj, we get

- n(n+1) " k(k+1) 1
2 kH, = ———H, . 2 : — =
— k 2 T£+l+k=1 2 k‘l_]-

n(n + 1) “k nn+1)

- THn-f—l - Z § - THTL—i-l -
k=1

n(n+1)
4

and the proof is complete.

Lemma 4. The following equality holds for any q and for |z| < 1

_k+1
1 -4 i (2 — 2 —ee | =
(R (Ll-‘*'(“‘) y (k+1)~‘-’) 0

Proof. Let us observe the expression inside the brackets

S+l ) k2 Sh+3 Jk+4

(Lis(z)—z—""ml)s oy T ey Tk

TR e ichit

What we can realise is that every term is less than ; therefore, by
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k42 k+3 Lkt b k
i T hr T arp TS e TR

multiplying both sides by k% and letting the limit go to infinity, we get

k41 Lok zk
lim &7 (Lif(z) =2~ .o m ) < lm k7" = lim =
(129 ) S dm - g

and this will go to zero independently of s — q — 1 because |z| < 1 and z* goes faster to zero than any power
of the form k™97,

The proof is complete.
We give our first generalization of the zeta function series.

Lemma 5. Let Liy(z) denote the polylogarithmic function. Then the following equality holds for |z| < 1
— (. 22 i . .
Z Lis(z) — 2z — 2 T T s ) T Lis—1(z) — Lig(z).
k=1

Proof. We apply the Abel’s summation formula with ay = 1 and by =Li(z) —z— 5 - .- # from which we get

+0o0 32 zk
Z(Ll“‘(z]_z_ﬁ_"'_ﬁ) =

k=1

. : + :
2 Sk Skt agiy W L
) +

Since the first term goes to zero when k > +c0, Lemma 4 (q = 1), we get

oo 2 ke +oo k+1
z z k=

Li. —_—_——— .. —— ]| = _

| CICERREMES B preas

Adding and subtracting 1 in the numerator leaves us with two sums

Foo k41 £o0 ki1
2 DT L ey - 1)~ L)

because of Lemma 1. The proof is complete.
In the following we give a proof of Theorem 1.
Theorem 1. Let Li(z) denote the polylogarithmic function. Then the following equality holds for |z| < 1
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oo k Ly T4 . "o
S, (Lig(z) g z_) _ / Lis1(2) Llf—l(zm) P E
k=1 ' 0 —m

—Lis—1(2) + z.

Proof. By using Abel’s theorem (infinite version) and choosing
ar=Hib =Lis) -~ - - and Lemma 2 we get

+00
> Hy (Lig(z) —z— - i_) —
k=1

_ . Zk zk—H

= kEI—Poo ((k+1)Hgs1 - (k+1)) (L13(z) TET e T s T (k + 1)3) +
+Z ((k +1)Hps1 — (k +1))z"+
- (k+1)° '

Since the first term goes to zero when k > +c0, Lemma 4 (q = 2), the above equals to:

M§

((k + 1)Hgy1 — (k + 1))z~ +1 +Z Hy12M1 f Rt
(

(k+1)® (k+1)s-1 —(k+1)

k=1 k=1

The second sum follows from Lemma 1. In the first sum we will rewrite the harmonic number as an integral

and interchange the sum and the integral thanks to Fubini’s theorem:
+ + :
X Hy, 2kt % _ktl 19 _ okl
Z (k + 1)1 :Z (k+ 1)1 1 —m dm
k=1 k=1 0

1 +oo Sk+1 1 — mk+1

— dm .
Z (k+1)*~1 1—m
By rewriting it as two sums, we get
1 +o0 Zhk+1 +oc (mz)kt!
k=1 (k+1)—-1 k=1 (k+1)=-!
(1) SV
0 ]_ — I

Using the results from the Lemma 1 leaves us with

/1 Lig_1(z) — z — (Lig_1(2m) — zm)
dm.
0

1—m

Which, when substituted above, gives us:

49



VOINOTEHNICKI GLASNIK/MILITARY TECHNICAL COURIER, 2022, vOL. 70, NO. 1, JANUARY-MARCH, ISSN: 0042-8...

' Lis_1(2) — Lis_1(2m) + zm — 2

1—m

+oo
;Hk (Li,,.(z) —z— .= F) = /ﬂ
— Lis—1(2) + =.

When s = 1 it can be shown, after a long and tedious calculation, that the following holds

Now we prove Corollary 1, part a).
k z+In(1 — z)
1 z| < 1.

+oo
> H; (Lil{z) e —
k=1

By setting - -1 we get b)
+00 1vk
1 1 (3)
N He (Lis () === 2 | =ln(4) -1
k=1 S\ (2) 2 k! n()

When s = 2 it can be shown, similarly to the case s = 1, that ¢) part holds
Z

+oc
ZH;L. (Lig(z) —z— ..
k=1

By setting -~ : we arrive at d)
o= 1\ 1 (3)F -
ZH;L. Lip(z)—s—..— % — —1n(2)
_ 2 2 k 12
k=1
In the following we give proof of Theorem 2.
Theorem 2. Let Li(z) denote the polylogarithmic function. Then the following equality holds for |z| < 1
+co 2 k
1
3 kHy (Li_.;(z) - ;— R i—) = 7 (Lic-1(2) — Lis-a(2)) +
k=1 ‘ "
1 Lis—2(z) + Lis—1(zm) — Lis—1(2z) — Lis—2(zm) dm
1-m
—¢ and Lemma 3 for the ak

3!
2Jo

Proof. Using the Abel’s summation with ay = kHy and by = Liy(z)

— = —
s .

part gives
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ka (Ll e _2 o f) ~ lim (k(k+1)Hk+1 k(k+ 1))

2% k‘“’ k=400 2 4
] Z2 Zk Zk+1
()= - - ) ¢
i‘“ k(k+1)Hppy  k(k+1) s
ot 2 4 (k+1)s

The expression in the brackets goes to zero by Lemma 4, so we are left with:

1 X kHpo 2Pt 18R gkt

s—1 A s—1
2~ (k+1) 4~ (k+ 1)

We will use Lemma 1:
+o0 kzk—"l

CEe Lis—1(z) — Lis(z) .

k=1

As we can see, the second sum is the expression above with s shifted by —1 and multiplied by 1 . For the

first sum, we will rewrite the harmonic number into its integral form.

+oo k+1 +0o k+1 1 k1
1 kH,. 1 k 1-—
/SIS oy el L
2 — (k+1)s-1 2 — k+1)s-1J, 1-—-m
+oo Lokl 1 _ gkt

1
/0 ka (k—l—l]" L'1-m

‘oo kzk +oo k(zm)F+?!
1]1 D ko1 TR &+ 1 =D k=1 (£+1§ =
- dm
2 Jo 1—-m

| =

dm =

Both sums are of the form given above. Therefore, we get

| [ Lica() = Lena@) = Qecsom) = Lia(oml
n .

5 1—m

By incorporating this into the original equality, we get
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z

+oo
> kH (Li,g(z) —r—— e —
— 2 k

1 Lis—2(z) + Lis—1(2m) — Lig—1(2) — Lis—2(2m)

3!
2 Jo 1—m

By setting s = 2 it can be shown that Corollary 2 part a) holds

2 ok 1
) = - (Lig1(2) — Lis-2(2) +

dm

oo 2 k
) (2) (z) 1In(1—2) 1. z

;’“H‘f(L"z(z)‘z‘z—z‘-"‘ kz)—ﬁ o1 gl (T1>+
1
Z(Lil(z) — Lig(2)) .

By setting - - ; we arrive at part b)
1)2 (l)k 1 72
—— 2 22 — | —— +1In(4
k2 ) 2( g it ))+

Our significant result in this paper is given in the following theorem. The next theorem will use all the

previous results.

Theorem 3. Let Liy(z) denote the polylogarithmic function. Then the following equality holds for |z| < 1

+o00
ZH% (Lis(z) Iy T T m
k=1 '
1 Lija_1y(2)=—z—=(Lija_1y(zt)—=zt 1 Lija1y(zm)—zm—(Lij._1)(zmr)—zmr
lfo (s—1)(2) 1(_ft ) (zt) )di‘.f‘n (s—1)(zm) 1(—1-( (zmr) )d .
0 1-m
T Lig,)(2) — z — (Li(s)(2m) — zm) .

_/0 1—-m

171: — Li. . -z
Lis_1(z) — Lis_1(2m) + zm dm — Li,_1(z) + 3) '

()
0 1—-m
P

Proof. We will use Abel’s summation method, choosing o = .o = s (1 - 5 .-
with Lemma 2, we will use the following notation to minimize the clutter in the formulas, let us call

Sp=Li(s)—z—2— . —%
Hpzkt1 Sy . Lk+1
(k+1)st1

b — b =
FUUR T k1) (k1)

By using Abel’s summation we get
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lim ((k+1)Hpp1 — (k+1)) Hep1Spqat+

k—+o0
= szk+l SL- Zk—H
k+ 1)Hysy — (k+ 1 - |
+§(( + ) k+1 ( + ))(U&-Fl)" (k+1)+(k+1)s+l>

The expression in the limit goes to zero by Lemma 4. We are left with the sum

T Foo k+1 +oo k+1
HIL—l_lHILﬂ‘ HL-I—I sz
; %+ D) ZS';CHLH—F 1) _gi(k—kl)ﬁ—l—i_
o0 H-IL‘-I-I
§ Sk =Y
(k+1)s

k=1

We know the third term from the proof of Theorem 1, the fifth term from Lemma 5 and the sixth term
from Lemma 1. Let us focus on the second one,x % #..s.. This is a separate problem we must deal with. So
let us write

The first term is known from Theorem 1, but the second one is not, so we will use again Abel’s summation
method choosing a = .t = si.

Weget
+oo k+1 +oo k+1 g +oo k+1
z z k+1 z
lim (H 1)Spi1+ (H = —
(Hm (Hierr=1) S ; B )(k+1)-‘-‘ ; (k+1)3 ;(k—l—l)-“

The first sum is from the proof of Theorem 1 while the second one is from Lemma 1; therefore, the original
second sum is done. Let us deal with the fourth sum:

+o0 szk+l +o0 | ] Zk—l—l
R H _
;(k—i_l)b‘_ kZl( r~{L—i_lli-i-l k‘—i—l) (k'_|_]_)h'—1

Hkﬂzkﬂ Foo k+1
2_: (k+1)1 ; (k+1)*

The first sum is from the proof of Theorem 1 while the second one is from Lemma 1. Therefore, the fourth
sum is done. Let us focus on the first one.
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, 1 1
f Hk+1szk+1 I Hiqa (H‘f + k+1)

e 1)s—1
k=1 (k+1)
+00 pr2 _k+1 oo k41
Hi 12 T Hp

2+ 2

The second one is from the proof of Theorem 1, but we need to dig further for the first one

400 +oo ]
Z Hi _ Z Hjyp2MH1 fl 1 — mhktt g

: s—1 . s—1 . =
k=1 (k + 1) L—1 (k + 1) 0 ]_ T

1 +o0 H_‘*—lzk-l_l _ +oa Hk—15'm.z:.|k_l

] k=1 {k'}'l}ﬁ_l k=1 Ek_l_]_)s—l
dm
0

1—m

The second term is the same as in Theorem 1 when taking z as zm; therefore, the result follows.

(k+1)-1 ), 1—r

f Hy 1 (zm)FH /1 Lig_q1(zm) — zm — (Lig_q (zmr) — zmr) dr

k=1

While the first one we have directly from the proof of Theorem 1

§ Hy 25t fl Li(s-1)(2) — z — (Li(s-1)(2t) — 2) .,
0

Pt (k+1)s-1 1—t

Therefore, by putting all together, we obtain

+00 too Foo k+1
HA‘+1HA‘Z k+1 +1Hk+1 sz +
H —
Z (fi—l—l" 1 Zsk k+1 Z k+]_)s Z(k—l—])”_l—'_

k=1 k=1
+00 +00 k+1 0 g2 Lkt +00 k41 H
zZ k+1 k+1
> 5= 3 i - 2 e - 2 et - (L s
e = G S G
+i:°° Zk+1Hk+1 B f Sk+1 N f zk“HkH B Z Hiy12 E+1 -
= (k+1) = (k+1)p ) & (k+1) (k+1)st

+0oo k1

T Lkt
Z(k+1 )+Z€k Z (k+1)*

We can see that four of the terms will cancel themselves; then we plug the polylogarithm expressions we
have got and establish the equality
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Foo = 715
E 2 . -~ -~ .

Hﬁc L]H(,Z)—z—g—...—ﬁ —
k=1

/1 fﬂl Li[,}_u(z)—z—l(_]_;i(g_1}(ztj—ztj dt — fnl Li(g_1}(zna}—z?n—l(_l_.:l(‘_13(zrr:1‘J—zm'r) drd?n
0 1—-m
T Lig(2) — 2z — (Liggy(zm) — 2
_/ (s)(2) — 2 — (Li(g)(zm) — zm) dire
0 1—m

i — Lig_ . —z
2 (f fs-1(2) fs-1(zm) + 2m dm — Lis—1(z) + z) )
0 1-m

And the proof is done.
By setting s=1 in theorem 3 we arrive at Corollary 3 part a)

+0oo -2 -
HE (Lij(z) —2— = —...— = | =
>t () === )

k=1
4z +In(1 —z) (4 + In(1 — 2)) — 2z Lis(25)
2(z — 1) '

By setting - - : we arrive at part b) of Corollary 3
o0 1y2 1\k 2
2 (pi (L)L G Gy Ty
;Hk (Ll(l) (2) 5y g | =2+t (2) — In(16).

SOME EXAMPLES OF SERIES

The usage of the previously derived theorems will be displayed in the following examples. Equipped with the
series in a closed form we have derived, we can get many series via incorporating the values from the domain
which is |z| < 1. By letting - -5+ in Corollary 1 part ¢), Corollary 2 part a) and Corollary 3 part a) we get,

S (g (VBT V-1 (S
;Hk(hg( 5 )— — = ):

2
. 5 (1 \/3
—10+]n (2—1—2)4—111(

Jika (Lm (\/5_1) RS (@_l)k) -
2 .
k=1

respectively
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_1—\/3—1—(\/5—7)]11(%(3—\/5))+2(\/5—3)csc]1_1(2)2 w2
4(v5 - 3) 20

O e A B U G N o

¥ ¥

1 - -
ST ((V5—1)7* = 20+ 20V5) +

~1 1 1 (3)? _
+ (ln (5(47— 21\/5)) + cosh™! (5) + (v/5 — 1) esch l(2)2)

5—3

More interesting sums can be obtained incorporating in the value z = 7.
By setting z = »3% in Corollary 1 part ¢), Corollary 2 part a) and Corollary 3 part a), we get, respectively

+oo - 5 3 _\/F Mk
ZHA- (Liz(3 \/_) _3 2\/_—...—%) -

k=1

rJ
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=
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+00 3—Vh\k
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1 = Y\ oo -1 -1 -1 m
E(2—2¢3+(1+\/S)smh (2) + esch™(2)(5 + v/5 + 4 csch (2)))_%
e N 2 TR )T

= 3—10 ((\/5 — D2 +15(2(vV5 —1) — 2(1 + V5) csch™1(2) + csch_l(Q)Z)) .

—
en
[ SRR

The numerical values of Li, at the points .- 4.+ can be found here (Lewin, 1981). Many more series
can be obtained by substituting different values.

CONCLUSIONS

1. To assure the accuracy of the results, we verified all the numerical series identities through Wolfram Alpha.
2. Further questions can be asked regarding the sums with harmonic numbers of an arbitrary order as to,
whether it is possible to find more of them of the form H% for some fixed k.

3.1n this paper, we generalized the results given in (Furdui, 2016) as the polylogarithm is a generalization
of the zeta function since Li(1) = {(s). We can obtain many more series by varying the two parametersz ands.
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