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ABSTRACT:

Introduction/purpose: The running of the coupling constant in various Quantum Field Theories and a possible behaviour of the beta
function are illustrated.

Methods: The Callan—Symanzik equation is used for the study of the beta function evolution.

Results: Different behaviours of the coupling constant for high energies are observed for different theories. The phenomenon of asymptotic
freedom is of particular interest.

Conclusions: Quantum Electrodynamics (QED) and Quantum Chromod- inamics (QCD) coupling constants have completely
different bebaviours in the regime of high energies. While the first one diverges for finite energies, the latter one tends to zero as energy
increases. This QCD phenomenon is called asymptotic freedom.

KEYWORDS: Quantum Electrodynamics, Quantum Chromodynamics, Quantum Field Theory, Renormalization Group, Beta
Function.

Pe s31oMe;

Beeacnue / neap: B AaHHOM CTaThe IPEACTABACHO, KaK pabOTaeT KOHCTAHTA CBASH B PA3AMYHBIX KBAHTOBBIX TCOPHSX IIOAS U
BO3MO>KHDIC MOACAH IOBEACHMS GeTa-GyHKIMH.

Meroast: Ypauenue Kaanana—CrmaH3uka HCIIOAB3YETCS AASL H3YICHHS 3BOAIOLMH OeTa-GyHKIMYL.

Pesyaprare: HabaroaaeTcst pasandHOe OBEACHHE KOHCTAHTHI CBSI3U IPH BBICOKHX SHCPTHSIX B pasandHbIx Teopusx. Ocobsuii
MHTEPEC IIPEACTABASIET SBACHHC ACHMITOTHICCKON CBOOOABL.

Boisoabi: Koncrantst cesisu kpanToBoit aaexrposunamuxy (KOA ) u ksanrtosoit xpomoannamuku (KX A ) BeayT cebs copepmenno
[0-PasHOMY B PEXHME BBICOKUX dHepruil. [ lepBasi OTAUYAETCSI KOHEYHOI SHEPTHUEH, B TO BPEMs KakK BTOPAsl CTPEMHUTCS K HYAIO,
KOTAQ dHeprus yeanausaetcs. AanHoe siBacane KX A HaspiBaeTest acuMnroTiaeckosi cBoG0AOIL

Koo de BB € CJ OB a: KBAHTOBAas IACKTPOAMHAMUKA, KBAHTOBAS XPOMOAMHAMHKA, KBAHTOBAsS TEOPHUsS ITOASL,
PEHOPMaAU3AIOHHAS IPYIINa, 6CTa-q)yHKLII/IH.

ABSTRACT:

VBoa / umm: VlaycTpoBaHH cy pap KOHCTAHTE CIPEre y pasHUM KBAHTHUM TCOPUjaMa I0na K20 1 Moryhe nonamame Gera gpyHxkuuje.
Metope: Kanan-IITnmansukoBa jeAHadMHA KOPUCTH e 32 POyYaBarbe eBoAyLHje GeTa GpyHKImje.

Pesyaratn: Ilpumeheno je pasanunto moHamame KoHcTaHTe crpere 32 BUCOKe eHepruje 3a pasanmuute teopuje. Oa moceGHor
HHTepeca je peHOMEH aCUMIITOTCKE cA0boAe.

3akmyyak: Koncranre cripere kBantHe eaexrpopunamuke (QED) u xsantre xpomopunamuke (QCD) umajy noTyHO pa- 3AHIHTO
IIOHAIIAE Y POKUMY BUCOKUX CHEpPIHja. AOK ce IIpBa pasnaasu 3a KOHaYHE CHEPTHje, APYTa TEKU HyAH Kako ce eHepruja nosehasa.
OBgaj penomen QCD HasuBa ce acuMnToTCKa CA060AQ.

KEYWORDS: KBaurna CACKTPOAMHAMHUKA, KsanTHa XPOMOAUHAMHUKA, Ksaurtna Teopuja 1oma, PCHOpMaAI/I3aLII/IOHa rpyma, Bera
$yHxumja.
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FIXED POINTS

In (Fabiano, 2021) we have seen how a generic coupling constant be- haves at different renormalisation
scales. It should be remarked that this result is valid also for different renormalisation schemes, not only
for dimensional regularisation. In this sense, the coupling constant is a function depending on the energy
scale 11, and is often regarded to as a running coupling constant. Just for the sake of simplicity, define the
new variable t=logp (the t variable could be also thought of as a “time” parameter). With this position, the
Callan-Symanzik equation (Callan, 1970), (Symanzik, 1970) could be rewritten in a nicer form as:

dg B
ar B(9g) )

which is a differential equation governing the behaviour of the coupling constant g upon the energy scale
considered. As such, it also needs some initial conditions in order to be solved — a Cauchy problem. The

points 7 , for which
B(g) =0 .

are called fixed points (Symanzik, 1971), and once the coupling g reaches one of these points, it does not
evolve anymore. In Fig. 1, a possible scenario for the B function is shown. The origin 0, the points g; and g
are fixed points. If for the initial scale t=0 the coupling constant g is at one of these points, then it will remain
there for any energy scale considered (or “forever”, depending on the language one prefers).

There are different kinds of fixed points. Consider the point g; and its neighbourhood. From the Figure
1, for 0 < g < g1, B(g) > 0 then the coupling constant increases with the scale because of eq. (2) (i.e. dg/dt
> 0), moving towards g; for t > +c0. On the contrary, in the interval g; < g < g the B function is negative,
so the coupling constant decreases and approaches again g as t t > +c0. We conclude that g; is a stable fixed
point, as g tends to it from either side. It is called the ultraviolet stable fixed point - the term “ultraviolet”
is present because g > gj as t > +oo.

On the other hand, for the points 0 and g, it is clear that the inverse of the previous argument holds true:
the coupling g “escapes” from them as t > +o0 and approaches them as energy decreases, for t » 0. Such points
are named the infrared stable fixed points.

It is important to know that the fixed points of the B function are difhicult to calculate because they are
usually determined by nonperturbative effects, apart from the trivial zero at the origin, for g = 0.
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Btg)

FIGURE 1
Beta function with fixed points 0, g; and g. The arrows

direction of the flow of g with increasing the scale p
BEHAVIOUR OF B FUNCTION

We shall consider some possible asymptotic behaviours of the 3 function or energy scale p > +c0. The exact
problem we consider is given by

dg |
po = B(g)
dp

g(1o) = go o

whose formal solution is written as

/ﬁ dg — log 3
g B(g) ‘U,[]

Different behaviours of the  function are shown in Fig, 2.

(4)
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FIGURE 2
Beta functions with different asymptotic behaviour

) approach infinity for a finite value of g, with B(g) > 0
) approach infinity as g > +oo

) have a finite fixed point in g1, B(gl) = 0

) approach —eo for increasing g, with B(g) < 0.

(a
(b
(c
d

CASE (A)

Suppose that f(g) grows sufficiently rapidly in such a manner that the integral of eq. (4) converges (for
instance, any power of g larger than 1), namely

/ T dg
y < 400,
5(9) “

then it is clear that the scale p has a finite upper bound p;.. corresponding to the coupling g = +oo given
by the relation

+00

dg
H+oo = Ho €XP

o B9 »

We have already encountered such behaviour, for the QED coupling case as discussed in (Fabiano, 2021),
where B(g) = g°/12m* and .. is given by the Landau pole (Landau et al, 1954),(Landau and Pomeranchuk,
1955) of eq. (40) in (Fabiano, 2021).

Another example is the scalar field theory with the interaction term g<p4/ 4! given by the Langrangian
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2

me . q .
(0¢)? — T—g? — Lot |

L= 21 ? T

1
2 ()

for which the 8 function is

‘39,2 18 g:i
B(g) =
1672 3 (1672)2 ®

The Lagrangian (7) is almost the same of the Higgs field in the Standard Model (Glashow, 1959), (Salam
and Ward, 1959), (Weinberg, 1967). The only difference, yet an essential one, is that in the latter case the
scalar field is coupled to fermion fields { via a term Wy, so called Yukawa coupling (Yukawa, 1935), where

A is another coupling constant different from g.

+0(g") -

Using only the first term of eq. (8), we arrive at the expression
90
3 AN
1 — 5= 90 log ( Ho )

which has the same form of eq. (39) in (Fabiano, 2021) as anticipated; it has also a pole for u = g exp(167*/
(3g0))-

g:

©)

CASE (B)

The integral of eq. (5) diverges. It means that the coupling constant g becomes infinite only at an infinite

energy scale, 1 = +o0. For instance, assume that B(g) = agk, witha > 0andk < 1but & # —1, then one obtains
for eq. (3) the solution

L 10 1/(1-k)
g= 1|9y  +a(l—k)log (—)

1
Fo (10)

The growth of gin p is very slow, but in the very high energy limit the coupling becomes independent from
the initial condition g.
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CAsE (0)

We encounter a fixed point like previously discussed in sec. Fixed points for the ultraviolet fixed point g,
thatis f(g;) = 0. The B function stays positive for 0 < g < g; and turns negative afterwards. Either if the initial
condition gy is such that gy < g; or gy > g; the coupling constant g will evolve towards the fixed point, g »
gjasp-> +oo.

Assuming that the root of  in g is simple, then

B(g) = algr —g) forg — g1 .

with a > 0. The solution to eq. (3) is then
—il
g1 —g~H
(12)

with the assumption that gy < g, gy < g1 and g < gi.
It is worth noticing that we have already discussed a case in which, apparently, an ultraviolet fixed point

is obtained. The ¢* scalar theory presents such a point. From eq. (8) one computes the fixed point g; as
2
91 = 8 ! (13)

which, however, has a huge value of gl = 80 thus spoiling the perturbation theory as 4 > 1. As the §8
functions that have been encountered so far have been computed using only the perturbation theory, it is
clear that the result obtained above is invalid. The discussion regarding eq. (8) proves the statement of the
section Fixed points, for which a fixed point could be basically only computed by means of nonperturbative
techniques.

CaAsk (D)

So far, all  functions discussed were positive at least for small positive g, so the renormalisation group flow
drives away g(1t) from the origin g=0.
Now suppose that (g) < 0 for small positive g, like

B(g) = —ag" (14

where 2 > 0,z > 1 and an integer. The solution to eq. (3) is then written as
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g0
. 1/(n—1)
[1 - g{rf_l(n. — 1)alog (-&)]

g:

Ho

(15)
A dramatic difference between this and the previous cases is that, for large energy scales, the coupling

constant vanishes, i.e.

=0 for up — +o00. 6

This phenomenon is called asymprotic freedom (Gross and Wilczek, 1973), (Politzer, 1973). With growing
energy, the theory has a weaker coupling constant, approximatinga free theory, i.e. one without interactions.
So at larger energy scales, the perturbation theory gives better results. Remember actually that corrections C
of any kind (propagator, coupling, etc.) are computed as series of powers of g,

T
C = E Cng
TL

and this formal series is supposed to converge for small g.

A toy model that exhibits asymptotic freedom could be obtained from the Lagrangian (7) with a negative
potential (We neglect the fact that this theory is ill-defined and that the perturbation theory cannot be
applied) -gp4/4!. Its § function has the form

(17)

3
g

B(g) = —

1672 »
for which
3 p\17°
9= |7z log| — for p — +o0c .
l(}ﬂ' HO (19)

i.e.. goes to zero at logarithmic speed.

A very important class of theories that have the property of asymptotic freedom is the Yang—Mills theory
(Yang & Mills, 1954), with the gauge group SU(N). Of particular relevance is one of them, quantum
chromodynamics - QCD - thatis the theory of strong interactions embedded in the Standard Model, whose
gauge group is SU(3).
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The QCD Lagrangian is written as

— e . L,
L=1; [i(Y"Dy) jr — mdj| Y, — EGL GhY

s
(20)
where {j(x) is the j—th quark field, indexed by j, k; 4: are the gluon fields,
a = l.... 8.+ are the usual Dirac matrices, the covariant derivative is given by b, = 4, - igasr.
az. is the gluon field strength tensor, similar to the Fuv electromagnetic tensor, defined by
o a ‘ a abc b ge
je, = 9,A% — 0,A% + gfabe Ab A° .

where £ are the structure constants of SU (3), [T% Tb] = if*T¢ with T*being generators of the group.

For a generic SU (IV) the Yang—Mills theory coupled to fermions the 3 function at one-loop level is given
by

3 - -
S (11 1. i
B(g) = ——= [ =N — =C: O(g”) ,

and for the QCD case C, = ns/2,

(22)

3 .
g 11 n -

o) =35 |5 —5 ) +O6),
w . (23)

where nfis the number of quark flavours with masses much lower than the energy scale considered u, which
can be considered massless.

Defining the QCD strong coupling constant as:gz/ 4m?inan analogous fashion to QED, where a=e’/4m,
we obtain from eq. (49) in (Fabiano, 2021)

() = 127
ST (33 = 2n) log (/A)

(24)

which exhibits asymptotic freedom as far as the number of quark flavours is n¢ < 17. Another property due
to the presence of (approxi- mately) massless particles is that a dimensionless coupling gy is exchanged for a
dimensionful parameter A, which is an integration constant with dimensions of energy. This phenomenon
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is referred to as dimensional trans- mutation (Coleman and Weinberg, 1973), (Weinberg, 1973). The §8
function eq. (24) is known today to four—loop order ows, with three and four— loop coefficients being
renormalisation scheme dependent. The measured value of a strong coupling constant at the Z peak is

ag(mz) = 0.1197 + 0.0016 , -

while the corresponding value of A is about 0.2 GeV.

A few remarks are in order. In the 1950s, Landau argued that in QED the increasing powers of logarithmic
terms, that we already encountered at one-loop level in (Fabiano, 2021), of the form log(E/M), would
coalesce and give raise to singularities for finite values of the energy E. This is the (a) case, with the Landau
poles, also known as the Landau ghosts or the Moscow zero (because ep/e(i) = 0), discovered by himself
(Landau et al, 1954; Landau & Pomeranchuk, 1955). This argument does not rule out the cases (b) or
(c), though. This possible inconsistency in the renormalisation procedure has not yet been proved but it is
believed to actually exist.

Today, there is a broad agreement on the fact that the interacting field theo ries like QED or scalar ¢* we
have discussed (which are not asymptotically free) are not mathematically consistent. About QED, there is
some evi- dence against the case (c) with a finite fixed point that would be only possible in the presence of
yet unknown nonperturbative effects. However, even if (¢) is ruled out, there still remains the possibility (b)
with a fixed point at infinity.

There is an electromagnetic analogy for different behaviours of QED and QCD couplings. In QED, the

charge is stronger at shorter distances, i.e. the vacuum acts like a dielectric medium with a dielectric constant

e>1, (26)

shielding the charge. Remembering the relation of the relative magnetic permeability u to the dielectric
constant to the speed of light, which in our units is 1,

ep =1, (27)

we have aduality relation. The QED case corresponds to ¢ < 1, also known as Landau diamagnetism, where
charged particles in the medium in response to an external magnetic field generate an opposed magnetic
field, a phenomenon seen in superconductors, water, copper, and gold. In QCD, the opposite behaviour is
observed: the chromoelectric charge is weaker at shorter distances, so its vacuum is anti screening, with a
dielectric constant

e<1. (28)

The equivalent magnetic permeability is ¢ > 1, known as Pauli param- agnetism, where the particles tend to
align with the external field, as in tungsten, aluminium, or lithium. It has to be stressed that the electromag-
netic terminology used for QCD is just an analogy to the QED case: by “the charge” we mean the colour
charge, by “the magnetic moment “ the colour magnetic moment.
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