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Abstract:
							                           
Introduction/purpose: Molodtsov introduced the concept of soft sets as a new mathematical tool for dealing with problems containing uncertainties. In the literature, different kinds of operations of soft sets are defined and used in theory and applications.Methods: This study is based on the paper "A New Operation on Soft Sets: Extended Difference of Soft Sets" by Sezgin, Ahmad and Mehmood [Journal of New Theory 27 (2019) 33-42].

Results: In this paper, we define a new operation on soft sets, called extended symmetric difference and investigate its relationship between extended symmetric difference and restricted symmetric difference and some other operations of soft sets.

Conclusion: The author believes that the obtained results represent a   significant improvement of many known results in the existing literature.





Keywords: Soft sets, intersection, union, difference, extended symmetric difference.
		                         


Pезюме:
						                           
Введение/цель: Д.А. Молодцов представил концепцию мягких множеств в качестве нового математического инструмента для решения задач, содержащих неопределенности. В литературе определены различные виды операций над мягкими множествами, которые используются в теории и на практике.Методы: Данная статья основана на исследовании Сезгина, Ахмада и Мехмуда «Новая операция над мягкими множествами: расширенная разность мягких множеств» [Journal of New Theory 27 (2019) 33-42].

Результаты: В данной статье представлена новая операция над мягкими множествами, называемая расширенной симметрической разностью, а также результаты исследования взаимосвязи между расширенной симметрической разностью и ограниченной симметрической разностью и некоторыми другими операциями мягких множеств.

Выводы: Автор считает, что полученные им результаты представляют значительный вклад в исследуюмую область.





Ключевые слова: мягкие множества, пересечение, объединение, разность, расширенная симметрическая разность.
                                


Abstract:
						                           
Увод/циљ: Молодсов је представио концепт софт скупа као ново математичко средство за решавање проблема у којима се јавља неизвесност. У литератури су различите врсте операција софт скупова дефинисане и коришћене у теорији и различитим облицима примена.Методе: Овај рад заснован је на раду „Нова операција софт скупова: проширена разлика софт скупова” аутора Сезгина, Ахмада и Мехмуда [Journal of New Theory 27 (2019) 33-42].

Резултати: Дефинисана је нова операција софт скупова, која се назива проширена симетрична разлика. Истражена је веза између проширене и ограничене симетричне разлике и неких других операција софт скупова.

Закључак: Аутор верује да добијени резултати представљају   значајан допринос досадашњим познатим резултатима.





Keywords: софт скупови, пресек, унија, разлика, проширена симетрична разлика.
                                







Introduction

Problems with uncertainties are a major issue in many fields such as economics, engineering, environment and so on. One of the theories that deal with uncertainties is the soft set theory which was introduced by Molodtsov in 1999 (Molodstov, 1999) as a new mathematical tool. In the soft set theory, the problem of setting the membership function does not arise, which makes the theory easily applied to many different fields including game theory, operations research, probability theory, and measurement theory.

In the literature, different kinds of operations of soft sets are defined and used in the works on the soft set theory and its applications. Well known operations of soft sets and their properties are given by Maji et al. (Maji et al, 2003). However, some of these definitions and their properties have a few gaps, aspointed out by Ali et al. (Ali et al, 2009) and Yang (Yang, 2008). To make some modifications to the operations of soft sets and fill in these gaps, Ali et al. (Ali et al, 2009). Cagman and Enginoglu (Cagman & Enginoglu, 2010), Pei and Miao (Pei & Miao, 2005), and Sezgin and Atagun  (Sezgin & Atagun, 2011) have made contributions.

In 2011, Sezgin and Atagun (Sezgin & Atagun, 2011) discussed the fundamental theorems about operations of soft sets i.e; union and intersection of soft sets and other operations, see (Perović et al, 2008). In that paper, they defined union and intersection operations of soft sets both with restricted and extended conditions but defined the difference operation only with the restricted condition. In 2019, Sezgin, Ahmad and Mehmood (Sezgin et al, 2019) defined the extended difference operation.

Here in this paper, we have defined a new operation on soft sets called extended symmetric difference and also proved some of its properties. Moreover, we have also proved the interesting results which show the relationships between extended symmetric difference and other operations. The main objective of this paper is to make the soft set theory more effective and solid by enhancing the conceptual feature of operations on soft sets. This paper is one theoretical study of soft sets.




Preliminaries

In this section, we recall some basic notions in the soft set theory. Let U be an initial universe set and 
[image: 661770260001_gi2.png]
 be the set of all possible parameters under consideration with respect to U. The power set of U is denoted by  [image: 661770260001_gi109.png] and A is a subset of E. Usually, parameters are attributes, characteristics, or properties of objects in U. In what follows, 
[image: 661770260001_gi4.png]
 (simply denoted by E) always means the universe set of parameters with respect to U, unless otherwise specified.

Molodtsov (Molodtsov, 1999) defined the soft set in the following manner:


Definition 2.1. (Molodtsov, 1999) Let U be an initial universe set, E be a set of parameters, [image: 661770260001_gi110.png] the power set of U. A pair (F,E) is called a soft set over U, where F is a mapping of E into the set of all subsets of the set U.

In other words, a soft set over U is a parameterized family of subsets of U. For [image: 661770260001_gi112.png],    may be considered as the set of e-elements of the soft set (F,E) or as the set of e-approximate elements of the soft set.


Definition 2.2. (Maji et al, 2003) For two soft sets (F,A) and (G,B) over a common universe U, we say that (F,A) is a soft subset of (G,B), denoted by[image: 661770260001_gi113.png], if it satisfies:

• [image: 661770260001_gi114.png], 

• for all [image: 661770260001_gi115.png],    and G(e) are identical approximations.

Similarly, (F,A) is called a soft superset of (G,B) if (G,B) is a soft subset of (F,A). This relation is denoted by[image: 661770260001_gi116.png].


Definition 2.3. (Maji et al, 2003) Two soft sets (F,A) and (G,B) over a common universe U are called soft equal if  [image: 661770260001_gi117.png] and [image: 661770260001_gi118.png].


Definition 2.4. (Ali et al, 2009) The relative complement of a soft set (F,A) is denoted by [image: 661770260001_gi119.png] and is defined by [image: 661770260001_gi120.png], where [image: 661770260001_gi121.png] is a mapping given by [image: 661770260001_gi123.png].

Clearly [image: 661770260001_gi124.png],  and [image: 661770260001_gi125.png]. It is worth noting that in the above definition of complement, the parameter set of the complement [image: 661770260001_gi126.png] is still the original parameter set A (Ali et al, 2009).


Definition 2.5. (Maji et al, 2003) A soft (F,A) set    over U is said to be a null soft set denoted by 
[image: 661770260001_gi22.png]
, if for all[image: 661770260001_gi127.png],    (null set).

Since some researchers are in some conflict about a null soft set due to its notation, like others (Sezgin & Atagun, 2011), so we prefer to use 
[image: 661770260001_gi24.png]
 instead of 
[image: 661770260001_gi25.png]
 for the null soft set of (F,A) as Ali et al. (Ali et al, 2009) used.


Definition 2.6. (Maji et al, 2003) A soft set (F,A) over U is said to be an absolute soft set denoted by[image: 661770260001_gi129.png].

Note that we use the notation [image: 661770260001_gi130.png] instead of [image: 661770260001_gi131.png] as in (Ali et al, 2009)  throughout this paper.


 Definition 2.7. (Ali et al, 2009) Let (F,A) and (G,B) be two soft sets over a common universe U such that[image: 661770260001_gi132.png]. The restricted intersection of (F,A) and    (G,B) s denoted by [image: 661770260001_gi133.png] and is defined as[image: 661770260001_gi134.png], where [image: 661770260001_gi135.png] and for all [image: 661770260001_gi136.png].


Definition 2.8. (Ali et al, 2009) Let (F,A) and (G,B) be two soft sets over a common universe U such that[image: 661770260001_gi137.png]. The restricted difference of (F,A) and (G,B) is denoted by [image: 661770260001_gi138.png] and is defined as [image: 661770260001_gi139.png], where [image: 661770260001_gi140.png]  and for all [image: 661770260001_gi141.png]. 


Definition 2.9. (Ali et al, 2009) Let (F,A) and (G,B) be two soft sets over a common universe U such that[image: 661770260001_gi142.png]. The restricted union of (F,A) and (G,B) is denoted by [image: 661770260001_gi143.png] and is defined as[image: 661770260001_gi144.png], where [image: 661770260001_gi145.png] and for all [image: 661770260001_gi147.png].


Definition 2.10. (Sezgin & Atagun, 2011) Let (F,A) and (G,B) be two soft sets over a common universe U such that [image: 661770260001_gi148.png]. The restricted symmetric difference of (F,A) and (G,B) is denoted by [image: 661770260001_gi150.png] and is defined as [image: 661770260001_gi152.png], where [image: 661770260001_gi153.png].


 Definition 2.11. (Ali et al, 2009) The extended union of two soft sets (F,A) and (G,B) over a common universe U is the soft set (H,C), where [image: 661770260001_gi154.png], and for all [image: 661770260001_gi155.png];



[image: 661770260001_ee2.png]




We write [image: 661770260001_gi157.png].


 Definition 2.12. (Ali et al, 2009) The extended intersection of two soft sets (F,A) and (G,B) over a common universe U is the soft set (H,C), where [image: 661770260001_gi158.png], and for all [image: 661770260001_gi159.png];



[image: 661770260001_ee3.png]




We write [image: 661770260001_gi160.png].


 Definition 2.13. (Sezginet al, 2019) The extended difference of two soft sets (F,A) and (G,B) over a common universe U is the soft set (H,C), where [image: 661770260001_gi161.png], and for all [image: 661770260001_gi162.png];



[image: 661770260001_ee4.png]




 Thus, the relation is sown by [image: 661770260001_gi163.png].




Extended symmetric difference

For the fundamental properties and theorems related to operations of soft sets such as restricted union, extended union, restricted intersection, extended intersection, restricted difference, extended difference, we refer the readers to the papers Ali et al. (Ali et al, 2009), Cagman and Enginoglu (Cagman & Enginoglu, 2010), Pai and Miao (Pei & Miao, 2005), Sezgin and Atagun (Sezgin & Atagun, 2011) and Sezgin, Ahmad and Mehmood (Sezgin et al, 2019).

Now we are ready to give the definition of extended symmetric difference of soft sets and its basic properties.


Definition 3.1. The extended symmetric difference of two soft sets (F,A) and (G,B) over a common universe U is the soft set (H,C), where [image: 661770260001_gi164.png], and for all [image: 661770260001_gi165.png];



[image: 661770260001_ee5.png]




Thus, the relation is shown by [image: 661770260001_gi166.png]



Example 1. Let E be the universe set of parameters, A and B be the subsets of E such that



[image: 661770260001_ee6.png]




Let (F,A) and (G,B) be two soft sets over the same universe U={h1,h2,h3,h4} such that



[image: 661770260001_ee7.png]




Now let us determine [image: 661770260001_gi167.png], where



[image: 661770260001_ee8.png]




for all [image: 661770260001_gi168.png]. Since [image: 661770260001_gi169.png], then,



[image: 661770260001_ee9.png]





Theorem 3.2. The properties of the extended symmetric difference [image: 661770260001_gi170.png] operation



[image: 661770260001_ee10.png]





Proof.


(a) Let [image: 661770260001_gi171.png], where



[image: 661770260001_ee11.png]




for all [image: 661770260001_gi172.png]


Since [image: 661770260001_gi173.png], it follows that [image: 661770260001_gi174.png] This means that F and H are the same mappings. This completes the proof.

(b) Let [image: 661770260001_gi175.png], where



[image: 661770260001_ee12.png]




for all [image: 661770260001_gi176.png]


Hence, [image: 661770260001_gi178.png]. This completes the proof.

(c) Let  [image: 661770260001_gi180.png] where



[image: 661770260001_ee13.png]




for all [image: 661770260001_gi181.png].

Since,



[image: 661770260001_ee15.png]




for all [image: 661770260001_gi182.png]


(d) The proof can be illustrated by similar techniques used to prove (a), (b) and (c), and is therefore omitted.

(e) For the left-hand side of the property, let [image: 661770260001_gi183.png] where



[image: 661770260001_ee16.png]




for all [image: 661770260001_gi184.png].

For the right-hand side of the property, let [image: 661770260001_gi185.png], where



[image: 661770260001_ee17.png]




for all [image: 661770260001_gi186.png]. Suppose that [image: 661770260001_gi188.png], where 



[image: 661770260001_ee18.png]




Assume that, [image: 661770260001_gi189.png], where [image: 661770260001_gi190.png]


Now, we have



[image: 661770260001_ee20.png]




for all [image: 661770260001_gi191.png] It shows that H and K are the identical mapping when we are assuming the attributes of operations about the set theory. Hence the proof is completed.

(f) For the left-hand side of the property, let [image: 661770260001_gi192.png], where



[image: 661770260001_ee21.png]




for all [image: 661770260001_gi193.png]. For the right-hand side of the property, let [image: 661770260001_gi194.png], where



[image: 661770260001_ee22.png]




for all [image: 661770260001_gi195.png]. And suppose that [image: 661770260001_gi196.png], where [image: 661770260001_gi197.png]  for all [image: 661770260001_gi198.png].

Assume that [image: 661770260001_gi199.png], where



[image: 661770260001_ee23.png]




i.e.



[image: 661770260001_ee24.png]




for all [image: 661770260001_gi200.png]. This leads that H and K are the identical mapping. Hence this completes the proof.

(g) For the left-hand side of the property, let [image: 661770260001_gi201.png], where



[image: 661770260001_ee25.png]




for all [image: 661770260001_gi202.png]. 

For the right-hand side of the property, let [image: 661770260001_gi203.png]


And suppose that[image: 661770260001_gi204.png], where



[image: 661770260001_ee26.png]




for all [image: 661770260001_gi205.png].

Assume that, [image: 661770260001_gi206.png], where



[image: 661770260001_ee27.png]




i.e.



[image: 661770260001_ee28.png]




for all [image: 661770260001_gi207.png]. 

This leads that H and K are the identical mapping.

Hence this completes the proof.

Now we will illustrate Theorem 3.2.(parts (e) and (f)) with a corresponding example.


Example 2. Let E be the universe set of parameters, A and B be the subsets of E such that



[image: 661770260001_ee29.png]




Let (F,A) and (G,B) be two soft sets over the same universe U={h1,h2,h3,h4} such that



[image: 661770260001_ee30.png]




Now let us determine [image: 661770260001_gi208.png], where



[image: 661770260001_ee31.png]




for all [image: 661770260001_gi209.png].

Since  [image: 661770260001_gi210.png], then,



[image: 661770260001_ee32.png]




On the other side, we can easily determine that it is



[image: 661770260001_ee33.png]




Based on Definition 2.9. we have that



[image: 661770260001_ee34.png]




Therefore, 



[image: 661770260001_ee35.png]




Similarly, we can easily determine that it is



[image: 661770260001_ee36.png]




Based on Definition 2.13. we have that 



[image: 661770260001_ee37.png]




Therefore, [image: 661770260001_gi212.png]





Conclusion

In this paper, we have illustrated a brief analytical review of operations of soft sets. We have defined the extended symmetric difference of soft sets and also proved some of its properties. Moreover, we have shown the relationship between extended symmetric difference and some other operations of soft sets.
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